
Final Review

CSCI 545 Introduction to Robotics 
Instructor: Stefanos Nikolaidis



Linear Programming

• Consider the Linear Program
max z = x1 + 2x2

s.t.

x1  3

x1 + x2  5

x1, x2 � 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>



Linear Programming

• Consider the Linear Program

• Illustrate graphically: 
• The hyperplanes defined by the constraints
• The gradient of the cost function
• The feasible region
• The optimal solution

max z = x1 + 2x2

s.t.

x1  3

x1 + x2  5

x1, x2 � 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>



Linear Programming
max z = x1 + 2x2

s.t.

x1  3

x1 + x2  5

x1, x2 � 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>

f(x1, x2)
<latexit sha1_base64="sigQzU3QZmrICo+wo4gVAtrJ3Ws=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbyQ0rY985hWO/duKXynbVzgAXiZOTMsjR9Esfvb7ASUS4xgwp5Tp2rL0pkppiRmbFXqJIjPAIDYhrKEcRUd40O3kGj43Sh6GQpriGmfpzYooipSZRYDojpIfqr5eK/3luosNLb0p5nGjC8XxRmDCoBUz/h30qCdZsYgjCkppbIR4iibA2KRWzEK5SnH+/vEjatapTr9bvzsqN6zyOAjgER6ACHHABGuAWNEELYCDAI3gGL5a2nqxX623eumTlMwfgF6z3L3WkkDM=</latexit> rf

<latexit sha1_base64="S4UoUA31VnUtpsLn9lUbB+kZd2g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mt+HErevFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIUdaigQhU10XNBJesZbgRrBsqhr4rWMedXKd+54EpzQN5Z6Yhc3wcSe5xiiaRun2JrkDiDcoVu2pnIIuklpMK5GgOyh/9YUAjn0lDBWrdq9mhcWJUhlPBZqV+pFmIdIIj1kuoRJ9pJ87unZGjRBkSL1BJSUMy9edEjL7WU99NOn00Y/3XS8X/vF5kvAsn5jKMDJN0vsiLBDEBSZ8nQ64YNWKaEKSKJ7cSOkaF1CQRlbIQLlOcfb+8SNon1Vq9Wr89rTSu8jiKcACHcAw1OIcG3EATWkBBwCM8w4t1bz1Zr9bbvLVg5TP78AvW+xex/Y/h</latexit>



Configuration Spaces

• Match the following robots and configuration spaces
1. Mobile Robot Translating on a plane

2. Mobile robot translating and rotating on a plane

3. A spacecraft

4. An n-joint revolute arm

5. A mobile planar robot with a two-joint arm   

R2
<latexit sha1_base64="BLiS2fR+/Ph7KI6GVAEyxqmX6sA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqqSt+NgV3bisYh/QxDKZTtqhk0mYmQgl9DfcuFDErT/jzr9xkgZR64GBwzn3cs8cL+JMadv+tApLyyura8X10sbm1vZOeXevo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vcpX63QcqFQvFnZ5G1A3wSDCfEayN5DgB1mPPS25n9/VBuWJX7QxokdRyUoEcrUH5wxmGJA6o0IRjpfo1O9JugqVmhNNZyYkVjTCZ4BHtGypwQJWbZJln6MgoQ+SH0jyhUab+3EhwoNQ08MxkmlH99VLxP68fa//cTZiIYk0FmR/yY450iNIC0JBJSjSfGoKJZCYrImMsMdGmplJWwkWK0+8vL5JOvVprVBs3J5XmZV5HEQ7gEI6hBmfQhGtoQRsIRPAIz/BixdaT9Wq9zUcLVr6zD79gvX8BAvmRzQ==</latexit>

SE(2) or R2 ⇥ S1
<latexit sha1_base64="4ZX9PsvnRyas2XqyoJkeSSx7Rg0=">AAACEnicbVDLSsNAFJ34tr6iLt0MFkE3JWnFx04UwWW11haaWibTqR2cTMLMjVhC/QU3/oobF4q4deXOv3ESg/g6cOFwzr3ce48fCa7Bcd6tkdGx8YnJqenCzOzc/IK9uHSmw1hRVqehCFXTJ5oJLlkdOAjWjBQjgS9Yw788SP3GFVOah/IUBhFrB+RC8h6nBIzUsTdqh+vlDQ/YNagguQnVzdALCPR9PzkZnpexBzxgGtfO3Y5ddEpOBvyXuDkpohzVjv3mdUMaB0wCFUTrlutE0E6IAk4FGxa8WLOI0EtywVqGSmIWtZPspSFeM0oX90JlSgLO1O8TCQm0HgS+6UzP1b+9VPzPa8XQ22knXEYxMEk/F/VigSHEaT64yxWjIAaGEKq4uRXTPlGEgkmxkIWwm2Lr6+W/5KxcciulyvFmcW8/j2MKraBVtI5ctI320BGqojqi6Bbdo0f0ZN1ZD9az9fLZOmLlM8voB6zXD8znnbA=</latexit>

SE(3) or R3 ⇥ SO(3)
<latexit sha1_base64="L0gNYSp5mOwwuiL4zTwKsXqBT9c=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiBEhDAx4nILiuDNaMwCmRh6Oj1Jk56F7hoxDMk/ePFXvHhQxKsHb/6NPUkQtwcFj/eqqKpnB4IrMM0PIzE1PTM7l5xPLSwuLa+kV9eqyg8lZRXqC1/WbaKY4B6rAAfB6oFkxLUFq9m9k9iv3TCpuO9dQT9gTZd0PO5wSkBLrfRO+TRb2LaA3YJ0o6EvhwPLJdC17ehycF3AFnCXKVw+112tdMbMmSPgvyQ/IRk0QamVfrfaPg1d5gEVRKlG3gygGREJnAo2SFmhYgGhPdJhDU09olc1o9FTA7yllTZ2fKnLAzxSv09ExFWq79q6Mz5Y/fZi8T+vEYJz2Iy4F4TAPDpe5IQCg4/jhHCbS0ZB9DUhVHJ9K6ZdIgkFnWNqFMJRjP2vl/+S6m4uX8gVLvYyxeNJHEm0gTZRFuXRASqiM1RCFUTRHXpAT+jZuDcejRfjddyaMCYz6+gHjLdPoEaeCg==</latexit>

Tn
<latexit sha1_base64="c35zTNcMqLaPl4JkcaZQ2FVLG68=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxW7AvaWCbTSTt0MgkzE6GEfoIbF4q49Yvc+TdO0iBqPXDhcM693HuPF3GmtG1/WoWl5ZXVteJ6aWNza3unvLvXVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443uU79zgOVioWiqacRdQM8EsxnBGsj3TXvxaBcsat2BrRInJxUIEdjUP7oD0MSB1RowrFSPceOtJtgqRnhdFbqx4pGmEzwiPYMFTigyk2yU2foyChD5IfSlNAoU39OJDhQahp4pjPAeqz+eqn4n9eLtX/hJkxEsaaCzBf5MUc6ROnfaMgkJZpPDcFEMnMrImMsMdEmnVIWwmWKs++XF0n7pOrUqrXb00r9Ko+jCAdwCMfgwDnU4QYa0AICI3iEZ3ixuPVkvVpv89aClc/swy9Y719Ij43v</latexit>

SE(2)⇥ T 2
<latexit sha1_base64="VWfYa2KdKbA208veSLF/Nc7oaKI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyVpxceuKILLin0IbSyT6aQdOpmEmYlSYj/FjQtF3Pol7vwbJ2kQtR64cDjnXu69xw0ZlcqyPo3cwuLS8kp+tbC2vrG5ZRa32zKIBCYtHLBA3LhIEkY5aSmqGLkJBUG+y0jHHZ8nfueOCEkD3lSTkDg+GnLqUYyUlvpm8fqiXD2APUV9ImHztgr7ZsmqWCngPLEzUgIZGn3zozcIcOQTrjBDUnZtK1ROjISimJFpoRdJEiI8RkPS1ZQjvcmJ09OncF8rA+gFQhdXMFV/TsTIl3Liu7rTR2ok/3qJ+J/XjZR34sSUh5EiHM8WeRGDKoBJDnBABcGKTTRBWFB9K8QjJBBWOq1CGsJpgqPvl+dJu1qxa5Xa1WGpfpbFkQe7YA+UgQ2OQR1cggZoAQzuwSN4Bi/Gg/FkvBpvs9ackc3sgF8w3r8AlgWSaQ==</latexit>



Configuration Spaces

• Match the following robots with their configuration spaces
1. Mobile Robot Translating on a plane

2. Mobile robot translating and rotating on a plane

3. A spacecraft

4. An n-joint revolute arm

5. A mobile planar robot with a two-joint arm   

R2
<latexit sha1_base64="BLiS2fR+/Ph7KI6GVAEyxqmX6sA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqqSt+NgV3bisYh/QxDKZTtqhk0mYmQgl9DfcuFDErT/jzr9xkgZR64GBwzn3cs8cL+JMadv+tApLyyura8X10sbm1vZOeXevo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vcpX63QcqFQvFnZ5G1A3wSDCfEayN5DgB1mPPS25n9/VBuWJX7QxokdRyUoEcrUH5wxmGJA6o0IRjpfo1O9JugqVmhNNZyYkVjTCZ4BHtGypwQJWbZJln6MgoQ+SH0jyhUab+3EhwoNQ08MxkmlH99VLxP68fa//cTZiIYk0FmR/yY450iNIC0JBJSjSfGoKJZCYrImMsMdGmplJWwkWK0+8vL5JOvVprVBs3J5XmZV5HEQ7gEI6hBmfQhGtoQRsIRPAIz/BixdaT9Wq9zUcLVr6zD79gvX8BAvmRzQ==</latexit>

SE(2) or R2 ⇥ S1
<latexit sha1_base64="4ZX9PsvnRyas2XqyoJkeSSx7Rg0=">AAACEnicbVDLSsNAFJ34tr6iLt0MFkE3JWnFx04UwWW11haaWibTqR2cTMLMjVhC/QU3/oobF4q4deXOv3ESg/g6cOFwzr3ce48fCa7Bcd6tkdGx8YnJqenCzOzc/IK9uHSmw1hRVqehCFXTJ5oJLlkdOAjWjBQjgS9Yw788SP3GFVOah/IUBhFrB+RC8h6nBIzUsTdqh+vlDQ/YNagguQnVzdALCPR9PzkZnpexBzxgGtfO3Y5ddEpOBvyXuDkpohzVjv3mdUMaB0wCFUTrlutE0E6IAk4FGxa8WLOI0EtywVqGSmIWtZPspSFeM0oX90JlSgLO1O8TCQm0HgS+6UzP1b+9VPzPa8XQ22knXEYxMEk/F/VigSHEaT64yxWjIAaGEKq4uRXTPlGEgkmxkIWwm2Lr6+W/5KxcciulyvFmcW8/j2MKraBVtI5ctI320BGqojqi6Bbdo0f0ZN1ZD9az9fLZOmLlM8voB6zXD8znnbA=</latexit>

SE(3) or R3 ⇥ SO(3)
<latexit sha1_base64="L0gNYSp5mOwwuiL4zTwKsXqBT9c=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiBEhDAx4nILiuDNaMwCmRh6Oj1Jk56F7hoxDMk/ePFXvHhQxKsHb/6NPUkQtwcFj/eqqKpnB4IrMM0PIzE1PTM7l5xPLSwuLa+kV9eqyg8lZRXqC1/WbaKY4B6rAAfB6oFkxLUFq9m9k9iv3TCpuO9dQT9gTZd0PO5wSkBLrfRO+TRb2LaA3YJ0o6EvhwPLJdC17ehycF3AFnCXKVw+112tdMbMmSPgvyQ/IRk0QamVfrfaPg1d5gEVRKlG3gygGREJnAo2SFmhYgGhPdJhDU09olc1o9FTA7yllTZ2fKnLAzxSv09ExFWq79q6Mz5Y/fZi8T+vEYJz2Iy4F4TAPDpe5IQCg4/jhHCbS0ZB9DUhVHJ9K6ZdIgkFnWNqFMJRjP2vl/+S6m4uX8gVLvYyxeNJHEm0gTZRFuXRASqiM1RCFUTRHXpAT+jZuDcejRfjddyaMCYz6+gHjLdPoEaeCg==</latexit>

Tn
<latexit sha1_base64="c35zTNcMqLaPl4JkcaZQ2FVLG68=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxW7AvaWCbTSTt0MgkzE6GEfoIbF4q49Yvc+TdO0iBqPXDhcM693HuPF3GmtG1/WoWl5ZXVteJ6aWNza3unvLvXVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443uU79zgOVioWiqacRdQM8EsxnBGsj3TXvxaBcsat2BrRInJxUIEdjUP7oD0MSB1RowrFSPceOtJtgqRnhdFbqx4pGmEzwiPYMFTigyk2yU2foyChD5IfSlNAoU39OJDhQahp4pjPAeqz+eqn4n9eLtX/hJkxEsaaCzBf5MUc6ROnfaMgkJZpPDcFEMnMrImMsMdEmnVIWwmWKs++XF0n7pOrUqrXb00r9Ko+jCAdwCMfgwDnU4QYa0AICI3iEZ3ixuPVkvVpv89aClc/swy9Y719Ij43v</latexit>

SE(2)⇥ T 2
<latexit sha1_base64="VWfYa2KdKbA208veSLF/Nc7oaKI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyVpxceuKILLin0IbSyT6aQdOpmEmYlSYj/FjQtF3Pol7vwbJ2kQtR64cDjnXu69xw0ZlcqyPo3cwuLS8kp+tbC2vrG5ZRa32zKIBCYtHLBA3LhIEkY5aSmqGLkJBUG+y0jHHZ8nfueOCEkD3lSTkDg+GnLqUYyUlvpm8fqiXD2APUV9ImHztgr7ZsmqWCngPLEzUgIZGn3zozcIcOQTrjBDUnZtK1ROjISimJFpoRdJEiI8RkPS1ZQjvcmJ09OncF8rA+gFQhdXMFV/TsTIl3Liu7rTR2ok/3qJ+J/XjZR34sSUh5EiHM8WeRGDKoBJDnBABcGKTTRBWFB9K8QjJBBWOq1CGsJpgqPvl+dJu1qxa5Xa1WGpfpbFkQe7YA+UgQ2OQR1cggZoAQzuwSN4Bi/Gg/FkvBpvs9ackc3sgF8w3r8AlgWSaQ==</latexit>



Forward / Inverse Kinematics

• Formally define:
1. A forward kinematics map for a planar robot 



Forward / Inverse Kinematics

• Formally define:
1. A forward kinematics map for a planar robot

2. An inverse kinematics map for a planar robot:

� : Q ! SE(2)
<latexit sha1_base64="oosoeoBxh2zmBwQ0b7KHWOABk94=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilpK75WRRFctmgf0IQymU6aoZNMmJkoJRQ3/oobF4q49Svc+TcmaRC1HrhwOOde7r3HDhiVyjA+tdzc/MLiUn65sLK6tr6hb261JQ8FJi3MGRddG0nCqE9aiipGuoEgyLMZ6diji8Tv3BIhKfdv1DggloeGPnUoRiqW+vqOGbj0DDahKejQVUgIfgevL0vVg75eNMpGCjhLKhkpggyNvv5hDjgOPeIrzJCUvYoRKCtCQlHMyKRghpIECI/QkPRi6iOPSCtKX5jA/VgZQIeLuHwFU/XnRIQ8KceeHXd6SLnyr5eI/3m9UDknVkT9IFTEx9NFTsig4jDJAw6oIFixcUwQFjS+FWIXCYRVnFohDeE0wdH3y7OkXS1XauVa87BYP8/iyINdsAdKoAKOQR1cgQZoAQzuwSN4Bi/ag/akvWpv09acls1sg1/Q3r8AMFmWJA==</latexit>

Phi : Q  -> SE(2)



Forward / Inverse Kinematics

• Formally define:
1. A forward kinematics map for a planar robot

2. An inverse kinematics map for a planar robot:

(or                               )

� : Q ! SE(2)
<latexit sha1_base64="oosoeoBxh2zmBwQ0b7KHWOABk94=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilpK75WRRFctmgf0IQymU6aoZNMmJkoJRQ3/oobF4q49Svc+TcmaRC1HrhwOOde7r3HDhiVyjA+tdzc/MLiUn65sLK6tr6hb261JQ8FJi3MGRddG0nCqE9aiipGuoEgyLMZ6diji8Tv3BIhKfdv1DggloeGPnUoRiqW+vqOGbj0DDahKejQVUgIfgevL0vVg75eNMpGCjhLKhkpggyNvv5hDjgOPeIrzJCUvYoRKCtCQlHMyKRghpIECI/QkPRi6iOPSCtKX5jA/VgZQIeLuHwFU/XnRIQ8KceeHXd6SLnyr5eI/3m9UDknVkT9IFTEx9NFTsig4jDJAw6oIFixcUwQFjS+FWIXCYRVnFohDeE0wdH3y7OkXS1XauVa87BYP8/iyINdsAdKoAKOQR1cgQZoAQzuwSN4Bi/ag/akvWpv09acls1sg1/Q3r8AMFmWJA==</latexit>

��1 : SE(2) ! Q
<latexit sha1_base64="rZ3ou/tb0E1ak8HBLbybK1LkX1s=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5akFV+rogguW7QPaGKZTCfN0MmDmYlSQndu/BU3LhRx6y+4829M0iBqPXDhcM693HuPFTAqpKZ9KrmZ2bn5hfxiYWl5ZXVNXd9oCT/kmDSxz3zesZAgjHqkKalkpBNwglyLkbY1PE/89i3hgvretRwFxHTRwKM2xUjGUk/dNgKH3kT7+vgUXl2UKnvQ4HTgSMS5fwcbPbWolbUUcJroGSmCDPWe+mH0fRy6xJOYISG6uhZIM0JcUszIuGCEggQID9GAdGPqIZcIM0r/GMPdWOlD2+dxeRKm6s+JCLlCjFwr7nSRdMRfLxH/87qhtI/NiHpBKImHJ4vskEHpwyQU2KecYMlGMUGY0/hWiB3EEZZxdIU0hJMEh98vT5NWpaxXy9XGQbF2lsWRB1tgB5SADo5ADVyCOmgCDO7BI3gGL8qD8qS8Km+T1pySzWyCX1DevwCk5pgK</latexit>

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>

Phi^-1 : SE(2) -> Q

Phi^-1 : R^2 -> Q



Forward / Inverse Kinematics

• Compute the position (x,y) of the end—effector for the 
planar arm:



Forward / Inverse Kinematics

• Compute the position (x,y) of the end—effector for the 
planar arm:


x
y

�
=


l1cos(q1) + l2cos(q1 + q2)
l1sin(q1) + l2sin(q1 + q2)

�

= �(q1, q2)

=


�1(q1, q2)
�2(q1, q2)

�

<latexit sha1_base64="gzPVPChidKwkMdvMMNVLlqeBA2g="></latexit>

x = l1 cos(q1) + l2 cos(q1 + q2)
Y = l1 sin (q1) + l2 sin(q1 + q2)



Forward / Inverse Kinematics

• Compute the velocity of the end-effector for the planar arm:

l1 = l2 = 1, q1 =
⇡

4
, q2 =

⇡

2
q̇1 = 1, q̇2 = 0

<latexit sha1_base64="YtsZmW0scxPZAeh6WnHbfox3DqI="></latexit>



Example: 2-R Planar Manipulator

ṗ =


ẋ
ẏ

�

= Jq̇

=

"
�
p
2 � 1p

2

0 � 1p
2

# 
1
0

�

=

p
2
0

�

<latexit sha1_base64="rRmIWaNpmRpsfsYNb4emHh1ktbM="></latexit>

[ -sqrt(2)      – 1 / sqrt(2);
0                 -1 / sqrt(2)] =  [1;0]



Kinematic Singularities

• What are Kinematic Singularities? How can we identify 
them? What is their effect?



Kinematic Singularities

• What are Kinematic Singularities? How can we identify 
them? What is their effect?
• The Jacobian drops rank, mobility of the structure is reduced, small 

velocities of the end-effector may result in large joint velocities 



IK Computation as Optimization Problem

• General Formulation of IK problem of a planar robot with n 
joints, each with lower and upper limits li , ui
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joints, each with lower and upper limits li , ui
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IK Computation as Optimization Problem

• General Formulation of IK problem of a planar robot with n 
joints, each with lower and upper limits li , ui

• What if there are obstacles? 
Add obstacle collision constraints! 

• Does the starting solution matter?



IK Computation as Optimization Problem

• General formulation of IK problem of a planar robot with n 
joints, each with lower and upper limits li , ui

• What if there are obstacles? 
Add obstacle collision constraints! 

• Does the starting solution matter?



(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

Inverse Kinematics as Constrained 
Optimization Problem

F =
1

2
�qT�q

<latexit sha1_base64="2eGBcn5+G9rXWa225+E7T5uTE+E=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuStKKj4VQVMRlhb6gqWUynbRDJ5M4MxFKyAe48VfcuFDErR/gzr9xkoai1gMDh3PO5c49TsCoVKb5ZczNLywuLedW8qtr6xubha3tpvRDgUkD+8wXbQdJwignDUUVI+1AEOQ5jLSc0UXit+6JkNTndTUOSNdDA05dipHSUq9QvIJn0HYFwpEVR+UY2peEKQTvbutTqlNmyUwBZ4mVkSLIUOsVPu2+j0OPcIUZkrJjmYHqRkgoihmJ83YoSYDwCA1IR1OOPCK7UXpMDPe10oeuL/TjCqbqz4kIeVKOPUcnPaSG8q+XiP95nVC5J92I8iBUhOPJIjdkUPkwaQb2qSBYsbEmCAuq/wrxEOlmlO4vn5ZwmuBoevIsaZZLVqVUuTksVs+zOnJgF+yBA2CBY1AF16AGGgCDB/AEXsCr8Wg8G2/G+yQ6Z2QzO+AXjI9vJJiZ7g==</latexit>

�p = J�q
<latexit sha1_base64="9zGhNmAtxY0cNSkbzWxSzJTyml8=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWpFR8LoagLcVXBPqAdSia904ZmHiYZoYxd+CtuXCji1t9w59+YmQ6i1gMXTs65l9x7nJAzqSzr08jNzM7NL+QXC0vLK6tr5vpGQwaRoFCnAQ9EyyESOPOhrpji0AoFEM/h0HSG54nfvAMhWeDfqFEItkf6PnMZJUpLXXOrcwFcERziU3yFs8ct7ppFq2SlwNOknJEiylDrmh+dXkAjD3xFOZGyXbZCZcdEKEY5jAudSEJI6JD0oa2pTzyQdpzuP8a7WulhNxC6fIVT9edETDwpR56jOz2iBvKvl4j/ee1Iucd2zPwwUuDTyUduxLEKcBIG7jEBVPGRJoQKpnfFdEAEoUpHVkhDOElw+H3yNGnsl8qVUuX6oFg9y+LIo220g/ZQGR2hKrpENVRHFN2jR/SMXowH48l4Nd4mrTkjm9lEv2C8fwE8GpRy</latexit>

How to solve this optimization 
problem?



Inverse Kinematics as Constrained 
Optimization Problem

�q = JT (JJT )�1�p
<latexit sha1_base64="NnWloJLtGKMqN7ReE0ZxBup3nH8=">AAACDXicbVDLSgMxFM3UV62vUZduglWoC8uMFR8LoagL6apCX9BOSybNtKGZh0lGKEN/wI2/4saFIm7du/NvzEwH8XXgcg/n3Etyjx0wKqRhfGiZmdm5+YXsYm5peWV1TV/faAg/5JjUsc983rKRIIx6pC6pZKQVcIJcm5GmPbqI/eYt4YL6Xk2OA2K5aOBRh2IkldTTdzqXhEkEb+AZrHRrsFCJ21432jcnMPWCnp43ikYC+JeYKcmDFNWe/t7p+zh0iScxQ0K0TSOQVoS4pJiRSa4TChIgPEID0lbUQy4RVpRcM4G7SulDx+eqPAkT9ftGhFwhxq6tJl0kh+K3F4v/ee1QOidWRL0glMTD04eckEHpwzga2KecYMnGiiDMqforxEPEEZYqwFwSwmmMo6+T/5LGQdEsFUvXh/nyeRpHFmyBbVAAJjgGZXAFqqAOMLgDD+AJPGv32qP2or1ORzNaurMJfkB7+wTzUZkb</latexit>

J#
<latexit sha1_base64="xSh9qey+3FdFKADbKzDPhTjnNgA=">AAAB63icbVDLSsNAFL2pr1pfVZduBoPgqiQqPnZFN+Kqgn1AG8tkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8SPOtHGcT6u0sLi0vFJeraytb2xuVbd3WjqMFaFNEvJQdXysKWeSNg0znHYiRbHwOW3746vMbz9QpVko78wkop7AQ8kCRrDJpJv7nt2v2k7NyYHmiVsQGwo0+tWP3iAksaDSEI617rpOZLwEK8MIp9NKL9Y0wmSMh7SbUokF1V6S3zpFB6kyQEGo0pIG5erPiQQLrSfCTzsFNiP918vE/7xubIJzL2Eyig2VZLYoiDkyIcoeRwOmKDF8khJMFEtvRWSEFSYmjaeSh3CR4fT75XnSOqq5x7Xj2xO7flnEUYY92IdDcOEM6nANDWgCgRE8wjO8WMJ6sl6tt1lrySpmduEXrPcveQOOAA==</latexit>

Jacobian Pseudoinverse

qt+1 = qt + ↵J#�p
<latexit sha1_base64="Ou2EF54d/Ra6lo25N8djLVsfIBQ=">AAACDXicbVDJSgNBEO2Je9xGPXppjIIQCDMqLgdB1IN4imAWyMShptNJmvQsdtcIYcgPePFXvHhQxKt3b/6NkwVR44OCx3tVVNXzIik0WtankZmYnJqemZ3Lzi8sLi2bK6tlHcaK8RILZaiqHmguRcBLKFDyaqQ4+J7kFa9z1vcrd1xpEQbX2I143YdWIJqCAaaSa27eugnm7R49prcu0jx1QEZtoJc3To4651wi0Mg1c1bBGoCOE3tEcmSEomt+OI2QxT4PkEnQumZbEdYTUCiY5L2sE2seAetAi9dSGoDPdT0ZfNOjW6nSoM1QpRUgHag/JxLwte76XtrpA7b1X68v/ufVYmwe1hMRRDHygA0XNWNJMaT9aGhDKM5QdlMCTIn0VsraoIBhGmB2EMJRH/vfL4+T8k7B3i3sXu3lTk5HccySdbJBtolNDsgJuSBFUiKM3JNH8kxejAfjyXg13oatGWM0s0Z+wXj/At6jma0=</latexit>

Gradient descent: 

q_{t+1} = q_t + a J^# Deltap



Inverse Kinematics as Constrained 
Optimization Problem

�q = JT (JJT )�1�p
<latexit sha1_base64="NnWloJLtGKMqN7ReE0ZxBup3nH8=">AAACDXicbVDLSgMxFM3UV62vUZduglWoC8uMFR8LoagL6apCX9BOSybNtKGZh0lGKEN/wI2/4saFIm7du/NvzEwH8XXgcg/n3Etyjx0wKqRhfGiZmdm5+YXsYm5peWV1TV/faAg/5JjUsc983rKRIIx6pC6pZKQVcIJcm5GmPbqI/eYt4YL6Xk2OA2K5aOBRh2IkldTTdzqXhEkEb+AZrHRrsFCJ21432jcnMPWCnp43ikYC+JeYKcmDFNWe/t7p+zh0iScxQ0K0TSOQVoS4pJiRSa4TChIgPEID0lbUQy4RVpRcM4G7SulDx+eqPAkT9ftGhFwhxq6tJl0kh+K3F4v/ee1QOidWRL0glMTD04eckEHpwzga2KecYMnGiiDMqforxEPEEZYqwFwSwmmMo6+T/5LGQdEsFUvXh/nyeRpHFmyBbVAAJjgGZXAFqqAOMLgDD+AJPGv32qP2or1ORzNaurMJfkB7+wTzUZkb</latexit>

J#
<latexit sha1_base64="xSh9qey+3FdFKADbKzDPhTjnNgA=">AAAB63icbVDLSsNAFL2pr1pfVZduBoPgqiQqPnZFN+Kqgn1AG8tkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8SPOtHGcT6u0sLi0vFJeraytb2xuVbd3WjqMFaFNEvJQdXysKWeSNg0znHYiRbHwOW3746vMbz9QpVko78wkop7AQ8kCRrDJpJv7nt2v2k7NyYHmiVsQGwo0+tWP3iAksaDSEI617rpOZLwEK8MIp9NKL9Y0wmSMh7SbUokF1V6S3zpFB6kyQEGo0pIG5erPiQQLrSfCTzsFNiP918vE/7xubIJzL2Eyig2VZLYoiDkyIcoeRwOmKDF8khJMFEtvRWSEFSYmjaeSh3CR4fT75XnSOqq5x7Xj2xO7flnEUYY92IdDcOEM6nANDWgCgRE8wjO8WMJ6sl6tt1lrySpmduEXrPcveQOOAA==</latexit>

Jacobian Pseudoinverse

qt+1 = qt + ↵J#�p
<latexit sha1_base64="Ou2EF54d/Ra6lo25N8djLVsfIBQ=">AAACDXicbVDJSgNBEO2Je9xGPXppjIIQCDMqLgdB1IN4imAWyMShptNJmvQsdtcIYcgPePFXvHhQxKt3b/6NkwVR44OCx3tVVNXzIik0WtankZmYnJqemZ3Lzi8sLi2bK6tlHcaK8RILZaiqHmguRcBLKFDyaqQ4+J7kFa9z1vcrd1xpEQbX2I143YdWIJqCAaaSa27eugnm7R49prcu0jx1QEZtoJc3To4651wi0Mg1c1bBGoCOE3tEcmSEomt+OI2QxT4PkEnQumZbEdYTUCiY5L2sE2seAetAi9dSGoDPdT0ZfNOjW6nSoM1QpRUgHag/JxLwte76XtrpA7b1X68v/ufVYmwe1hMRRDHygA0XNWNJMaT9aGhDKM5QdlMCTIn0VsraoIBhGmB2EMJRH/vfL4+T8k7B3i3sXu3lTk5HccySdbJBtolNDsgJuSBFUiKM3JNH8kxejAfjyXg13oatGWM0s0Z+wXj/At6jma0=</latexit>

Gradient descent: 

What is the effect of the step size α? 



Motion Planning

• Formulate the motion planning problem:



Motion Planning

• Formulate the motion planning problem:
1. A world W in R2 or R3

2. An obstacle region O in W

3. A robot A and its configuration space Q

4. Qfree = Q \Qobs

5. qs 2 Qfree : Initial Configuration

6. qg 2 Qfree : Goal Configuration

7. Compute a path ⌧ : [0, 1] ! Qfree so that
qs = ⌧(0), qg = ⌧(1)

<latexit sha1_base64="aEy6t0PkOStWo/E4R2hGo2G2fts="></latexit>

qs
<latexit sha1_base64="PPqTqkhm2A+PIcqXj1sZKXhBybE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5K24Met6MVjBdMW2lA22027dLOJuxuhhP4GLx4U8eoP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJaEOCXkoex5WlDNBHc00p71IUhx4nHa96XXqdx+oVCwUd3oWUTfAY8F8RrA2klO9H6rqsFyxa3YGtEzqOalAjvaw/DEYhSQOqNCEY6X6dTvSboKlZoTTeWkQKxphMsVj2jdU4IAqN8mOnaMTo4yQH0pTQqNM/TmR4ECpWeCZzgDrifrrpeJ/Xj/W/oWbMBHFmgqyWOTHHOkQpZ+jEZOUaD4zBBPJzK2ITLDERJt8SlkIlynOvl9eJp1Grd6sNW8bldZVHkcRjuAYTqEO59CCG2iDAwQYPMIzvFjCerJerbdFa8HKZw7hF6z3LzYKjmw=</latexit>

qg
<latexit sha1_base64="FnGTYJW9Qn1F16oefcT/mHHd994=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5K24Met6MVjBdMW2lA22027dLOJuxuhhP4GLx4U8eoP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJaEOCXkoex5WlDNBHc00p71IUhx4nHa96XXqdx+oVCwUd3oWUTfAY8F8RrA2klO9H46rw3LFrtkZ0DKp56QCOdrD8sdgFJI4oEITjpXq1+1IuwmWmhFO56VBrGiEyRSPad9QgQOq3CQ7do5OjDJCfihNCY0y9edEggOlZoFnOgOsJ+qvl4r/ef1Y+xduwkQUayrIYpEfc6RDlH6ORkxSovnMEEwkM7ciMsESE23yKWUhXKY4+355mXQatXqz1rxtVFpXeRxFOIJjOIU6nEMLbqANDhBg8AjP8GIJ68l6td4WrQUrnzmEX7DevwAjzo5g</latexit>



Single / Multi Query Algorithms

• What are single / multi-query algorithms?

• What are their advantages / disadvantages?



Single/Multi Query Algorithms

• Multi-Query Planning Algorithms
• Cache roadmap for multiple queries
• Environment is static

• Single-Query Planning Algorithms
• Recompute roadmap for each query
• Environment can change across queries (not within)



Probabilistic Roadmaps

• What are common reasons of failure of the PRM 
algorithms?



Limitations: Coverage 

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>



Limitations: Connectivity 

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>



Example: Narrow Passage Problem

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>



Narrow Passage Problem

• What are solutions for the narrow passage problem?



Narrow Passage Problem

• What are solutions for the narrow passage problem?
• Sample near obstacles
• Visibility-based PRM



Visibility-Based PRM
1

2 3

4
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Visibility-Based PRM



Visibility-Based PRM



Visibility-Based PRM



Visibility-Based PRM



Visibility-Based PRM



RRTs

• What is the definition of probabilistic completeness?



Probabilistic Completeness

• An algorithm ALG is probabilistically complete if, for any 
robustly feasible motion planning problem defined by 
P = (Qfree, qs, qg)

<latexit sha1_base64="NatkrX19sWF+JBX++cJkmss/NaA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJrPhYCEU3LluwD2hDmExv2qGThzMToYS68VfcuFDErX/hzr8xSYuo9cC9HM65l5l7nJAzqQzjU8vNzS8sLuWXCyura+sb+uZWUwaRoNCgAQ9E2yESOPOhoZji0A4FEM/h0HKGV6nfugMhWeDfqFEIlkf6PnMZJSqRbH2nhi9wqW7HrgAYH+JbW6atf2DrRaNsZMCzxJySIpqiZusf3V5AIw98RTmRsmMaobJiIhSjHMaFbiQhJHRI+tBJqE88kFacXTDG+4nSw24gkvIVztSfGzHxpBx5TjLpETWQf71U/M/rRMo9s2Lmh5ECn04eciOOVYDTOHCPCaCKjxJCqGDJXzEdEEGoSkIrZCGcpzj5PnmWNI/KZqVcqR8Xq5fTOPJoF+2hEjLRKaqia1RDDUTRPXpEz+hFe9CetFftbTKa06Y72+gXtPcvvTeVTA==</latexit>

lim
N!1

P (ALG returns a solution to P ) = 1
<latexit sha1_base64="Ey54gRx9GZDhVXJDokzwnzN/GWg="></latexit>

lim (N->infty) P(ALG returns a solution to P) = 1



RRTs

• What is the definition of probabilistic completeness?

• Is RRT a probabilistically complete algorithm?



RRTs

• What is the definition of probabilistic completeness?

• Is RRT a probabilistically complete algorithm?

• Is the path returned by RRT asymptotically optimal?



RRTs

• One approach that may improve the performance of the 
RRT algorithm is to sample randomly at the goal and 
attempt to connect directly to the goal 
• When can this succeed / fail? 



RRTs

• Name 3 factors that affect the performance of RRT 
algorithm
• Bounds of configuration space
• Dimensionality of configuration space
• Obstacles



RRTs

• How can you make the trajectory of an RRT less jerky? 



RRTs

• How can you make the trajectory of an RRT less jerky?
• Shortcutting 



Shortcutting

• Output of RRTs is almost unusable.

• Simple Shortcutting Algorithm:
Repeat:

Select two points randomly
Attempt to connect them
If path shortest than previous one, replace path



Task Space Regions

• When planning in Task space regions, how would you 
project samples to the constraint manifold? Write the 
algorithm in pseudocode



Task Space Regions

• When planning in Task space regions, how would you 
project samples to the constraint manifold? Write the 
algorithm in pseudocode



Task Space Regions

• When planning in Task space regions, how would you 
project samples to the constraint manifold? Write the 
algorithm in pseudocode

1. while true do:
2. Deltax <- DisplacementfromTSR(q)
3. if ||Deltax|| < eps then:
4.    return q;
5. end
6. J <- GetJacobian(q);
7. Deltaqerror <- J^T (JJ^T)^{-1} Deltax
8. q <- (q - \Deltaqerror
9. end



Task Space Regions

• Specify the matrix of bounds Bw for a cup



Task Space Regions

• Specify the matrix of bounds Bw for a cup

Bw =

2

6666664

0 0
0 0
�↵ ↵
0 0
0 0
�⇡ ⇡

3

7777775

<latexit sha1_base64="4R241qKRvrcLxgggyqRHUkUULbA="></latexit>

B= [0,0;0,0;0,0;-a,a;0,0;0,0;-pi,pi]



Task Space Regions

• Specify the matrix of bounds Bw for a cup, so that only poses 
on one side of the cup  (e.g., facing the robot) are sampled



Task Space Regions

• Specify the matrix of bounds Bw for a cup, so that only poses 
on a semicircle around the cup  (e.g., facing the robot) are 
sampled

Bw =

2

6666664

0 0
0 0
�↵ ↵
0 0
0 0

�⇡/2 ⇡/2

3

7777775

<latexit sha1_base64="UVwMJONtSXa8mBpHgPof65/OPYM="></latexit>



Task Space Regions

• Specify the matrix of bounds Bw for a cup, so that only one 
unique pose is sampled



Task Space Regions

• Specify the matrix of bounds Bw for a cup, so that only one 
unique pose is sampled

Bw =

2

6666664

0 0
0 0
↵ ↵
0 0
0 0
� �

3

7777775

<latexit sha1_base64="OSQRarrxumOcJRY0Pvs6gpmHiFI="></latexit>



Dynamics

• What is the physical meaning behind each term in the 
dynamics equation?

B(q)q̈ + C(q, q̇)q̇ +G(q) = ⌧
<latexit sha1_base64="hIxmHARWAKP+mhvM3hBjXNdMMqs=">AAACGnicbVDLSgMxFM3UV62vqks3wSK0KGXGio+FUNqFLivYB3RKyaRpG5p5NLkjlKHf4cZfceNCEXfixr8x05bi60Dg5Jx7b3KPEwiuwDQ/jcTC4tLySnI1tba+sbmV3t6pKT+UlFWpL3zZcIhignusChwEawSSEdcRrO4MyrFfv2NScd+7hVHAWi7pebzLKQEttdNWKTvM2Z2OD9FwjA9xOTs8wvb0mrPn8pWuusQ2kBC30xkzb06A/xJrRjJohko7/a7n0NBlHlBBlGpaZgCtiEjgVLBxyg4VCwgdkB5rauoRl6lWNFltjA+00sFdX+rjAZ6o3zsi4io1ch1d6RLoq99eLP7nNUPonrci7gUhMI9OH+qGAoOP45xwh0tGQYw0IVRy/VdM+0QSCjrN1CSEixin85X/ktpx3irkCzcnmWJpFkcS7aF9lEUWOkNFdI0qqIooukeP6Bm9GA/Gk/FqvE1LE8asZxf9gPHxBUsRnqs=</latexit>



Dynamics

• What is the forward dynamics problem? Why is it useful?

• What is the inverse dynamics problem?



Forward Dynamics

We can determine     given τq̈
<latexit sha1_base64="KJ3k7/lK3hMCHjqshBkdTNtbZP0=">AAAB73icbVDLSsNAFJ3UV62vqks3wSK4KomKj13RjcsK9gFtKJPJpB06mUlnboQS+hNuXCji1t9x5984SYOo9cCFwzn3cu89fsyZBsf5tEpLyyura+X1ysbm1vZOdXevrWWiCG0RyaXq+lhTzgRtAQNOu7GiOPI57fjjm8zvPFClmRT3MI2pF+GhYCEjGIzU7QeBhHQyG1RrTt3JYS8StyA1VKA5qH70A0mSiAogHGvdc50YvBQrYITTWaWfaBpjMsZD2jNU4IhqL83vndlHRgnsUCpTAuxc/TmR4kjraeSbzgjDSP/1MvE/r5dAeOmlTMQJUEHmi8KE2yDt7Hk7YIoS4FNDMFHM3GqTEVaYgImokodwleH8++VF0j6pu6f107uzWuO6iKOMDtAhOkYuukANdIuaqIUI4ugRPaMXa2I9Wa/W27y1ZBUz++gXrPcvjPCQcQ==</latexit>

B(q)q̈ + C(q, q̇)q̇ +G(q) = ⌧
<latexit sha1_base64="hIxmHARWAKP+mhvM3hBjXNdMMqs=">AAACGnicbVDLSgMxFM3UV62vqks3wSK0KGXGio+FUNqFLivYB3RKyaRpG5p5NLkjlKHf4cZfceNCEXfixr8x05bi60Dg5Jx7b3KPEwiuwDQ/jcTC4tLySnI1tba+sbmV3t6pKT+UlFWpL3zZcIhignusChwEawSSEdcRrO4MyrFfv2NScd+7hVHAWi7pebzLKQEttdNWKTvM2Z2OD9FwjA9xOTs8wvb0mrPn8pWuusQ2kBC30xkzb06A/xJrRjJohko7/a7n0NBlHlBBlGpaZgCtiEjgVLBxyg4VCwgdkB5rauoRl6lWNFltjA+00sFdX+rjAZ6o3zsi4io1ch1d6RLoq99eLP7nNUPonrci7gUhMI9OH+qGAoOP45xwh0tGQYw0IVRy/VdM+0QSCjrN1CSEixin85X/ktpx3irkCzcnmWJpFkcS7aF9lEUWOkNFdI0qqIooukeP6Bm9GA/Gk/FqvE1LE8asZxf9gPHxBUsRnqs=</latexit>

q̈ = B(q)�1(⌧ � C(q, q̇)q̇ �G(q))
<latexit sha1_base64="/Zq2XTSaY2UO6nbE6LWcV/7XcPA="></latexit>

\ddot{q} = B(q)^{-1} (\tau – C(q, \dot{q}) 
\dot{q} – G(q))



Inverse Dynamics

Given.                 compute the torques. q̈, q̇, q
<latexit sha1_base64="YYDYiGZI2hng5ub4LjMz4TSTYmA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJFR+7ohuXFewD2lAmk0k7dDJJZyZCDcVfceNCEbf+hzv/xkkaRa0HBg7n3MO9c9yIUaks68MozM0vLC4Vl0srq2vrG+bmVlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZa7vAy9Vu3REga8hs1jogToD6nPsVIaaln7nQ9L1TJaHIIu19k1DPLVsXKAGeJnZMyyFHvme86jOOAcIUZkrJjW5FyEiQUxYxMSt1YkgjhIeqTjqYcBUQ6SXb9BO5rxYN+KPTjCmbqz0SCAinHgasnA6QG8q+Xiv95nVj5Z05CeRQrwvF0kR8zqEKYVgE9KghWbKwJwoLqWyEeIIGw0oWVshLOU5x8f3mWNI8qdrVSvT4u1y7yOopgF+yBA2CDU1ADV6AOGgCDO/AAnsCzcW88Gi/G63S0YOSZbfALxtsnMBKVLw==</latexit>

B(q)q̈ + C(q, q̇)q̇ +G(q) = ⌧
<latexit sha1_base64="hIxmHARWAKP+mhvM3hBjXNdMMqs=">AAACGnicbVDLSgMxFM3UV62vqks3wSK0KGXGio+FUNqFLivYB3RKyaRpG5p5NLkjlKHf4cZfceNCEXfixr8x05bi60Dg5Jx7b3KPEwiuwDQ/jcTC4tLySnI1tba+sbmV3t6pKT+UlFWpL3zZcIhignusChwEawSSEdcRrO4MyrFfv2NScd+7hVHAWi7pebzLKQEttdNWKTvM2Z2OD9FwjA9xOTs8wvb0mrPn8pWuusQ2kBC30xkzb06A/xJrRjJohko7/a7n0NBlHlBBlGpaZgCtiEjgVLBxyg4VCwgdkB5rauoRl6lWNFltjA+00sFdX+rjAZ6o3zsi4io1ch1d6RLoq99eLP7nNUPonrci7gUhMI9OH+qGAoOP45xwh0tGQYw0IVRy/VdM+0QSCjrN1CSEixin85X/ktpx3irkCzcnmWJpFkcS7aF9lEUWOkNFdI0qqIooukeP6Bm9GA/Gk/FqvE1LE8asZxf9gPHxBUsRnqs=</latexit>



Control

What is decentralized control? When can it fail?
• Independent PD control for each joint, fails when we have 
significant coupling terms



Control

Will PD control work well for moving a robotic manipulator to a 
desired position with gravity? Propose two solutions



Control

Will PD control work well for moving a robotic manipulator to a 
desired position with gravity? Propose two solutions
• PID
• PD with Gravity Compensation (feedback linearization)



Control

Is the system stable when we apply PD with Gravity 
Compensation? Justify your answer
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