
!"#$%&"#'(")*+,-.,"&&'/.

CSCI 545 Introduction to Robotics 
Instructor: Stefanos Nikolaidis

Resources : !" #$!!%&'()*&+,-.(/0-)(12&345&6474)892&7:&'89*(01&
;5./(--<&=(5-0>80&'0114-&?-8@0528):



Optimization Problems

! !"#$%&'$&$(")"*$(+&%,$&$-.+%/0/%$")1+%*$#,/2+$&3"/4/'5$
")-*&%2+-6$

! !"#$%&'$&$(")"*$5"$*"$/*-$4+-*/'&*/"'$#,/2+$7/'/7/8/'5$
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Basic Problem

! ;/3+'$$$$$$$$$$$$$$$$$$$$$$$$$$$$$0/'4f : Rn ! R
<latexit sha1_base64="EPZ7iNLs/AtmydTnWaS1dLDwTHc=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQqvlZFNy6r2Ac0sUymk3boZBJmJkoJ/QI3/oobF4q4de3Ov3GSBl/1wIXDOfdy7z1exKhUlvVhFGZm5+YXioulpeWV1TVzfaMpw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW94lvqtGyIkDfmVGkXEDVCfU59ipLTUNSv+iRMgNfC85HJ8zaEjaH+gkBDhLfw2umbZqloZ4DSxc1IGOepd893phTgOCFeYISk7thUpN0FCUczIuOTEkkQID1GfdDTlKCDSTbJ3xrCilR70Q6GLK5ipPycSFEg5CjzdmV4o/3qp+J/XiZV/5CaUR7EiHE8W+TGDKoRpNrBHBcGKjTRBWFB9K8QDJBBWOsFSFsJxioOvl6dJc7dq71X3LvbLtdM8jiLYAttgB9jgENTAOaiDBsDgDjyAJ/Bs3BuPxovxOmktGPnMJvgF4+0T6h2czQ==</latexit>

min f
<latexit sha1_base64="XSM5Nm4NnVrJiLihy6L8KTkUx+8=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwVRIVH7uiG5cV7APaWCbTSTt0ZhJmbtQS6ne4caGIW//FnX9jkgZR64ELh3Pu5d57vFBwA7b9aRXm5hcWl4rLpZXVtfWN8uZW0wSRpqxBAxHotkcME1yxBnAQrB1qRqQnWMsbXaR+65ZpwwN1DeOQuZIMFPc5JZBIN11g96BlLLmaPPi9csWu2hnwLHFyUkE56r3yR7cf0EgyBVQQYzqOHYIbEw2cCjYpdSPDQkJHZMA6CVVEMuPG2dUTvJcofewHOikFOFN/TsREGjOWXtIpCQzNXy8V//M6EfinbsxVGAFTdLrIjwSGAKcR4D7XjIIYJ4RQzZNbMR0STSgkQZWyEM5SHH+/PEuaB1XnsHp4dVSpnedxFNEO2kX7yEEnqIYuUR01EEUaPaJn9GLdWU/Wq/U2bS1Y+cw2+gXr/QuZoZNd</latexit>



Basic Problem

! ;/3+'$$$$$$$$$$$$$$$$$$$$$$$$$$$$$0/'4

! <+*=-$-*&(*$#/*,$!"#">$$$

f : Rn ! R
<latexit sha1_base64="EPZ7iNLs/AtmydTnWaS1dLDwTHc=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQqvlZFNy6r2Ac0sUymk3boZBJmJkoJ/QI3/oobF4q4de3Ov3GSBl/1wIXDOfdy7z1exKhUlvVhFGZm5+YXioulpeWV1TVzfaMpw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW94lvqtGyIkDfmVGkXEDVCfU59ipLTUNSv+iRMgNfC85HJ8zaEjaH+gkBDhLfw2umbZqloZ4DSxc1IGOepd893phTgOCFeYISk7thUpN0FCUczIuOTEkkQID1GfdDTlKCDSTbJ3xrCilR70Q6GLK5ipPycSFEg5CjzdmV4o/3qp+J/XiZV/5CaUR7EiHE8W+TGDKoRpNrBHBcGKjTRBWFB9K8QDJBBWOsFSFsJxioOvl6dJc7dq71X3LvbLtdM8jiLYAttgB9jgENTAOaiDBsDgDjyAJ/Bs3BuPxovxOmktGPnMJvgF4+0T6h2czQ==</latexit>

min f
<latexit sha1_base64="XSM5Nm4NnVrJiLihy6L8KTkUx+8=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwVRIVH7uiG5cV7APaWCbTSTt0ZhJmbtQS6ne4caGIW//FnX9jkgZR64ELh3Pu5d57vFBwA7b9aRXm5hcWl4rLpZXVtfWN8uZW0wSRpqxBAxHotkcME1yxBnAQrB1qRqQnWMsbXaR+65ZpwwN1DeOQuZIMFPc5JZBIN11g96BlLLmaPPi9csWu2hnwLHFyUkE56r3yR7cf0EgyBVQQYzqOHYIbEw2cCjYpdSPDQkJHZMA6CVVEMuPG2dUTvJcofewHOikFOFN/TsREGjOWXtIpCQzNXy8V//M6EfinbsxVGAFTdLrIjwSGAKcR4D7XjIIYJ4RQzZNbMR0STSgkQZWyEM5SHH+/PEuaB1XnsHp4dVSpnedxFNEO2kX7yEEnqIYuUR01EEUaPaJn9GLdWU/Wq/U2bS1Y+cw2+gXr/QuZoZNd</latexit>

f : R ! R
<latexit sha1_base64="SvdH+EoFP4pp9h0s5cbDdzdqNgA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiRWfK2KblxWsQ9oQplMJ+3QyUyYmSgl9Avc+CtuXCji1rU7/8YkDVKtBy4czrmXe+/xQkaVtqwvo7CwuLS8Ulwtra1vbG6Z2zstJSKJSRMLJmTHQ4owyklTU81IJ5QEBR4jbW90mfrtOyIVFfxWj0PiBmjAqU8x0onUMys+PIdOgPTQ8+KbCXQkHQw1klLcz8g9s2xVrQxwntg5KYMcjZ756fQFjgLCNWZIqa5thdqNkdQUMzIpOZEiIcIjNCDdhHIUEOXG2TsTWEmUPvSFTIprmKmzEzEKlBoHXtKZXqj+eqn4n9eNtH/qxpSHkSYcTxf5EYNawDQb2KeSYM3GCUFY0uRWiIdIIqyTBEtZCGcpjn9enietw6pdq9auj8r1izyOItgD++AA2OAE1MEVaIAmwOABPIEX8Go8Gs/Gm/E+bS0Y+cwu+AXj4xsDWZxB</latexit>



Basic Problem

! ?/'4$7/'$

! @+$%"7.:*+$*,+$%(/*/%&2$-+*$"0$$%

! @+$/4+'*/09$7/'/7&$)9$0/'4/'5$#,+(+$

f : R ! R
<latexit sha1_base64="SvdH+EoFP4pp9h0s5cbDdzdqNgA=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiRWfK2KblxWsQ9oQplMJ+3QyUyYmSgl9Avc+CtuXCji1rU7/8YkDVKtBy4czrmXe+/xQkaVtqwvo7CwuLS8Ulwtra1vbG6Z2zstJSKJSRMLJmTHQ4owyklTU81IJ5QEBR4jbW90mfrtOyIVFfxWj0PiBmjAqU8x0onUMys+PIdOgPTQ8+KbCXQkHQw1klLcz8g9s2xVrQxwntg5KYMcjZ756fQFjgLCNWZIqa5thdqNkdQUMzIpOZEiIcIjNCDdhHIUEOXG2TsTWEmUPvSFTIprmKmzEzEKlBoHXtKZXqj+eqn4n9eNtH/qxpSHkSYcTxf5EYNawDQb2KeSYM3GCUFY0uRWiIdIIqyTBEtZCGcpjn9enietw6pdq9auj8r1izyOItgD++AA2OAE1MEVaIAmwOABPIEX8Go8Gs/Gm/E+bS0Y+cwu+AXj4xsDWZxB</latexit>

Cf = { x|f !(x) = 0 }
<latexit sha1_base64="wdJsvE97aQPImyMgS+tmn8gdaqA=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1jEuimJFR8LodiNywr2AU0Ik+mkHTp5MDORlljc+CtuXCji1q9w5984SYuo9cCFM+fcy9x73IhRIQ3jU8vNzS8sLuWXCyura+sb+uZWU4Qxx6SBQxbytosEYTQgDUklI+2IE+S7jLTcQS31W7eECxoGN3IUEdtHvYB6FCOpJEffqTkevIBWAofwDnoHpeGhehrQGjt60SgbGeAsMaekCKaoO/qH1Q1x7JNAYoaE6JhGJO0EcUkxI+OCFQsSITxAPdJRNEA+EXaSnTCG+0rpQi/kqgIJM/XnRIJ8IUa+qzp9JPvir5eK/3mdWHpndkKDKJYkwJOPvJhBGcI0D9ilnGDJRoogzKnaFeI+4ghLlVohC+E8xcn3ybOkeVQ2K+XK9XGxejmNIw92wR4oAROcgiq4AnXQABjcg0fwDF60B+1Je9XeJq05bTqzDX5Be/8CqXKUiA==</latexit>

f !! (x) ! 0
<latexit sha1_base64="+jwp/iEooYPdWe01IzJHxXbIwSE=">AAAB9HicbVDLSsNAFL3xWeur6tLNYJHWTUms+NgV3bisYB/QhjKZTtqhk0k6MymW0O9w40IRt36MO//GJA2i1gMXDufcy733OAFnSpvmp7G0vLK6tp7byG9ube/sFvb2m8oPJaEN4nNfth2sKGeCNjTTnLYDSbHncNpyRjeJ35pQqZgv7vU0oLaHB4K5jGAdS7ZbKpUfTlB3QMfI7BWKZsVMgRaJlZEiZKj3Ch/dvk9CjwpNOFaqY5mBtiMsNSOczvLdUNEAkxEe0E5MBfaosqP06Bk6jpU+cn0Zl9AoVX9ORNhTauo5caeH9VD99RLxP68TavfSjpgIQk0FmS9yQ460j5IEUJ9JSjSfxgQTyeJbERliiYmOc8qnIVwlOP9+eZE0TytWtVK9OyvWrrM4cnAIR1AGCy6gBrdQhwYQGMMjPMOLMTGejFfjbd66ZGQzB/ALxvsXcHGQuQ==</latexit>



Basic Problem

! @,&*$&)":*$*,+$!" 4/7+'-/"'&2$%&-+6$$



Basic Problem

! @,&*$&)":*$*,+$!" 4/7+'-/"'&2$%&-+6$$

! A:00/%/+'*$%"'4/*/"'-$0"($&$(+2&*/3+$B2"%&2C$%&-+D$

! @+$2+*$$$$$$$$$$$$$$$$$$$$$$$$$$$$)+$

! @+$2+*$$$$$$$$$$)+$&$(+2&*/3+$7/'/7:7$"0$$"D$
! !"#$%&'(

''(&

f : Rn ! R
<latexit sha1_base64="izvXiZX2Q7oT2lBscFlOZwm/Nmo=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSmLF16roxmUV+4Amlsl00g6dzISZiVJC/8CNv+LGhSJu3brzb0zSINV64MLhnHu59x4vZFRpy/oyZmbn5hcWC0vF5ZXVtXVzY7OhRCQxqWPBhGx5SBFGOalrqhlphZKgwGOk6Q0uUr95R6Sigt/oYUjcAPU49SlGOpE65p5/Bp0A6b7nxdejWw4dSXt9jaQU9xNGxyxZZSsDnCZ2TkogR61jfjpdgaOAcI0ZUqptW6F2YyQ1xYyMik6kSIjwAPVIO6EcBUS5cfbPCO4mShf6QibFNczUyYkYBUoNAy/pTC9Uf71U/M9rR9o/cWPKw0gTjseL/IhBLWAaDuxSSbBmw4QgLGlyK8R9JBHWSYTFLITTFEc/L0+TxkHZrpQrV4el6nkeRwFsgx2wD2xwDKrgEtRAHWDwAJ7AC3g1Ho1n4814H7fOGPnMFvgF4+MbRPec9w==</latexit>

C2
<latexit sha1_base64="9e3BqWkCguNI7ikl5m+urIVoHS4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0la8eNW7MVjRWsLbSyb7aZdutmE3Y1QQn+CFw+KePUXefPfuEmDqPXBwOO9GWbmeRFnStv2p1VYWl5ZXSuulzY2t7Z3yrt7dyqMJaFtEvJQdj2sKGeCtjXTnHYjSXHgcdrxJs3U7zxQqVgobvU0om6AR4L5jGBtpJvmfW1QrthVOwNaJE5OKpCjNSh/9IchiQMqNOFYqZ5jR9pNsNSMcDor9WNFI0wmeER7hgocUOUm2akzdGSUIfJDaUpolKk/JxIcKDUNPNMZYD1Wf71U/M/rxdo/dxMmolhTQeaL/JgjHaL0bzRkkhLNp4ZgIpm5FZExlphok04pC+Eixen3y4vkrlZ16tX69UmlcZnHUYQDOIRjcOAMGnAFLWgDgRE8wjO8WNx6sl6tt3lrwcpn9uEXrPcv06qNog==</latexit>

x !
<latexit sha1_base64="KFe8C6eaoISYi4TyJsWIJ1sxlK8=">AAAB6nicbVDLSsNAFL3xWeur6tLNYBHERUms+NgV3bisaB/QxjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW3705qbX1hcWi6sFFfX1jc2S1vbTRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG15o8vUb91TqVgobvU4om6AB4L5jGBtpJuHu8NeqWxX7Axoljg5KUOOeq/00e2HJA6o0IRjpTqOHWk3wVIzwumk2I0VjTAZ4QHtGCpwQJWbZKdO0L5R+sgPpSmhUab+nEhwoNQ48ExngPVQ/fVS8T+vE2v/zE2YiGJNBZku8mOOdIjSv1GfSUo0HxuCiWTmVkSGWGKiTTrFLITzFCffL8+S5lHFqVaq18fl2kUeRwF2YQ8OwIFTqMEV1KEBBAbwCM/wYnHryXq13qatc1Y+swO/YL1/ARhXjc8=</latexit>

! f (x! ) = 0
<latexit sha1_base64="4zPygghUNDm0hFT0gZzgcQnAFIY=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBGqi5JY8bEQim5cVrAPaGO5mU7aoZNJmJlIS+mvuHGhiFt/xJ1/Y5IGUeuBC4dz7uXee9yQM6Ut69NYWFxaXlnNreXXNza3ts2dQkMFkSS0TgIeyJYLinImaF0zzWkrlBR8l9OmO7xO/OYDlYoF4k6PQ+r40BfMYwR0LHXNQkeAywFjrzS6PzrEl9jqmkWrbKXA88TOSBFlqHXNj04vIJFPhSYclGrbVqidCUjNCKfTfCdSNAQyhD5tx1SAT5UzSW+f4oNY6WEvkHEJjVP158QEfKXGvht3+qAH6q+XiP957Uh7586EiTDSVJDZIi/iWAc4CQL3mKRE83FMgEgW34rJACQQHceVT0O4SHD6/fI8aRyX7Uq5cntSrF5lceTQHtpHJWSjM1RFN6iG6oigEXpEz+jFmBpPxqvxNmtdMLKZXfQLxvsX+GaSlA==</latexit>

! 2f (x! ) " 0
<latexit sha1_base64="q0ySosfNGh+WSYXS9moNRBBixSo=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahuihJKz52RTcuK9gHNGmZTCft0MkkzEzEEgpu/BU3LhRx60+482+cpEV8HbhwOOde7r3HixiVyrI+jNzc/MLiUn65sLK6tr5hbm41ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOWNLlK/dUOEpCG/VuOIuAEacOpTjJSWeuaOw5HHULcCoV+67R4eQOjIGGMIrZ5ZtMpWBviX2DNSBDPUe+a70w9xHBCuMENSdmwrUm6ChKKYkUnBiSWJEB6hAeloylFApJtkP0zgvlb60A+FLq5gpn6fSFAg5TjwdGeA1FD+9lLxP68TK//UTSiPYkU4ni7yYwZVCNNAYJ8KghUba4KwoPpWiIdIIKx0bIUshLMUx18v/yXNStmulqtXR8Xa+SyOPNgFe6AEbHACauAS1EEDYHAHHsATeDbujUfjxXidtuaM2cw2+AHj7RNM5pWB</latexit>

!"#$%&%'()*(+%,%&(-



Basic Problem

! 2f (x) =
<latexit sha1_base64="xaZai7MR+lQcAzq9y9B1kr1Kkh0=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyVpxcdCKLpxWcE+oI1lMp20QyeTMDNRS+ynuHGhiFu/xJ1/4yQNotYDFw7n3Mu997gho1JZ1qeRW1hcWl7JrxbW1jc2t8zidksGkcCkiQMWiI6LJGGUk6aiipFOKAjyXUba7vgi8du3REga8Gs1CYnjoyGnHsVIaalvFnscuQzdVCH0yvcHEJ71zZJVsVLAeWJnpAQyNPrmR28Q4MgnXGGGpOzaVqicGAlFMSPTQi+SJER4jIakqylHPpFOnJ4+hftaGUAvELq4gqn6cyJGvpQT39WdPlIj+ddLxP+8bqS8EyemPIwU4Xi2yIsYVAFMcoADKghWbKIJwoLqWyEeIYGw0mkV0hBOExx9vzxPWtWKXavUrg5L9fMsjjzYBXugDGxwDOrgEjRAE2BwBx7BM3gxHown49V4m7XmjGxmB/yC8f4FkhySYg==</latexit>



Example

f (x) = c + bT x + 0 .5xT Ax
<latexit sha1_base64="UvIDad0mSCw8rtRpzUWJ5oOecsg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahIpQZ63MhVN24rNAXtGPJpJk2NPMgyUjL0KUbf8WNC0Xc+gnu/Bsz00HUeiDk5Jx7ubnHDhgV0jA+tczM7Nz8QnYxt7S8srqmr2/UhR9yTGrYZz5v2kgQRj1Sk1Qy0gw4Qa7NSMMeXMV+445wQX2vKkcBsVzU86hDMZJK6ujbTmG4B88hhvvQvq3CobqN4hEcKn6hXh09bxSNBHCamCnJgxSVjv7R7vo4dIknMUNCtEwjkFaEuKSYkXGuHQoSIDxAPdJS1EMuEVaULDKGu0rpQsfn6ngSJurPjgi5QoxcW1W6SPbFXy8W//NaoXROrYh6QSiJhyeDnJBB6cM4FdilnGDJRoogzKn6K8R9xBGWKrtcEsJZjOPvladJ/aBoloqlm8N8+TKNIwu2wA4oABOcgDK4BhVQAxjcg0fwDF60B+1Je9XeJqUZLe3ZBL+gvX8B9AGVnw==</latexit>

c ! R

b ! Rn

A = ( aij ) ! Rn ! n , aij = aji , A " 0
<latexit sha1_base64="Ml+V2J7p0/bQuvxJr2eT+KTRu3A="></latexit>



Example

f (x) = c + bT x + 0 .5xT Ax
<latexit sha1_base64="UvIDad0mSCw8rtRpzUWJ5oOecsg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahIpQZ63MhVN24rNAXtGPJpJk2NPMgyUjL0KUbf8WNC0Xc+gnu/Bsz00HUeiDk5Jx7ubnHDhgV0jA+tczM7Nz8QnYxt7S8srqmr2/UhR9yTGrYZz5v2kgQRj1Sk1Qy0gw4Qa7NSMMeXMV+445wQX2vKkcBsVzU86hDMZJK6ujbTmG4B88hhvvQvq3CobqN4hEcKn6hXh09bxSNBHCamCnJgxSVjv7R7vo4dIknMUNCtEwjkFaEuKSYkXGuHQoSIDxAPdJS1EMuEVaULDKGu0rpQsfn6ngSJurPjgi5QoxcW1W6SPbFXy8W//NaoXROrYh6QSiJhyeDnJBB6cM4FdilnGDJRoogzKn6K8R9xBGWKrtcEsJZjOPvladJ/aBoloqlm8N8+TKNIwu2wA4oABOcgDK4BhVQAxjcg0fwDF60B+1Je9XeJqUZLe3ZBL+gvX8B9AGVnw==</latexit>

! f (x)?
<latexit sha1_base64="jVmo8yyVQNo2EK666Drgu1hD1Cc=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0Wom5JY8bGy6MZlBfuANpSb6aQdOpmEmYlYQ7/EjQtF3Pop7vwbkzSIWg9cOJxzL/fe44acKW1Zn8bC4tLyymphrbi+sblVMrd3WiqIJKFNEvBAdlxQlDNBm5ppTjuhpOC7nLbd8VXqt++oVCwQt3oSUseHoWAeI6ATqW+WegJcDhh7lftDjC/6ZtmqWhnwPLFzUkY5Gn3zozcISORToQkHpbq2FWonBqkZ4XRa7EWKhkDGMKTdhArwqXLi7PApPkiUAfYCmZTQOFN/TsTgKzXx3aTTBz1Sf71U/M/rRto7c2ImwkhTQWaLvIhjHeA0BTxgkhLNJwkBIllyKyYjkEB0klUxC+E8xcn3y/OkdVS1a9XazXG5fpnHUUB7aB9VkI1OUR1dowZqIoIi9Iie0YvxYDwZr8bbrHXByGd20S8Y719mc5HA</latexit>

c ! R

b ! Rn

A = ( aij ) ! Rn ! n , aij = aji , A " 0
<latexit sha1_base64="Ml+V2J7p0/bQuvxJr2eT+KTRu3A="></latexit>



Example

f (x) = c + bT x + 0 .5xT Ax
<latexit sha1_base64="UvIDad0mSCw8rtRpzUWJ5oOecsg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahIpQZ63MhVN24rNAXtGPJpJk2NPMgyUjL0KUbf8WNC0Xc+gnu/Bsz00HUeiDk5Jx7ubnHDhgV0jA+tczM7Nz8QnYxt7S8srqmr2/UhR9yTGrYZz5v2kgQRj1Sk1Qy0gw4Qa7NSMMeXMV+445wQX2vKkcBsVzU86hDMZJK6ujbTmG4B88hhvvQvq3CobqN4hEcKn6hXh09bxSNBHCamCnJgxSVjv7R7vo4dIknMUNCtEwjkFaEuKSYkXGuHQoSIDxAPdJS1EMuEVaULDKGu0rpQsfn6ngSJurPjgi5QoxcW1W6SPbFXy8W//NaoXROrYh6QSiJhyeDnJBB6cM4FdilnGDJRoogzKn6K8R9xBGWKrtcEsJZjOPvladJ/aBoloqlm8N8+TKNIwu2wA4oABOcgDK4BhVQAxjcg0fwDF60B+1Je9XeJqUZLe3ZBL+gvX8B9AGVnw==</latexit>

! f (x) = b+ Ax
<latexit sha1_base64="rQfBmFx5+LtejXeB7K05LSv/EZA=">AAACAXicbVDJSgNBEO2JW4xb1IvgpTAIESHMGHE5CFEvHiOYBZIh9HR6kiY9PUN3jyQM8eKvePGgiFf/wpt/Y2dB3B4UPN6roqqeF3GmtG1/WKmZ2bn5hfRiZml5ZXUtu75RVWEsCa2QkIey7mFFORO0opnmtB5JigOP05rXuxz5tVsqFQvFjR5E1A1wRzCfEayN1MpuNQX2OAbw8/09gDPwYB/OoQ+tbM4u2GPAX+JMSQ5NUW5l35vtkMQBFZpwrFTDsSPtJlhqRjgdZpqxohEmPdyhDUMFDqhyk/EHQ9g1Shv8UJoSGsbq94kEB0oNAs90Blh31W9vJP7nNWLtn7gJE1GsqSCTRX7MQYcwigPaTFKi+cAQTCQztwLpYomJNqFlxiGcjnD09fJfUj0oOMVC8fowV7qYxpFG22gH5ZGDjlEJXaEyqiCC7tADekLP1r31aL1Yr5PWlDWd2UQ/YL19AsBUk/4=</latexit>

c ! R

b ! Rn

A = ( aij ) ! Rn ! n , aij = aji , A " 0
<latexit sha1_base64="Ml+V2J7p0/bQuvxJr2eT+KTRu3A="></latexit>



Example (n=1)

a > 0

f (x) = c + bx +
1
2

ax2

f !(x) = b+ ax

f !! (x) = a > 0

f !(x" ) = 0

x" = !
b
a

<latexit sha1_base64="YzuW7NpjvM7st4UHsmSBFC5zn7g="></latexit>



Example (n=1)

a > 0

f (x) = c + bx +
1
2

ax2

f !(x) = b+ ax

f !! (x) = a > 0

f !(x" ) = 0

x" = !
b
a

<latexit sha1_base64="YzuW7NpjvM7st4UHsmSBFC5zn7g="></latexit>



Example (n=1)

a > 0

f (x) = c + bx +
1
2

ax2

f !(x) = b+ ax

f !! (x) = a > 0

f !(x" ) = 0

x" = !
b
a

<latexit sha1_base64="YzuW7NpjvM7st4UHsmSBFC5zn7g="></latexit>



Example (n=1)

a > 0

f (x) = c + bx +
1
2

ax2

f !(x) = b+ ax

f !! (x) = a > 0

f !(x" ) = 0

x" = !
b
a

<latexit sha1_base64="YzuW7NpjvM7st4UHsmSBFC5zn7g="></latexit>



Example (n=2)

! A&9$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$D$x = (x1, x2)
<latexit sha1_base64="pwReFIBYKAlQ8wYdfxGC/bs5sAs=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoICVpxcdCKLpxWcE+oI1hMp20QyeTMDPRltD/cONCEbf+izv/xkkaRK0HLhzOuZd773FDRqUyzU8jt7C4tLySXy2srW9sbhW3d1oyiAQmTRywQHRcJAmjnDQVVYx0QkGQ7zLSdkdXid++J0LSgN+qSUhsHw049ShGSkt3Y3gBy2PHOoJjp3roFEtmxUwB54mVkRLI0HCKH71+gCOfcIUZkrJrmaGyYyQUxYxMC71IkhDhERqQrqYc+UTacXr1FB5opQ+9QOjiCqbqz4kY+VJOfFd3+kgN5V8vEf/zupHyzuyY8jBShOPZIi9iUAUwiQD2qSBYsYkmCAuqb4V4iATCSgdVSEM4T3Dy/fI8aVUrVq1Suzku1S+zOPJgD+yDMrDAKaiDa9AATYCBAI/gGbwYD8aT8Wq8zVpzRjazC37BeP8CxNiQ4A==</latexit>

f (x) = c+
!
b1
b2

" T !
x1

x2

"
+

1

2

!
x1

x2

" T !
a11 a12

a21 a22

" !
x1

x2

"

f (x) = c+ b1x1 + b2x2 +

!
x1a11 + x2a21

x1a12 + x2a22

" T !
x1

x2

"

f (x) = c+ b1x1 + b2x2 + x2
1a11 + x1x2a21 + x1x2a12 + x2

2a22
<latexit sha1_base64="b2GN3q1fTrOtzJX8Sxaiz664ywY="></latexit>



Example (n=2)

! A&9$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$D$x = (x1, x2)
<latexit sha1_base64="pwReFIBYKAlQ8wYdfxGC/bs5sAs=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoICVpxcdCKLpxWcE+oI1hMp20QyeTMDPRltD/cONCEbf+izv/xkkaRK0HLhzOuZd773FDRqUyzU8jt7C4tLySXy2srW9sbhW3d1oyiAQmTRywQHRcJAmjnDQVVYx0QkGQ7zLSdkdXid++J0LSgN+qSUhsHw049ShGSkt3Y3gBy2PHOoJjp3roFEtmxUwB54mVkRLI0HCKH71+gCOfcIUZkrJrmaGyYyQUxYxMC71IkhDhERqQrqYc+UTacXr1FB5opQ+9QOjiCqbqz4kY+VJOfFd3+kgN5V8vEf/zupHyzuyY8jBShOPZIi9iUAUwiQD2qSBYsYkmCAuqb4V4iATCSgdVSEM4T3Dy/fI8aVUrVq1Suzku1S+zOPJgD+yDMrDAKaiDa9AATYCBAI/gGbwYD8aT8Wq8zVpzRjazC37BeP8CxNiQ4A==</latexit>

f (x) = c +
!
b1

b2

" T !
x1

x2

"
+

1
2

!
x1

x2

" T !
a11 a12

a21 a22

" !
x1

x2

"

f (x) = c + b1x1 + b2x2 +
1
2

!
x1a11 + x2a21

x1a12 + x2a22

" T !
x1

x2

"

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + x1x2a21 + x1x2a12 + x2

2a22)

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + 2x1x2a12 + x2

2a22)
<latexit sha1_base64="3rLznbbgyAoc2ndjYGDx+NAyEuk="></latexit>



Example (n=2)

! A&9$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$D$x = (x1, x2)
<latexit sha1_base64="pwReFIBYKAlQ8wYdfxGC/bs5sAs=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoICVpxcdCKLpxWcE+oI1hMp20QyeTMDPRltD/cONCEbf+izv/xkkaRK0HLhzOuZd773FDRqUyzU8jt7C4tLySXy2srW9sbhW3d1oyiAQmTRywQHRcJAmjnDQVVYx0QkGQ7zLSdkdXid++J0LSgN+qSUhsHw049ShGSkt3Y3gBy2PHOoJjp3roFEtmxUwB54mVkRLI0HCKH71+gCOfcIUZkrJrmaGyYyQUxYxMC71IkhDhERqQrqYc+UTacXr1FB5opQ+9QOjiCqbqz4kY+VJOfFd3+kgN5V8vEf/zupHyzuyY8jBShOPZIi9iUAUwiQD2qSBYsYkmCAuqb4V4iATCSgdVSEM4T3Dy/fI8aVUrVq1Suzku1S+zOPJgD+yDMrDAKaiDa9AATYCBAI/gGbwYD8aT8Wq8zVpzRjazC37BeP8CxNiQ4A==</latexit>

f (x) = c +
!
b1

b2

" T !
x1

x2

"
+

1
2

!
x1

x2

" T !
a11 a12

a21 a22

" !
x1

x2

"

f (x) = c + b1x1 + b2x2 +
1
2

!
x1a11 + x2a21

x1a12 + x2a22

" T !
x1

x2

"

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + x1x2a21 + x1x2a12 + x2

2a22)

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + 2x1x2a12 + x2

2a22)
<latexit sha1_base64="3rLznbbgyAoc2ndjYGDx+NAyEuk="></latexit>



Example (n=2)

! A&9$$$$$$$$$$$$$$$$$$$$$$$$$$$D$x = (x1, x2)
<latexit sha1_base64="pwReFIBYKAlQ8wYdfxGC/bs5sAs=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoICVpxcdCKLpxWcE+oI1hMp20QyeTMDPRltD/cONCEbf+izv/xkkaRK0HLhzOuZd773FDRqUyzU8jt7C4tLySXy2srW9sbhW3d1oyiAQmTRywQHRcJAmjnDQVVYx0QkGQ7zLSdkdXid++J0LSgN+qSUhsHw049ShGSkt3Y3gBy2PHOoJjp3roFEtmxUwB54mVkRLI0HCKH71+gCOfcIUZkrJrmaGyYyQUxYxMC71IkhDhERqQrqYc+UTacXr1FB5opQ+9QOjiCqbqz4kY+VJOfFd3+kgN5V8vEf/zupHyzuyY8jBShOPZIi9iUAUwiQD2qSBYsYkmCAuqb4V4iATCSgdVSEM4T3Dy/fI8aVUrVq1Suzku1S+zOPJgD+yDMrDAKaiDa9AATYCBAI/gGbwYD8aT8Wq8zVpzRjazC37BeP8CxNiQ4A==</latexit>

! f (x) =

!
! f
! x 1
! f
! x 2

"

<latexit sha1_base64="dLcPAClyIWf+G5dIKBo/XgYRtF8="></latexit>

f (x) = c +
!
b1

b2

" T !
x1

x2

"
+

1
2

!
x1

x2

" T !
a11 a12

a21 a22

" !
x1

x2

"

f (x) = c + b1x1 + b2x2 +
1
2

!
x1a11 + x2a21

x1a12 + x2a22

" T !
x1

x2

"

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + x1x2a21 + x1x2a12 + x2

2a22)

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + 2x1x2a12 + x2

2a22)
<latexit sha1_base64="3rLznbbgyAoc2ndjYGDx+NAyEuk="></latexit>



Example (n=2)

! A&9$$$$$$$$$$$$$$$$$$$$$$$$$$$D$x = (x1, x2)
<latexit sha1_base64="pwReFIBYKAlQ8wYdfxGC/bs5sAs=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoICVpxcdCKLpxWcE+oI1hMp20QyeTMDPRltD/cONCEbf+izv/xkkaRK0HLhzOuZd773FDRqUyzU8jt7C4tLySXy2srW9sbhW3d1oyiAQmTRywQHRcJAmjnDQVVYx0QkGQ7zLSdkdXid++J0LSgN+qSUhsHw049ShGSkt3Y3gBy2PHOoJjp3roFEtmxUwB54mVkRLI0HCKH71+gCOfcIUZkrJrmaGyYyQUxYxMC71IkhDhERqQrqYc+UTacXr1FB5opQ+9QOjiCqbqz4kY+VJOfFd3+kgN5V8vEf/zupHyzuyY8jBShOPZIi9iUAUwiQD2qSBYsYkmCAuqb4V4iATCSgdVSEM4T3Dy/fI8aVUrVq1Suzku1S+zOPJgD+yDMrDAKaiDa9AATYCBAI/gGbwYD8aT8Wq8zVpzRjazC37BeP8CxNiQ4A==</latexit>

f (x) = c +
!
b1

b2

" T !
x1

x2

"
+

1
2

!
x1

x2

" T !
a11 a12

a21 a22

" !
x1

x2

"

f (x) = c + b1x1 + b2x2 +
1
2

!
x1a11 + x2a21

x1a12 + x2a22

" T !
x1

x2

"

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + x1x2a21 + x1x2a12 + x2

2a22)

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + 2x1x2a12 + x2

2a22)
<latexit sha1_base64="3rLznbbgyAoc2ndjYGDx+NAyEuk="></latexit>

! f (x) =

!
! f
! x 1
! f
! x 2

"

=
#
b1 + x1a11 + x2a12

b2 + x2a12 + x1a21

$

<latexit sha1_base64="fV/89YwdYbiJq4EuXePQRN/n9KU="></latexit>



Example (n=2)

! A&9$$$$$$$$$$$$$$$$$$$$$$$$$$$D$x = (x1, x2)
<latexit sha1_base64="pwReFIBYKAlQ8wYdfxGC/bs5sAs=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoICVpxcdCKLpxWcE+oI1hMp20QyeTMDPRltD/cONCEbf+izv/xkkaRK0HLhzOuZd773FDRqUyzU8jt7C4tLySXy2srW9sbhW3d1oyiAQmTRywQHRcJAmjnDQVVYx0QkGQ7zLSdkdXid++J0LSgN+qSUhsHw049ShGSkt3Y3gBy2PHOoJjp3roFEtmxUwB54mVkRLI0HCKH71+gCOfcIUZkrJrmaGyYyQUxYxMC71IkhDhERqQrqYc+UTacXr1FB5opQ+9QOjiCqbqz4kY+VJOfFd3+kgN5V8vEf/zupHyzuyY8jBShOPZIi9iUAUwiQD2qSBYsYkmCAuqb4V4iATCSgdVSEM4T3Dy/fI8aVUrVq1Suzku1S+zOPJgD+yDMrDAKaiDa9AATYCBAI/gGbwYD8aT8Wq8zVpzRjazC37BeP8CxNiQ4A==</latexit>

f (x) = c +
!
b1

b2

" T !
x1

x2

"
+

1
2

!
x1

x2

" T !
a11 a12

a21 a22

" !
x1

x2

"

f (x) = c + b1x1 + b2x2 +
1
2

!
x1a11 + x2a21

x1a12 + x2a22

" T !
x1

x2

"

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + x1x2a21 + x1x2a12 + x2

2a22)

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + 2x1x2a12 + x2

2a22)
<latexit sha1_base64="3rLznbbgyAoc2ndjYGDx+NAyEuk="></latexit>

rf(x) =

"
@f
@x1
@f
@x2

#
=


b1 + x1a11 + x2a12
b2 + x2a12 + x1a21

�
=


b1
b2

�
+


a11 a12
a12 a22

� 
x1

x2

�

<latexit sha1_base64="Ec2+fjm7Wq/Nx1Jg0ELnPglJRno="></latexit>



Example (n=2)

! A&9$$$$$$$$$$$$$$$$$$$$$$$$$$$D$x = (x1, x2)
<latexit sha1_base64="pwReFIBYKAlQ8wYdfxGC/bs5sAs=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0WoICVpxcdCKLpxWcE+oI1hMp20QyeTMDPRltD/cONCEbf+izv/xkkaRK0HLhzOuZd773FDRqUyzU8jt7C4tLySXy2srW9sbhW3d1oyiAQmTRywQHRcJAmjnDQVVYx0QkGQ7zLSdkdXid++J0LSgN+qSUhsHw049ShGSkt3Y3gBy2PHOoJjp3roFEtmxUwB54mVkRLI0HCKH71+gCOfcIUZkrJrmaGyYyQUxYxMC71IkhDhERqQrqYc+UTacXr1FB5opQ+9QOjiCqbqz4kY+VJOfFd3+kgN5V8vEf/zupHyzuyY8jBShOPZIi9iUAUwiQD2qSBYsYkmCAuqb4V4iATCSgdVSEM4T3Dy/fI8aVUrVq1Suzku1S+zOPJgD+yDMrDAKaiDa9AATYCBAI/gGbwYD8aT8Wq8zVpzRjazC37BeP8CxNiQ4A==</latexit>

f (x) = c +
!
b1

b2

" T !
x1

x2

"
+

1
2

!
x1

x2

" T !
a11 a12

a21 a22

" !
x1

x2

"

f (x) = c + b1x1 + b2x2 +
1
2

!
x1a11 + x2a21

x1a12 + x2a22

" T !
x1

x2

"

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + x1x2a21 + x1x2a12 + x2

2a22)

f (x) = c + b1x1 + b2x2 + 0 .5(x2
1a11 + 2x1x2a12 + x2

2a22)
<latexit sha1_base64="3rLznbbgyAoc2ndjYGDx+NAyEuk="></latexit>

! f (x) =

!
! f
! x 1
! f
! x 2

"

=
#
b1 + x1a11 + x2a12

b2 + x2a12 + x1a21

$
=

#
b1

b2

$
+

#
a11 a12

a12 a22

$ #
x1

x2

$

= b+ Ax
<latexit sha1_base64="sQ3X7lAosYRVg+jj2YFZWIspV30="></latexit>



Example (n=2)

! f (x) =

!
! f
! x 1
! f
! x 2

"

=
#
b1 + x1a11 + x2a12

b2 + x2a12 + x1a21

$
=

#
b1

b2

$
+

#
a11 a12

a12 a22

$ #
x1

x2

$

= b+ Ax
<latexit sha1_base64="sQ3X7lAosYRVg+jj2YFZWIspV30="></latexit>

! 2f (x) =

!
! 2 f
! x 2

1

! 2 f
! x 1 x 2

! 2 f
! x 2 x 1

! 2 f
! x 2

2

"

=
#
a11 a12

a12 a22

$
= A

<latexit sha1_base64="rAiAtL+n9QZDByEbLrtrQib8DuM="></latexit>



Example (n=2)

! f (x) =

!
! f
! x 1
! f
! x 2

"

=
#
b1 + x1a11 + x2a12

b2 + x2a12 + x1a21

$
=

#
b1

b2

$
+

#
a11 a12

a12 a22

$ #
x1

x2

$

= b+ Ax
<latexit sha1_base64="sQ3X7lAosYRVg+jj2YFZWIspV30="></latexit>

! 2f (x) =

!
! 2 f
! x 2

1

! 2 f
! x 1 x 2

! 2 f
! x 2 x 1

! 2 f
! x 2

2

"

=
#
a11 a12

a12 a22

$
= A

<latexit sha1_base64="rAiAtL+n9QZDByEbLrtrQib8DuM="></latexit>



Example (n=2)

! f (x) =

!
! f
! x 1
! f
! x 2

"

=
#
b1 + x1a11 + x2a12

b2 + x2a12 + x1a21

$
=

#
b1

b2

$
+

#
a11 a12

a12 a22

$ #
x1

x2

$

= b+ Ax
<latexit sha1_base64="sQ3X7lAosYRVg+jj2YFZWIspV30="></latexit>

! 2f (x) =

!
! 2 f
! x 2

1

! 2 f
! x 1 x 2

! 2 f
! x 2 x 1

! 2 f
! x 2

2

"

=
#
a11 a12

a12 a22

$
= A

<latexit sha1_base64="rAiAtL+n9QZDByEbLrtrQib8DuM="></latexit>

There is a local minimum that is the solution to the equation:

Since it is the only one, this is a global minimum.  
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!"#$%&'(%&)*+)*,%-)*)-"-.%
! )&%&/012%3%4%-'5$%#$&6%
! )&%&/012%7%4%-'5$%(),86%
! )&%&/012%9%4%:6';%%



Gradient Descent

! ;/3+' f : R ! R
<latexit sha1_base64="Er2H13zN6Bl3pAdb/f/J24LfEkU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRIrvlZFNy6r2Ac0oUymk3boZCbMTJQS+gNu/BU3LhRx696df2OSBqnWAxcO59zLvfd4IaNKW9aXUZibX1hcKi6XVlbX1jfMza2mEpHEpIEFE7LtIUUY5aShqWakHUqCAo+Rlje8TP3WHZGKCn6rRyFxA9Tn1KcY6UTqmnv+OXQCpAeeF9+MoSNpf6CRlOJ+Su6aZatiZYCzxM5JGeSod81PpydwFBCuMUNKdWwr1G6MpKaYkXHJiRQJER6iPukklKOAKDfOvhnD/UTpQV/IpLiGmTo9EaNAqVHgJZ3pheqvl4r/eZ1I+6duTHkYacLxZJEfMagFTKOBPSoJ1myUEIQlTW6FeIAkwjoJsJSFcJbi+OflWdI8rNjVSvX6qFy7yOMogh2wCw6ADU5ADVyBOmgADB7AE3gBr8aj8Wy8Ge+T1oKRz2yDXzA+vgGou5wX</latexit>

<*%8),8$(%+)-$*:)'*:=%>$%
?'-;"6$ ! x f

<latexit sha1_base64="e0i8hCtNUypFmCqFtKa22F1jEPg=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lV/LgVvXisYD+wDWWy3bRLN5uwuxFL6L/w4kERr/4bb/4bkzSIWh8MPN6bYWaeGwqujW1/WoWFxaXlleJqaW19Y3OrvL3T0kGkKGvSQASq46JmgkvWNNwI1gkVQ98VrO2Or1K/fc+U5oG8NZOQOT4OJfc4RZNIdz2JrsD+A/H65YpdtTOQeVLLSQVyNPrlj94goJHPpKECte7W7NA4MSrDqWDTUi/SLEQ6xiHrJlSiz7QTZxdPyUGiDIgXqKSkIZn6cyJGX+uJ7yadPpqR/uul4n9eNzLeuRNzGUaGSTpb5EWCmICk75MBV4waMUkIUsWTWwkdoUJqkpBKWQgXKU6/X54nraNq7bh6fHNSqV/mcRRhD/bhEGpwBnW4hgY0gYKER3iGF0tbT9ar9TZrLVj5zC78gvX+BUiekMw=</latexit>



Gradient Descent

! ;/3+'

! ;+'+(&2$%&-+$$$$$$$$$$$$$$$$$$$$$$$

f : R ! R
<latexit sha1_base64="Er2H13zN6Bl3pAdb/f/J24LfEkU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRIrvlZFNy6r2Ac0oUymk3boZCbMTJQS+gNu/BU3LhRx696df2OSBqnWAxcO59zLvfd4IaNKW9aXUZibX1hcKi6XVlbX1jfMza2mEpHEpIEFE7LtIUUY5aShqWakHUqCAo+Rlje8TP3WHZGKCn6rRyFxA9Tn1KcY6UTqmnv+OXQCpAeeF9+MoSNpf6CRlOJ+Su6aZatiZYCzxM5JGeSod81PpydwFBCuMUNKdWwr1G6MpKaYkXHJiRQJER6iPukklKOAKDfOvhnD/UTpQV/IpLiGmTo9EaNAqVHgJZ3pheqvl4r/eZ1I+6duTHkYacLxZJEfMagFTKOBPSoJ1myUEIQlTW6FeIAkwjoJsJSFcJbi+OflWdI8rNjVSvX6qFy7yOMogh2wCw6ADU5ADVyBOmgADB7AE3gBr8aj8Wy8Ge+T1oKRz2yDXzA+vgGou5wX</latexit>

x t +1 = xt + af !(x)
<latexit sha1_base64="CoHIfa9Nnxt6PwJrtBxl4NkLT/M=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARK4WSWPGxEIpuXFawD2hLmEwn7dDJg5kbaQl146+4caGIW//CnX9jkhZR64ELh3Pu5d577EBwBYbxqWXm5hcWl7LLuZXVtfUNfXOrrvxQUlajvvBl0yaKCe6xGnAQrBlIRlxbsIY9uEr8xh2TivveLYwC1nFJz+MOpwRiydJ3hlYERXOML/DQAlzEBDsHheEhtvS8UTJS4FliTkkeTVG19I9216ehyzyggijVMo0AOhGRwKlg41w7VCwgdEB6rBVTj7hMdaL0gzHej5UudnwZlwc4VX9ORMRVauTacadLoK/+eon4n9cKwTnrRNwLQmAenSxyQoHBx0kcuMsloyBGMSFU8vhWTPtEEgpxaLk0hPMEJ98vz5L6Ucksl8o3x/nK5TSOLNpFe6iATHSKKugaVVENUXSPHtEzetEetCftVXubtGa06cw2+gXt/Qu1EpSb</latexit>

f : Rn ! R
<latexit sha1_base64="izvXiZX2Q7oT2lBscFlOZwm/Nmo=">AAACD3icbVDLSsNAFJ34rPUVdelmsCiuSmLF16roxmUV+4Amlsl00g6dzISZiVJC/8CNv+LGhSJu3brzb0zSINV64MLhnHu59x4vZFRpy/oyZmbn5hcWC0vF5ZXVtXVzY7OhRCQxqWPBhGx5SBFGOalrqhlphZKgwGOk6Q0uUr95R6Sigt/oYUjcAPU49SlGOpE65p5/Bp0A6b7nxdejWw4dSXt9jaQU9xNGxyxZZSsDnCZ2TkogR61jfjpdgaOAcI0ZUqptW6F2YyQ1xYyMik6kSIjwAPVIO6EcBUS5cfbPCO4mShf6QibFNczUyYkYBUoNAy/pTC9Uf71U/M9rR9o/cWPKw0gTjseL/IhBLWAaDuxSSbBmw4QgLGlyK8R9JBHWSYTFLITTFEc/L0+TxkHZrpQrV4el6nkeRwFsgx2wD2xwDKrgEtRAHWDwAJ7AC3g1Ho1n4814H7fOGPnMFvgF4+MbRPec9w==</latexit>

x t +1 = xt + a! x f (x)
<latexit sha1_base64="FqkXuyiIvvljIGgN3/ndElfRLgg=">AAACCXicbZBNSwMxEIazflu/qh69BIugFMquih8HoejFYwWrQluW2TTbhmazSzIrLUuvXvwrXjwo4tV/4M1/Y1qLqPWFwMM7M0zmDRIpDLruhzMxOTU9Mzs3n1tYXFpeya+uXZk41YxXWSxjfROA4VIoXkWBkt8kmkMUSH4ddM4G9etbro2I1SX2Et6IoKVEKBigtfw87foZFr0+PbGEtEiB1hUEEvwuDbe7O9TPF9ySOxQdB28EBTJSxc+/15sxSyOukEkwpua5CTYy0CiY5P1cPTU8AdaBFq9ZVBBx08iGl/TplnWaNIy1fQrp0P05kUFkTC8KbGcE2DZ/awPzv1otxfCokQmVpMgV+1oUppJiTAex0KbQnKHsWQCmhf0rZW3QwNCGlxuGcDzQwffJ43C1W/L2SnsX+4Xy6SiOObJBNsk28cghKZNzUiFVwsgdeSBP5Nm5dx6dF+f1q3XCGc2sk19y3j4B8xqYFQ==</latexit>



Value of !

! E$,/5,$2+&('/'5$(&*+$%"3+(-$7"(+$5(":'4$&*$+&%,$-*+.F$):*$
#+$(/-G$"3+(-,""*/'5$*,+$7/'/7:7HH

! E$3+(9$2"#$2+&('/'5$(&*+$/-$7"(+$.(+%/-+$):*$%&2%:2&*/'5$*,+$
5(&4/+'*$/-$*/7+I%"'-:7/'5F$-"$/*$%&'$*&G+$&$2"'5$*/7+H$



Constrained Optimization

! J*$/-$*,+$.("%+--$"0$".*/7/8/'5$&'$")1+%*/3+$0:'%*/"'$/'$*,+$
.(+-+'%+$"0$%"'-*(&/'*-H



Example Problem

! )#*&+',#&-&$##.&-///&0$'*1&23&45*#,6&+',#&7&$##.&7//&0$'*1&23&45*#,6&+',#&8&
8///&0$'*1&23&45*#,9&:',;,53*&:&;5$&.#<'=#,&-&0$'*&23&45*#,&>#,&0$'*&*'?#9&
:',;,53*&@&;5$&.#<'=#,&7&0$'*1&23&45*#,&>#,&0$'*&*'?#9

! A25<%&#B*'$C0'1"&5<<&*"#&3',#1&'$&?'$'?0?&*'?#9&



Example Problem

! )#*&+',#&-&$##.&-///&0$'*1&23&45*#,6&+',#&7&$##.&7//&0$'*1&23&45*#,6&+',#&8&
8///&0$'*1&23&45*#,9&:',;,53*&:&;5$&.#<'=#,&-&0$'*&23&45*#,&>#,&0$'*&*'?#9&
:',;,53*&@&;5$&.#<'=#,&7&0$'*1&23&45*#,&>#,&0$'*&*'?#9

! A25<%&#B*'$C0'1"&5<<&*"#&3',#1&'$&?'$'?0?&*'?#9&

! +2,?0<5*'2$%&)#*&*:-6&*:76&*:86&*"#&*'?#1&=#"';<#&:&.#=2*#1&*2&3',#&-9&676&
89

! )#*&*@-6&*@76&*@8&'$&5&1'?'<5,&45D6&*"#&*'?#1&=#"';<#&@&.#=2*#1&*2&3',#&&
-67689&



Example Problem

! )#*&+',#&-&$##.&-///&0$'*1&23&45*#,6&+',#&7&$##.&7//&0$'*1&23&45*#,6&+',#&8&
8///&0$'*1&23&45*#,9&:',;,53*&:&;5$&.#<'=#,&-&0$'*&23&45*#,&>#,&0$'*&*'?#9&
:',;,53*&@&;5$&.#<'=#,&7&0$'*1&23&45*#,&>#,&0$'*&*'?#9

! A25<%&#B*'$C0'1"&5<<&*"#&3',#1&'$&?'$'?0?&*'?#9&

! +2,?0<5*'2$%&)#*&*:-6&*:76&*:86&*"#&*'?#1&=#"';<#&:&.#=2*#1&*2&3',#&-9&676&
89

! )#*&*@-6&*@76&*@8&'$&5&1'?'<5,&45D6&*"#&*'?#1&=#"';<#&@&.#=2*#1&*2&3',#&&
-67689&

! ?'$&!6&E2$1*,5'$*1F&



Example Problem

! )#*&+',#&-&$##.&-///&0$'*1&23&45*#,6&+',#&7&$##.&7//&0$'*1&23&45*#,6&+',#&8&
8///&0$'*1&23&45*#,9&:',;,53*&:&;5$&.#<'=#,&-&0$'*&23&45*#,&>#,&0$'*&*'?#9&
:',;,53*&@&;5$&.#<'=#,&7&0$'*1&23&45*#,&>#,&0$'*&*'?#9

! A25<%&?'$&!

! E2$1*,5'$*1%&

-9 *2*5<&0$'*1&*2&>0*&20*&#5;"&3',#

79 *2*5<&*'?#&1"20<.&G#&!



Example Problem

! )#*&+',#&-&$##.&-///&0$'*1&23&45*#,6&+',#&7&$##.&7///&0$'*1&23&45*#,6&+',#&
8&8///&0$'*1&23&45*#,9&:',;,53*&:&;5$&.#<'=#,&-&0$'*&23&45*#,&>#,&0$'*&
*'?#9&:',;,53*&@&;5$&.#<'=#,&7&0$'*1&23&45*#,&>#,&0$'*&*'?#9

! A25<%&?'$&!

! E2$1*,5'$*1%&

-9 *:-&H&7*@-&I&-///6&*:7&H&7*@7&I&7///6&*:8&H&7*@8&I&8///

79 *2*5<&*'?#&1"20<.&G#&!



Example Problem

! )#*&+',#&-&$##.&-///&0$'*1&23&45*#,6&+',#&7&$##.&7///&0$'*1&23&45*#,6&+',#&
8&8///&0$'*1&23&45*#,9&:',;,53*&:&;5$&.#<'=#,&-&0$'*&23&45*#,&>#,&0$'*&
*'?#9&:',;,53*&@&;5$&.#<'=#,&7&0$'*1&23&45*#,&>#,&0$'*&*'?#9

! A25<%&?'$&!

! E2$1*,5'$*1%&

-9 *:-&H&7*@-&I&-///6&*:7&H&7*@7&I&7///6&*:8&H&7*@8&I&8///

79 *:-&H&*:7&H&*:8&JI&!6&*@-&H&*@7&H&*@8&JI&!&



Example Problem

! )#*&+',#&-&$##.&-///&0$'*1&23&45*#,6&+',#&7&$##.&7///&0$'*1&23&45*#,6&+',#&
8&8///&0$'*1&23&45*#,9&:',;,53*&:&;5$&.#<'=#,&-&0$'*&23&45*#,&>#,&0$'*&
*'?#9&:',;,53*&@&;5$&.#<'=#,&7&0$'*1&23&45*#,&>#,&0$'*&*'?#9

! A25<%&?'$&!

! E2$1*,5'$*1%&

-9 *:-&H&7*@-&I&-///6&*:7&H&7*@7&I&7///6&*:8&H&7*@8&I&8///

79 *:-&H&*:7&H&*:8&JI&!6&*@-&H&*@7&H&*@8&JI&!&
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Example Problem

! )#*&+',#&-&$##.&-///&0$'*1&23&45*#,6&+',#&7&$##.&7///&0$'*1&23&45*#,6&+',#&
8&8///&0$'*1&23&45*#,9&:',;,53*&:&;5$&.#<'=#,&-&0$'*&23&45*#,&>#,&0$'*&
*'?#9&:',;,53*&@&;5$&.#<'=#,&7&0$'*1&23&45*#,&>#,&0$'*&*'?#9

! A25<%&?'$&!

! E2$1*,5'$*1%&

-9 *:-&H&7*@-&I&-///6&*:7&H&7*@7&I&7///6&*:8&H&7*@8&I&8///

79 *:-&H&*:7&H&*:8&JI&!6&*@-&H&*@7&H&*@8&JI&!&

89 *:' 6&*@'6&!&LI&/&



Constrained Optimization

! K&'9$.(")2+7-$/'$+'5/'++(/'5$%&'$)+$4+0/'+4$#/*,D
! 5&1#*&23&;2$1*,5'$*1&.#3'$'$C&5<<&;5$.'.5*#&MN3#51'G<#O(&12<0*'2$1
CMB(&JI&/
! 5&;21*&30$;*'2$&.#3'$'$C&*"#&NP05<'*DO&23&5&12<0*'2$6&3MB(



Example Problem 2 

minimize
2!

t =0

u(t)

subject to

x(t + 1) = 2 x(t) + u(t)

x(0) = 0

x(3) = 10

u(t) ! 0
<latexit sha1_base64="Hc0jI1lyhvIjHvNylftlt6YRN8s="></latexit>



Example Problem 2

<*6")6)'*.%68$%$@(#)$(%A'"%
;('5)+$%68$%)*;"6%68$%
B$66$(C

D'#"6)'- .%"042%9%ECF

minimize
2!

t =0

u(t)

subject to

x(1) = 2 x(0) + u(0)

x(2) = 2 x(1) + u(1)

x(3) = 2 x(2) + u(2)

u(t) ! 0

x(0) = 0

x(3) = 10
<latexit sha1_base64="pKvsgYuLpZudVZL4l0EGVLqpisE="></latexit>



Constrained Optimization

! K&'9$.(")2+7-$/'$+'5/'++(/'5$%&'$)+$4+0/'+4$#/*,D
! 5&1#*&23&;2$1*,5'$*1&.#3'$'$C&5<<&;5$.'.5*#&MN3#51'G<#O(&12<0*'2$1
CMB(&JI&/
! 5&;21*&30$;*'2$&.#3'$'$C&*"#&NP05<'*DO&23&5&12<0*'2$6&3MB(

! J0$$"&'4$&"&(+$&00/'+$0:'%*/"'$"0$LF$*,+-+$.(")2+7-$&(+$%&22+4$
2/'+&($.("5(&7-H$



Linear Program Standard Form

min c1x1 + c2x2 + ... + cn xn = z

s.t.

a11x1 + a12x2 + ... + a1n xn = b1

a21x2 + a22x2 + ... + a2n xn = b2

...

am 1x1 + am 2x2 + ... + amn xm = bm
<latexit sha1_base64="kZziVTWvnO7JhJVTRyKM3yOvpw8="></latexit>



Linear Program Standard Form

min cT x = z

s.t.

Ax = b

x > = 0
<latexit sha1_base64="Yw4tIarFNzCVQC273OG+E/vYomM="></latexit>

! A/7.2+L$E25"(/*,7



Intuition Behind Simplex Algorithm

max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>



Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>



Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>



Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>



Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>



Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>

f (x1, x2)
<latexit sha1_base64="sigQzU3QZmrICo+wo4gVAtrJ3Ws=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbyQ0rY985hWO/duKXynbVzgAXiZOTMsjR9Esfvb7ASUS4xgwp5Tp2rL0pkppiRmbFXqJIjPAIDYhrKEcRUd40O3kGj43Sh6GQpriGmfpzYooipSZRYDojpIfqr5eK/3luosNLb0p5nGjC8XxRmDCoBUz/h30qCdZsYgjCkppbIR4iibA2KRWzEK5SnH+/vEjatapTr9bvzsqN6zyOAjgER6ACHHABGuAWNEELYCDAI3gGL5a2nqxX623eumTlMwfgF6z3L3WkkDM=</latexit>



Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>

f (x1, x2)
<latexit sha1_base64="sigQzU3QZmrICo+wo4gVAtrJ3Ws=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbyQ0rY985hWO/duKXynbVzgAXiZOTMsjR9Esfvb7ASUS4xgwp5Tp2rL0pkppiRmbFXqJIjPAIDYhrKEcRUd40O3kGj43Sh6GQpriGmfpzYooipSZRYDojpIfqr5eK/3luosNLb0p5nGjC8XxRmDCoBUz/h30qCdZsYgjCkppbIR4iibA2KRWzEK5SnH+/vEjatapTr9bvzsqN6zyOAjgER6ACHHABGuAWNEELYCDAI3gGL5a2nqxX623eumTlMwfgF6z3L3WkkDM=</latexit> rf

<latexit sha1_base64="S4UoUA31VnUtpsLn9lUbB+kZd2g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mt+HErevFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIUdaigQhU10XNBJesZbgRrBsqhr4rWMedXKd+54EpzQN5Z6Yhc3wcSe5xiiaRun2JrkDiDcoVu2pnIIuklpMK5GgOyh/9YUAjn0lDBWrdq9mhcWJUhlPBZqV+pFmIdIIj1kuoRJ9pJ87unZGjRBkSL1BJSUMy9edEjL7WU99NOn00Y/3XS8X/vF5kvAsn5jKMDJN0vsiLBDEBSZ8nQ64YNWKaEKSKJ7cSOkaF1CQRlbIQLlOcfb+8SNon1Vq9Wr89rTSu8jiKcACHcAw1OIcG3EATWkBBwCM8w4t1bz1Zr9bbvLVg5TP78AvW+xex/Y/h</latexit>



Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>

f (x1, x2)
<latexit sha1_base64="sigQzU3QZmrICo+wo4gVAtrJ3Ws=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbyQ0rY985hWO/duKXynbVzgAXiZOTMsjR9Esfvb7ASUS4xgwp5Tp2rL0pkppiRmbFXqJIjPAIDYhrKEcRUd40O3kGj43Sh6GQpriGmfpzYooipSZRYDojpIfqr5eK/3luosNLb0p5nGjC8XxRmDCoBUz/h30qCdZsYgjCkppbIR4iibA2KRWzEK5SnH+/vEjatapTr9bvzsqN6zyOAjgER6ACHHABGuAWNEELYCDAI3gGL5a2nqxX623eumTlMwfgF6z3L3WkkDM=</latexit> rf

<latexit sha1_base64="S4UoUA31VnUtpsLn9lUbB+kZd2g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mt+HErevFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIUdaigQhU10XNBJesZbgRrBsqhr4rWMedXKd+54EpzQN5Z6Yhc3wcSe5xiiaRun2JrkDiDcoVu2pnIIuklpMK5GgOyh/9YUAjn0lDBWrdq9mhcWJUhlPBZqV+pFmIdIIj1kuoRJ9pJ87unZGjRBkSL1BJSUMy9edEjL7WU99NOn00Y/3XS8X/vF5kvAsn5jKMDJN0vsiLBDEBSZ8nQ64YNWKaEKSKJ7cSOkaF1CQRlbIQLlOcfb+8SNon1Vq9Wr89rTSu8jiKcACHcAw1OIcG3EATWkBBwCM8w4t1bz1Zr9bbvLVg5TP78AvW+xex/Y/h</latexit>
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Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>

f (x1, x2)
<latexit sha1_base64="sigQzU3QZmrICo+wo4gVAtrJ3Ws=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbyQ0rY985hWO/duKXynbVzgAXiZOTMsjR9Esfvb7ASUS4xgwp5Tp2rL0pkppiRmbFXqJIjPAIDYhrKEcRUd40O3kGj43Sh6GQpriGmfpzYooipSZRYDojpIfqr5eK/3luosNLb0p5nGjC8XxRmDCoBUz/h30qCdZsYgjCkppbIR4iibA2KRWzEK5SnH+/vEjatapTr9bvzsqN6zyOAjgER6ACHHABGuAWNEELYCDAI3gGL5a2nqxX623eumTlMwfgF6z3L3WkkDM=</latexit> rf

<latexit sha1_base64="S4UoUA31VnUtpsLn9lUbB+kZd2g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mt+HErevFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIUdaigQhU10XNBJesZbgRrBsqhr4rWMedXKd+54EpzQN5Z6Yhc3wcSe5xiiaRun2JrkDiDcoVu2pnIIuklpMK5GgOyh/9YUAjn0lDBWrdq9mhcWJUhlPBZqV+pFmIdIIj1kuoRJ9pJ87unZGjRBkSL1BJSUMy9edEjL7WU99NOn00Y/3XS8X/vF5kvAsn5jKMDJN0vsiLBDEBSZ8nQ64YNWKaEKSKJ7cSOkaF1CQRlbIQLlOcfb+8SNon1Vq9Wr89rTSu8jiKcACHcAw1OIcG3EATWkBBwCM8w4t1bz1Zr9bbvLVg5TP78AvW+xex/Y/h</latexit>
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Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>

f (x1, x2)
<latexit sha1_base64="sigQzU3QZmrICo+wo4gVAtrJ3Ws=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbyQ0rY985hWO/duKXynbVzgAXiZOTMsjR9Esfvb7ASUS4xgwp5Tp2rL0pkppiRmbFXqJIjPAIDYhrKEcRUd40O3kGj43Sh6GQpriGmfpzYooipSZRYDojpIfqr5eK/3luosNLb0p5nGjC8XxRmDCoBUz/h30qCdZsYgjCkppbIR4iibA2KRWzEK5SnH+/vEjatapTr9bvzsqN6zyOAjgER6ACHHABGuAWNEELYCDAI3gGL5a2nqxX623eumTlMwfgF6z3L3WkkDM=</latexit> rf

<latexit sha1_base64="S4UoUA31VnUtpsLn9lUbB+kZd2g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mt+HErevFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIUdaigQhU10XNBJesZbgRrBsqhr4rWMedXKd+54EpzQN5Z6Yhc3wcSe5xiiaRun2JrkDiDcoVu2pnIIuklpMK5GgOyh/9YUAjn0lDBWrdq9mhcWJUhlPBZqV+pFmIdIIj1kuoRJ9pJ87unZGjRBkSL1BJSUMy9edEjL7WU99NOn00Y/3XS8X/vF5kvAsn5jKMDJN0vsiLBDEBSZ8nQ64YNWKaEKSKJ7cSOkaF1CQRlbIQLlOcfb+8SNon1Vq9Wr89rTSu8jiKcACHcAw1OIcG3EATWkBBwCM8w4t1bz1Zr9bbvLVg5TP78AvW+xex/Y/h</latexit>
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Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>

f (x1, x2)
<latexit sha1_base64="sigQzU3QZmrICo+wo4gVAtrJ3Ws=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbyQ0rY985hWO/duKXynbVzgAXiZOTMsjR9Esfvb7ASUS4xgwp5Tp2rL0pkppiRmbFXqJIjPAIDYhrKEcRUd40O3kGj43Sh6GQpriGmfpzYooipSZRYDojpIfqr5eK/3luosNLb0p5nGjC8XxRmDCoBUz/h30qCdZsYgjCkppbIR4iibA2KRWzEK5SnH+/vEjatapTr9bvzsqN6zyOAjgER6ACHHABGuAWNEELYCDAI3gGL5a2nqxX623eumTlMwfgF6z3L3WkkDM=</latexit> rf

<latexit sha1_base64="S4UoUA31VnUtpsLn9lUbB+kZd2g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mt+HErevFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIUdaigQhU10XNBJesZbgRrBsqhr4rWMedXKd+54EpzQN5Z6Yhc3wcSe5xiiaRun2JrkDiDcoVu2pnIIuklpMK5GgOyh/9YUAjn0lDBWrdq9mhcWJUhlPBZqV+pFmIdIIj1kuoRJ9pJ87unZGjRBkSL1BJSUMy9edEjL7WU99NOn00Y/3XS8X/vF5kvAsn5jKMDJN0vsiLBDEBSZ8nQ64YNWKaEKSKJ7cSOkaF1CQRlbIQLlOcfb+8SNon1Vq9Wr89rTSu8jiKcACHcAw1OIcG3EATWkBBwCM8w4t1bz1Zr9bbvLVg5TP78AvW+xex/Y/h</latexit>

<*6")6)'*.%<&%>$%@($%*'6%
)*%@%?'(*$(=%68$($%):%
@#>@A:%@%+)($?6)'*%>$%
?@*%,'%6'%)-;('5$%68$%
&"*?6)'*C%

<&%68$($%):%*'%@+G@?$*6%?'(*$(%68@6%)-;('5$:%f =%)6%):%68$%
';6)-"-



Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>

f (x1, x2)
<latexit sha1_base64="sigQzU3QZmrICo+wo4gVAtrJ3Ws=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbyQ0rY985hWO/duKXynbVzgAXiZOTMsjR9Esfvb7ASUS4xgwp5Tp2rL0pkppiRmbFXqJIjPAIDYhrKEcRUd40O3kGj43Sh6GQpriGmfpzYooipSZRYDojpIfqr5eK/3luosNLb0p5nGjC8XxRmDCoBUz/h30qCdZsYgjCkppbIR4iibA2KRWzEK5SnH+/vEjatapTr9bvzsqN6zyOAjgER6ACHHABGuAWNEELYCDAI3gGL5a2nqxX623eumTlMwfgF6z3L3WkkDM=</latexit> rf

<latexit sha1_base64="S4UoUA31VnUtpsLn9lUbB+kZd2g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mt+HErevFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIUdaigQhU10XNBJesZbgRrBsqhr4rWMedXKd+54EpzQN5Z6Yhc3wcSe5xiiaRun2JrkDiDcoVu2pnIIuklpMK5GgOyh/9YUAjn0lDBWrdq9mhcWJUhlPBZqV+pFmIdIIj1kuoRJ9pJ87unZGjRBkSL1BJSUMy9edEjL7WU99NOn00Y/3XS8X/vF5kvAsn5jKMDJN0vsiLBDEBSZ8nQ64YNWKaEKSKJ7cSOkaF1CQRlbIQLlOcfb+8SNon1Vq9Wr89rTSu8jiKcACHcAw1OIcG3EATWkBBwCM8w4t1bz1Zr9bbvLVg5TP78AvW+xex/Y/h</latexit>
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Intuition Behind Simplex Algorithm
max z = x1 + 2x2

s.t.

x1 ! 3

x1 + x2 ! 5

x1, x2 " 0
<latexit sha1_base64="Q0jcvsGD2oSX83zg7yfaAcvUUjM="></latexit>

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

3
<latexit sha1_base64="IHtO9p1P8liIpvcwLcwcOMd35ys=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4ChMjLregF48JmAWSIfR0apLWnoXuHiEM+QIvHhTx6id582/smQyixgcFj/eqqKrnRoIrbdufVmFpeWV1rbhe2tjc2t4p7+51VBhLhm0WilD2XKpQ8ADbmmuBvUgi9V2BXff+OvW7DygVD4NbPY3Q8ek44B5nVBupVR+WK3bVzkAWSS0nFcjRHJY/BqOQxT4GmgmqVL9mR9pJqNScCZyVBrHCiLJ7Osa+oQH1UTlJduiMHBllRLxQmgo0ydSfEwn1lZr6run0qZ6ov14q/uf1Y+1dOAkPolhjwOaLvFgQHZL0azLiEpkWU0Mok9zcStiESsq0yaaUhXCZ4uz75UXSOanW6tV667TSuMrjKMIBHMIx1OAcGnADTWgDA4RHeIYX6856sl6tt3lrwcpn9uEXrPcvlm2M7g==</latexit>

5
<latexit sha1_base64="I4UEM/juM7rVSGwZnTVTbzhGuFU=">AAAB6HicbVDLSsNAFJ3UV62vqks3g0VwVRLrc1d047IF+4A2lMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnaRC1HrhwOOde7r3HizhT2rY/rcLS8srqWnG9tLG5tb1T3t1rqzCWFFo05KHsekQBZwJammkO3UgCCTwOHW9yk/qdB5CKheJOTyNwAzISzGeUaCM1zwblil21M+BF4uSkgnI0BuWP/jCkcQBCU06U6jl2pN2ESM0oh1mpHyuICJ2QEfQMFSQA5SbZoTN8ZJQh9kNpSmicqT8nEhIoNQ080xkQPVZ/vVT8z+vF2r90EyaiWIOg80V+zLEOcfo1HjIJVPOpIYRKZm7FdEwkodpkU8pCuEpx/v3yImmfVJ1atdY8rdSv8ziK6AAdomPkoAtUR7eogVqIIkCP6Bm9WPfWk/Vqvc1bC1Y+s49+wXr/Apl1jPA=</latexit>

f (x1, x2)
<latexit sha1_base64="sigQzU3QZmrICo+wo4gVAtrJ3Ws=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbyQ0rY985hWO/duKXynbVzgAXiZOTMsjR9Esfvb7ASUS4xgwp5Tp2rL0pkppiRmbFXqJIjPAIDYhrKEcRUd40O3kGj43Sh6GQpriGmfpzYooipSZRYDojpIfqr5eK/3luosNLb0p5nGjC8XxRmDCoBUz/h30qCdZsYgjCkppbIR4iibA2KRWzEK5SnH+/vEjatapTr9bvzsqN6zyOAjgER6ACHHABGuAWNEELYCDAI3gGL5a2nqxX623eumTlMwfgF6z3L3WkkDM=</latexit> rf

<latexit sha1_base64="S4UoUA31VnUtpsLn9lUbB+kZd2g=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mt+HErevFYwX5AG8pku2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIUdaigQhU10XNBJesZbgRrBsqhr4rWMedXKd+54EpzQN5Z6Yhc3wcSe5xiiaRun2JrkDiDcoVu2pnIIuklpMK5GgOyh/9YUAjn0lDBWrdq9mhcWJUhlPBZqV+pFmIdIIj1kuoRJ9pJ87unZGjRBkSL1BJSUMy9edEjL7WU99NOn00Y/3XS8X/vF5kvAsn5jKMDJN0vsiLBDEBSZ8nQ64YNWKaEKSKJ7cSOkaF1CQRlbIQLlOcfb+8SNon1Vq9Wr89rTSu8jiKcACHcAw1OIcG3EATWkBBwCM8w4t1bz1Zr9bbvLVg5TP78AvW+xex/Y/h</latexit>
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Example: two variables

! @+$%&'$(+.(+-+'*$&$%"'-*(&/'*$&-$&$%:(3+$g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>



Example: two variables

! M"$-*&9$"'$*,+$%:(3+$#+$'++4$*"$0"22"#$*,+$*&'5+'*H$

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>



Example: two variables

! M"$-*&9$"'$*,+$%:(3+$#+$'++4$*"$0"22"#$*,+$*&'5+'*H$

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>



Example: two variables

! M"$-*&9$"'$*,+$%:(3+$#+$'++4$*"$0"22"#$*,+$*&'5+'*H$

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! g á!tg = 0
<latexit sha1_base64="Q5HbAip3Y3j+eRopC0+Pw//ZqLw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqqRWfCyEohuXFewDmhAmk2k7dDIJMzeFErJy46+4caGIW7/BnX9j0hZR64ELh3Pu5d57vEhwDZb1aRQWFpeWV4qrpbX1jc0tc3unpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbXud+e8SU5qG8g3HEnID0Je9xSiCTXHPflsQTJOmn2KZ+CNgeMZpA6vbxJbZcs2xVrAnwPKnOSBnN0HDND9sPaRwwCVQQrbtVKwInIQo4FSwt2bFmEaFD0mfdjEoSMO0kkzdSfJgpPu6FKisJeKL+nEhIoPU48LLOgMBA//Vy8T+vG0Pv3Em4jGJgkk4X9WKBIcR5JtjnilEQ44wQqnh2K6YDogiFLLnSJISLHKffL8+T1nGlWqvUbk/K9atZHEW0hw7QEaqiM1RHN6iBmoiie/SIntGL8WA8Ga/G27S1YMxmdtEvGO9fSZOYfA==</latexit>



Example: two variables

! M"$-*&9$"'$*,+$%:(3+$#+$'++4$*"$0"22"#$*,+$*&'5+'*H$

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! g á!tg = 0
<latexit sha1_base64="Q5HbAip3Y3j+eRopC0+Pw//ZqLw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqqRWfCyEohuXFewDmhAmk2k7dDIJMzeFErJy46+4caGIW7/BnX9j0hZR64ELh3Pu5d57vEhwDZb1aRQWFpeWV4qrpbX1jc0tc3unpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbXud+e8SU5qG8g3HEnID0Je9xSiCTXHPflsQTJOmn2KZ+CNgeMZpA6vbxJbZcs2xVrAnwPKnOSBnN0HDND9sPaRwwCVQQrbtVKwInIQo4FSwt2bFmEaFD0mfdjEoSMO0kkzdSfJgpPu6FKisJeKL+nEhIoPU48LLOgMBA//Vy8T+vG0Pv3Em4jGJgkk4X9WKBIcR5JtjnilEQ44wQqnh2K6YDogiFLLnSJISLHKffL8+T1nGlWqvUbk/K9atZHEW0hw7QEaqiM1RHN6iBmoiie/SIntGL8WA8Ga/G27S1YMxmdtEvGO9fSZOYfA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>



Example: two variables

! ;+'+(&229F$7"*/"'$&2"'5$*,+$%"'-*(&/'*$%:(3+$#/22$/'%(+&-+$
"($4+%(+&-+$$45'"6C

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! g á!tg = 0
<latexit sha1_base64="Q5HbAip3Y3j+eRopC0+Pw//ZqLw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqqRWfCyEohuXFewDmhAmk2k7dDIJMzeFErJy46+4caGIW7/BnX9j0hZR64ELh3Pu5d57vEhwDZb1aRQWFpeWV4qrpbX1jc0tc3unpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbXud+e8SU5qG8g3HEnID0Je9xSiCTXHPflsQTJOmn2KZ+CNgeMZpA6vbxJbZcs2xVrAnwPKnOSBnN0HDND9sPaRwwCVQQrbtVKwInIQo4FSwt2bFmEaFD0mfdjEoSMO0kkzdSfJgpPu6FKisJeKL+nEhIoPU48LLOgMBA//Vy8T+vG0Pv3Em4jGJgkk4X9WKBIcR5JtjnilEQ44wQqnh2K6YDogiFLLnSJISLHKffL8+T1nGlWqvUbk/K9atZHEW0hw7QEaqiM1RHN6iBmoiie/SIntGL8WA8Ga/G27S1YMxmdtEvGO9fSZOYfA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

! f á!tg "= 0
<latexit sha1_base64="jmug/d3qXea924409gW5B2gJTEA=">AAACCXicbVDJSgNBEO2JW4xb1KOXxiB4ChMVl1vQi8cIZoFMCD2dmqRJT8/YXRMIQ65e/BUvHhTx6h9482/sLIgaHxQ83quiqp4fS2HQdT+dzMLi0vJKdjW3tr6xuZXf3qmZKNEcqjySkW74zIAUCqooUEIj1sBCX0Ld71+N/foAtBGRusVhDK2QdZUIBGdopXaeeor5kqXBiHq8EyH1BsBTHLW71oE76rbzBbfoTkDnSWlGCmSGSjv/4XUinoSgkEtmTLPkxthKmUbBJYxyXmIgZrzPutC0VLEQTCudfDKiB1bp0CDSthTSifpzImWhMcPQt50hw575643F/7xmgsF5KxUqThAUny4KEkkxouNYaEdo4CiHljCuhb2V8h7TjKMNLzcJ4WKM0++X50ntqFg6Lh7fnBTKl7M4smSP7JNDUiJnpEyuSYVUCSf35JE8kxfnwXlyXp23aWvGmc3skl9w3r8A9LSZ/A==</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! g á!tg = 0
<latexit sha1_base64="Q5HbAip3Y3j+eRopC0+Pw//ZqLw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqqRWfCyEohuXFewDmhAmk2k7dDIJMzeFErJy46+4caGIW7/BnX9j0hZR64ELh3Pu5d57vEhwDZb1aRQWFpeWV4qrpbX1jc0tc3unpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbXud+e8SU5qG8g3HEnID0Je9xSiCTXHPflsQTJOmn2KZ+CNgeMZpA6vbxJbZcs2xVrAnwPKnOSBnN0HDND9sPaRwwCVQQrbtVKwInIQo4FSwt2bFmEaFD0mfdjEoSMO0kkzdSfJgpPu6FKisJeKL+nEhIoPU48LLOgMBA//Vy8T+vG0Pv3Em4jGJgkk4X9WKBIcR5JtjnilEQ44wQqnh2K6YDogiFLLnSJISLHKffL8+T1nGlWqvUbk/K9atZHEW0hw7QEaqiM1RHN6iBmoiie/SIntGL8WA8Ga/G27S1YMxmdtEvGO9fSZOYfA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

rf · ~tg = 0
<latexit sha1_base64="1CFwRnLCnnnsQAokrgXe6r0Xn2Q=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRWfCyEohuXFewDmlImk0k7dDIJMzeFErpy46+4caGIW7/BnX9j0gZR64ELh3Pu5d573EhwDZb1aRQWFpeWV4qrpbX1jc0tc3unqcNYUdagoQhV2yWaCS5ZAzgI1o4UI4ErWMsdXmd+a8SU5qG8g3HEugHpS+5zSiCVeua+I4krSOJPsEO9ELAzYjSBSa+PL7HVM8tWxZoCzxM7J2WUo94zPxwvpHHAJFBBtO7YVgTdhCjgVLBJyYk1iwgdkj7rpFSSgOluMn1jgg9TxcN+qNKSgKfqz4mEBFqPAzftDAgM9F8vE//zOjH4592EyygGJulskR8LDCHOMsEeV4yCGKeEUMXTWzEdEEUopMmVpiFcZDj9fnmeNI8rdrVSvT0p167yOIpoDx2gI2SjM1RDN6iOGoiie/SIntGL8WA8Ga/G26y1YOQzu+gXjPcvR/qYew==</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! g á!tg = 0
<latexit sha1_base64="Q5HbAip3Y3j+eRopC0+Pw//ZqLw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqqRWfCyEohuXFewDmhAmk2k7dDIJMzeFErJy46+4caGIW7/BnX9j0hZR64ELh3Pu5d57vEhwDZb1aRQWFpeWV4qrpbX1jc0tc3unpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbXud+e8SU5qG8g3HEnID0Je9xSiCTXHPflsQTJOmn2KZ+CNgeMZpA6vbxJbZcs2xVrAnwPKnOSBnN0HDND9sPaRwwCVQQrbtVKwInIQo4FSwt2bFmEaFD0mfdjEoSMO0kkzdSfJgpPu6FKisJeKL+nEhIoPU48LLOgMBA//Vy8T+vG0Pv3Em4jGJgkk4X9WKBIcR5JtjnilEQ44wQqnh2K6YDogiFLLnSJISLHKffL8+T1nGlWqvUbk/K9atZHEW0hw7QEaqiM1RHN6iBmoiie/SIntGL8WA8Ga/G27S1YMxmdtEvGO9fSZOYfA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

rf · ~tg = 0
<latexit sha1_base64="1CFwRnLCnnnsQAokrgXe6r0Xn2Q=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRWfCyEohuXFewDmlImk0k7dDIJMzeFErpy46+4caGIW7/BnX9j0gZR64ELh3Pu5d573EhwDZb1aRQWFpeWV4qrpbX1jc0tc3unqcNYUdagoQhV2yWaCS5ZAzgI1o4UI4ErWMsdXmd+a8SU5qG8g3HEugHpS+5zSiCVeua+I4krSOJPsEO9ELAzYjSBSa+PL7HVM8tWxZoCzxM7J2WUo94zPxwvpHHAJFBBtO7YVgTdhCjgVLBJyYk1iwgdkj7rpFSSgOluMn1jgg9TxcN+qNKSgKfqz4mEBFqPAzftDAgM9F8vE//zOjH4592EyygGJulskR8LDCHOMsEeV4yCGKeEUMXTWzEdEEUopMmVpiFcZDj9fnmeNI8rdrVSvT0p167yOIpoDx2gI2SjM1RDN6iOGoiie/SIntGL8WA8Ga/G26y1YOQzu+gXjPcvR/qYew==</latexit>

H8@6%?@*%A'"%?'*?#"+$%
@B'"6%%%%%%%=%%%%%%%%I%rf

<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

rg
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! g á!tg = 0
<latexit sha1_base64="Q5HbAip3Y3j+eRopC0+Pw//ZqLw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqqRWfCyEohuXFewDmhAmk2k7dDIJMzeFErJy46+4caGIW7/BnX9j0hZR64ELh3Pu5d57vEhwDZb1aRQWFpeWV4qrpbX1jc0tc3unpcNYUdakoQhVxyOaCS5ZEzgI1okUI4EnWNsbXud+e8SU5qG8g3HEnID0Je9xSiCTXHPflsQTJOmn2KZ+CNgeMZpA6vbxJbZcs2xVrAnwPKnOSBnN0HDND9sPaRwwCVQQrbtVKwInIQo4FSwt2bFmEaFD0mfdjEoSMO0kkzdSfJgpPu6FKisJeKL+nEhIoPU48LLOgMBA//Vy8T+vG0Pv3Em4jGJgkk4X9WKBIcR5JtjnilEQ44wQqnh2K6YDogiFLLnSJISLHKffL8+T1nGlWqvUbk/K9atZHEW0hw7QEaqiM1RHN6iBmoiie/SIntGL8WA8Ga/G27S1YMxmdtEvGO9fSZOYfA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

rf · ~tg = 0
<latexit sha1_base64="1CFwRnLCnnnsQAokrgXe6r0Xn2Q=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRWfCyEohuXFewDmlImk0k7dDIJMzeFErpy46+4caGIW7/BnX9j0gZR64ELh3Pu5d573EhwDZb1aRQWFpeWV4qrpbX1jc0tc3unqcNYUdagoQhV2yWaCS5ZAzgI1o4UI4ErWMsdXmd+a8SU5qG8g3HEugHpS+5zSiCVeua+I4krSOJPsEO9ELAzYjSBSa+PL7HVM8tWxZoCzxM7J2WUo94zPxwvpHHAJFBBtO7YVgTdhCjgVLBJyYk1iwgdkj7rpFSSgOluMn1jgg9TxcN+qNKSgKfqz4mEBFqPAzftDAgM9F8vE//zOjH4592EyygGJulskR8LDCHOMsEeV4yCGKeEUMXTWzEdEEUopMmVpiFcZDj9fnmeNI8rdrVSvT0p167yOIpoDx2gI2SjM1RDN6iOGoiie/SIntGL8WA8Ga/G26y1YOQzu+gXjPcvR/qYew==</latexit>

H8@6%?@*%A'"%?'*?#"+$%
@B'"6%%%%%%%=%%%%%%%%I%rf

<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

rg
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

rf + �rg = 0
<latexit sha1_base64="B0ZawRrGgG5vT6d1Oc3YshBE03Q=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDK14mMhFN24rGAf0CnlTpppQzOZIckIZejajb/ixoUibv0Cd/6NmXYQtR4IHM65h5t7vIgzpR3n08rNzS8sLuWXCyura+sb9uZWQ4WxJLROQh7KlgeKciZoXTPNaSuSFAKP06Y3vEr95h2VioXiVo8i2gmgL5jPCGgjde1dV4DHIfHH+BC73AR7gDOtP8YX2OnaRafkTIBnSTkjRZSh1rU/3F5I4oAKTTgo1S47ke4kIDUjnI4LbqxoBGQIfdo2VEBAVSeZnDLG+0bpYT+U5gmNJ+rPRAKBUqPAM5MB6IH666Xif1471v5ZJ2EiijUVZLrIjznWIU57wT0mKdF8ZAgQycxfMRmABKJNe4VJCecpTr5PniWNo1K5UqrcHBerl1kdebSD9tABKqNTVEXXqIbqiKB79Iie0Yv1YD1Zr9bbdDRnZZlt9AvW+xdqVZmS</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

J$&)*$%68$%:$6%C! '&%;')*6:%%%
>8$($.%

(x1, x2)
<latexit sha1_base64="Y7gQpoBf24TAKZSIbwzwo0/+pLA=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbya2MfecUjv3aCfRLZbtqZ4CLxMlJGeRo+qWPXl/gJCJcY4aUch071t4USU0xI7NiL1EkRniEBsQ1lKOIKG+anTyDx0bpw1BIU1zDTP05MUWRUpMoMJ0R0kP110vF/zw30eGlN6U8TjTheL4oTBjUAqb/wz6VBGs2MQRhSc2tEA+RRFiblIpZCFcpzr9fXiTtWtWpV+t3Z+XGdR5HARyCI1ABDrgADXALmqAFMBDgETyDF0tbT9ar9TZvXbLymQPwC9b7Fwo+j+0=</latexit>

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz 7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

rf + �rg = 0
<latexit sha1_base64="B0ZawRrGgG5vT6d1Oc3YshBE03Q=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDK14mMhFN24rGAf0CnlTpppQzOZIckIZejajb/ixoUibv0Cd/6NmXYQtR4IHM65h5t7vIgzpR3n08rNzS8sLuWXCyura+sb9uZWQ4WxJLROQh7KlgeKciZoXTPNaSuSFAKP06Y3vEr95h2VioXiVo8i2gmgL5jPCGgjde1dV4DHIfHH+BC73AR7gDOtP8YX2OnaRafkTIBnSTkjRZSh1rU/3F5I4oAKTTgo1S47ke4kIDUjnI4LbqxoBGQIfdo2VEBAVSeZnDLG+0bpYT+U5gmNJ+rPRAKBUqPAM5MB6IH666Xif1471v5ZJ2EiijUVZLrIjznWIU57wT0mKdF8ZAgQycxfMRmABKJNe4VJCecpTr5PniWNo1K5UqrcHBerl1kdebSD9tABKqNTVEXXqIbqiKB79Iie0Yv1YD1Zr9bbdDRnZZlt9AvW+xdqVZmS</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

J$&)*$%68$%:$6%C! '&%;')*6:%%%
>8$($.%

(x1, x2)
<latexit sha1_base64="Y7gQpoBf24TAKZSIbwzwo0/+pLA=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbya2MfecUjv3aCfRLZbtqZ4CLxMlJGeRo+qWPXl/gJCJcY4aUch071t4USU0xI7NiL1EkRniEBsQ1lKOIKG+anTyDx0bpw1BIU1zDTP05MUWRUpMoMJ0R0kP110vF/zw30eGlN6U8TjTheL4oTBjUAqb/wz6VBGs2MQRhSc2tEA+RRFiblIpZCFcpzr9fXiTtWtWpV+t3Z+XGdR5HARyCI1ABDrgADXALmqAFMBDgETyDF0tbT9ar9TZvXbLymQPwC9b7Fwo+j+0=</latexit>

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz 7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

K8$:$%@($%68$%$16($-@%;')*6:L

rf + �rg = 0
<latexit sha1_base64="B0ZawRrGgG5vT6d1Oc3YshBE03Q=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDK14mMhFN24rGAf0CnlTpppQzOZIckIZejajb/ixoUibv0Cd/6NmXYQtR4IHM65h5t7vIgzpR3n08rNzS8sLuWXCyura+sb9uZWQ4WxJLROQh7KlgeKciZoXTPNaSuSFAKP06Y3vEr95h2VioXiVo8i2gmgL5jPCGgjde1dV4DHIfHH+BC73AR7gDOtP8YX2OnaRafkTIBnSTkjRZSh1rU/3F5I4oAKTTgo1S47ke4kIDUjnI4LbqxoBGQIfdo2VEBAVSeZnDLG+0bpYT+U5gmNJ+rPRAKBUqPAM5MB6IH666Xif1471v5ZJ2EiijUVZLrIjznWIU57wT0mKdF8ZAgQycxfMRmABKJNe4VJCecpTr5PniWNo1K5UqrcHBerl1kdebSD9tABKqNTVEXXqIbqiKB79Iie0Yv1YD1Zr9bbdDRnZZlt9AvW+xdqVZmS</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

M$6

N)*+%x"=%x#=%%%%:'%68@6.!
<latexit sha1_base64="xczMuD/fMIKzcNKgYBkqZW6iaUE=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisYB/QhjKZTNqhk0mYmQgl9CPcuFDErd/jzr9xkgZR64GBwznnMvceL+ZMadv+tEorq2vrG+XNytb2zu5edf+gq6JEEtohEY9k38OKciZoRzPNaT+WFIcepz1vepP5vQcqFYvEvZ7F1A3xWLCAEayN1BtyE/XxqFqz63YOtEycgtSgQHtU/Rj6EUlCKjThWKmBY8faTbHUjHA6rwwTRWNMpnhMB4YKHFLlpvm6c3RiFB8FkTRPaJSrPydSHCo1Cz2TDLGeqL9eJv7nDRIdXLopE3GiqSCLj4KEIx2h7HbkM0mJ5jNDMJHM7IrIBEtMtGmokpdwleH8++Rl0j2rO416465Za10XdZThCI7hFBy4gBbcQhs6QGAKj/AML1ZsPVmv1tsiWrKKmUP4Bev9C1WNj7Q=</latexit>

! F = 0
<latexit sha1_base64="0fve3mrIU9Cmz7gVCpQczsVZKBM=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRIVHwuhKIjLCvYBTSg300k7dDIJMxOhhP6GGxeKuPVn3Pk3TtIgaj1w4XDOvdx7jx9zprRtf1qlhcWl5ZXyamVtfWNzq7q901ZRIgltkYhHsuuDopwJ2tJMc9qNJYXQ57Tjj68zv/NApWKRuNeTmHohDAULGAFtJNcV4HPAN/gS2/1qza7bOfA8cQpSQwWa/eqHO4hIElKhCQeleo4day8FqRnhdFpxE0VjIGMY0p6hAkKqvDS/eYoPjDLAQSRNCY1z9edECqFSk9A3nSHokfrrZeJ/Xi/RwbmXMhEnmgoyWxQkHOsIZwHgAZOUaD4xBIhk5lZMRiCBaBNTJQ/hIsPp98vzpH1Ud47rx3cntcZVEUcZ7aF9dIgcdIYa6BY1UQsRFKNH9IxerMR6sl6tt1lrySpmdtEvWO9fJ52Qlg==</latexit>

F (x1, x2, ! ) = f (x1, x2) + ! g(x1, x2)
<latexit sha1_base64="XoLbcvzsGv2rjPYoNnlXM0Iv3jk=">AAACH3icbZDLSgMxGIUz9VbrrerSTbAILZYy00rVhVAUxGUFe4F2GDJppg3NXEgy0jL0Tdz4Km5cKCLu+jam08FbPRA4fCc/yX/sgFEhdX2qpZaWV1bX0uuZjc2t7Z3s7l5T+CHHpIF95vO2jQRh1CMNSSUj7YAT5NqMtOzh1Sxv3RMuqO/dyXFATBf1PepQjKRCVrZ6nR9ZRnFklYtdpsZ6qAAvoBNDqGgBHsMkgP1vamVzekmPBReNkZgcSFS3sh/dno9Dl3gSMyREx9ADaUaIS4oZmWS6oSABwkPUJx1lPeQSYUbxfhN4pEgPOj5Xx5Mwpj8nIuQKMXZtddNFciD+ZjP4X9YJpXNmRtQLQkk8PH/ICRmUPpyVBXuUEyzZWBmEOVV/hXiAOMJSVZqJSzifqfq18qJplktGpVS5PcnVLpM60uAAHII8MMApqIEbUAcNgMEDeAIv4FV71J61N+19fjWlJTP74Je06SfacJ6p</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

M$6

! F
! x1

= 0

! F
! x2

= 0

! F
!"

= 0
<latexit sha1_base64="oJpzZyt4h2s66Olu04GZiNq9CSo=">AAACYnicfVFbS8MwGE2r01l169yjPgSH4tNoN/HyIAwF8XGCu8BaRpqlW1h6IUnFUfYnffPJF3+I6VbmZeKBwOF85/vy5cSLGRXSst40fWOzsLVd3DF29/ZLZbNy0BVRwjHp4IhFvO8hQRgNSUdSyUg/5gQFHiM9b3qX1XvPhAsahU9yFhM3QOOQ+hQjqaShOXN8jnDqxIhLihi8n3/xl6E9h6c30IKOY/zra6x88D+jw9RiI7Q0D82aVbcWgOvEzkkN5GgPzVdnFOEkIKHEDAkxsK1Yumk2GzMyN5xEkBjhKRqTgaIhCohw00VEc3iilBH0I65OKOFC/d6RokCIWeApZ4DkRPyuZeJftUEi/Ss3pWGcSBLi5UV+wqCMYJY3HFFOsGQzRRDmVO0K8QSpiKT6FWMRwnWGi9WT10m3Ubeb9ebjea11m8dRBIfgGJwBG1yCFngAbdABGLxrBa2klbUP3dArenVp1bW8pwp+QD/6BGyitM4=</latexit>

F (x1, x2, ! ) = f (x1, x2) + ! g(x1, x2)
<latexit sha1_base64="XoLbcvzsGv2rjPYoNnlXM0Iv3jk=">AAACH3icbZDLSgMxGIUz9VbrrerSTbAILZYy00rVhVAUxGUFe4F2GDJppg3NXEgy0jL0Tdz4Km5cKCLu+jam08FbPRA4fCc/yX/sgFEhdX2qpZaWV1bX0uuZjc2t7Z3s7l5T+CHHpIF95vO2jQRh1CMNSSUj7YAT5NqMtOzh1Sxv3RMuqO/dyXFATBf1PepQjKRCVrZ6nR9ZRnFklYtdpsZ6qAAvoBNDqGgBHsMkgP1vamVzekmPBReNkZgcSFS3sh/dno9Dl3gSMyREx9ADaUaIS4oZmWS6oSABwkPUJx1lPeQSYUbxfhN4pEgPOj5Xx5Mwpj8nIuQKMXZtddNFciD+ZjP4X9YJpXNmRtQLQkk8PH/ICRmUPpyVBXuUEyzZWBmEOVV/hXiAOMJSVZqJSzifqfq18qJplktGpVS5PcnVLpM60uAAHII8MMApqIEbUAcNgMEDeAIv4FV71J61N+19fjWlJTP74Je06SfacJ6p</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

M$6

@F

@x1
=

@g

@x1
+ �

@f

@x1
= 0

@F

@x2
=

@g

@x2
+ �

@f

@x2
= 0

@F

@�
= f (x1, x2) = 0

<latexit sha1_base64="+rMqbAdNT2YoY9lJbOFqNdF+bkk="></latexit>

F (x1, x2, ! ) = f (x1, x2) + ! g(x1, x2)
<latexit sha1_base64="XoLbcvzsGv2rjPYoNnlXM0Iv3jk=">AAACH3icbZDLSgMxGIUz9VbrrerSTbAILZYy00rVhVAUxGUFe4F2GDJppg3NXEgy0jL0Tdz4Km5cKCLu+jam08FbPRA4fCc/yX/sgFEhdX2qpZaWV1bX0uuZjc2t7Z3s7l5T+CHHpIF95vO2jQRh1CMNSSUj7YAT5NqMtOzh1Sxv3RMuqO/dyXFATBf1PepQjKRCVrZ6nR9ZRnFklYtdpsZ6qAAvoBNDqGgBHsMkgP1vamVzekmPBReNkZgcSFS3sh/dno9Dl3gSMyREx9ADaUaIS4oZmWS6oSABwkPUJx1lPeQSYUbxfhN4pEgPOj5Xx5Mwpj8nIuQKMXZtddNFciD+ZjP4X9YJpXNmRtQLQkk8PH/ICRmUPpyVBXuUEyzZWBmEOVV/hXiAOMJSVZqJSzifqfq18qJplktGpVS5PcnVLpM60uAAHII8MMApqIEbUAcNgMEDeAIv4FV71J61N+19fjWlJTP74Je06SfacJ6p</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

J$&)*$%68$%:$6%C! '&%;')*6:%%%
>8$($.%

(x1, x2)
<latexit sha1_base64="Y7gQpoBf24TAKZSIbwzwo0/+pLA=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpCSt+NgV3bisYB+QhjCZTtqhk5kwM5GW0s9w40IRt36NO//GSRpErQcuHM65l3vvCWJGlbbtT2tpeWV1bb2wUdzc2t7ZLe3tt5VIJCYtLJiQ3QApwignLU01I91YEhQFjHSC0U3qdx6IVFTwez2JiRehAachxUgbya2MfecUjv3aCfRLZbtqZ4CLxMlJGeRo+qWPXl/gJCJcY4aUch071t4USU0xI7NiL1EkRniEBsQ1lKOIKG+anTyDx0bpw1BIU1zDTP05MUWRUpMoMJ0R0kP110vF/zw30eGlN6U8TjTheL4oTBjUAqb/wz6VBGs2MQRhSc2tEA+RRFiblIpZCFcpzr9fXiTtWtWpV+t3Z+XGdR5HARyCI1ABDrgADXALmqAFMBDgETyDF0tbT9ar9TZvXbLymQPwC9b7Fwo+j+0=</latexit>

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz 7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

K8$:$%@($%68$%$16($-@%;')*6:L

rf + �rg = 0
<latexit sha1_base64="B0ZawRrGgG5vT6d1Oc3YshBE03Q=">AAACCnicbVDLSgMxFM3UV62vUZduokUQhDK14mMhFN24rGAf0CnlTpppQzOZIckIZejajb/ixoUibv0Cd/6NmXYQtR4IHM65h5t7vIgzpR3n08rNzS8sLuWXCyura+sb9uZWQ4WxJLROQh7KlgeKciZoXTPNaSuSFAKP06Y3vEr95h2VioXiVo8i2gmgL5jPCGgjde1dV4DHIfHH+BC73AR7gDOtP8YX2OnaRafkTIBnSTkjRZSh1rU/3F5I4oAKTTgo1S47ke4kIDUjnI4LbqxoBGQIfdo2VEBAVSeZnDLG+0bpYT+U5gmNJ+rPRAKBUqPAM5MB6IH666Xif1471v5ZJ2EiijUVZLrIjznWIU57wT0mKdF8ZAgQycxfMRmABKJNe4VJCecpTr5PniWNo1K5UqrcHBerl1kdebSD9tABKqNTVEXXqIbqiKB79Iie0Yv1YD1Zr9bbdDRnZZlt9AvW+xdqVZmS</latexit>



Example: two variables

! E*$*,+$".*/7:7D

g(x1, x2) = 0
<latexit sha1_base64="GmFgFJbM2j1iWPfJ/FJ5mhL43Mk=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxCBSlJKz4WQtGNywr2AW0Ik+m0HTqZhJmJtIZ+iRsXirj1U9z5N07SIGo9cOFwzr3ce48XMiqVZX0auaXlldW1/HphY3Nru2ju7LZkEAlMmjhggeh4SBJGOWkqqhjphIIg32Ok7Y2vE799T4SkAb9T05A4PhpyOqAYKS25ZnFYnrj2MZy41SN4CS3XLFkVKwVcJHZGSiBDwzU/ev0ARz7hCjMkZde2QuXESCiKGZkVepEkIcJjNCRdTTnyiXTi9PAZPNRKHw4CoYsrmKo/J2LkSzn1Pd3pIzWSf71E/M/rRmpw7sSUh5EiHM8XDSIGVQCTFGCfCoIVm2qCsKD6VohHSCCsdFaFNISLBKffLy+SVrVi1yq125NS/SqLIw/2wQEoAxucgTq4AQ3QBBhE4BE8gxfjwXgyXo23eWvOyGb2wC8Y71+Wc5E6</latexit>

!tg
<latexit sha1_base64="InU437on13D63yJatCFSV2R/nJU=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKWxUfNyCXjxGMA9JljA76U2GzMwuM7OBsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29lg5jRaFJQx6qjk80cCahaZjh0IkUEOFzaPvjm9RvT0BpFsp7M43AE2QoWcAoMVZ66E2AJmbWH/bLFbfqZsCLpJaTCsrR6Jc/eoOQxgKkoZxo3a25kfESogyjHGalXqwhInRMhtC1VBIB2kuyg2f4yCoDHITKljQ4U39OJERoPRW+7RTEjPRfLxX/87qxCS69hMkoNiDpfFEQc2xCnH6PB0wBNXxqCaGK2VsxHRFFqLEZlbIQrlKcf7+8SFon1dpp9fTurFK/zuMoogN0iI5RDV2gOrpFDdREFAn0iJ7Ri6OcJ+fVeZu3Fpx8Zh/9gvP+BUEakNc=</latexit>

! g
<latexit sha1_base64="vEuJyA6BJcm6Jl+jaeFdH4HT9m4=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+LgFvXiMYB6SLGF2MpsMmZldZmaFsOQrvHhQxKuf482/cXaziBoLGoqqbrq7/IgzbVz30yksLa+srhXXSxubW9s75d29tg5jRWiLhDxUXR9rypmkLcMMp91IUSx8Tjv+5Dr1Ow9UaRbKOzONqCfwSLKAEWysdN+X2Oc4Gc0G5YpbdTOgRVLLSQVyNAflj/4wJLGg0hCOte7V3Mh4CVaGEU5npX6saYTJBI9oz1KJBdVekh08Q0dWGaIgVLakQZn6cyLBQuup8G2nwGas/3qp+J/Xi01w4SVMRrGhkswXBTFHJkTp92jIFCWGTy3BRDF7KyJjrDAxNqNSFsJlirPvlxdJ+6Raq1frt6eVxlUeRxEO4BCOoQbn0IAbaEILCAh4hGd4cZTz5Lw6b/PWgpPP7MMvOO9fI4iQxA==</latexit>

! f
<latexit sha1_base64="M+pIsMQMJHL9HLqwEGmR8vaBTrI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFYwX5gG8pku2mXbjZhdyOU0H/hxYMiXv033vw3Jm0QtT4YeLw3w8w8LxJcG9v+tApLyyura8X10sbm1vZOeXevpcNYUdakoQhVx0PNBJesabgRrBMphoEnWNsbX2d++4EpzUN5ZyYRcwMcSu5ziiaV7nsSPYGJPyX9csWu2jOQReLkpAI5Gv3yR28Q0jhg0lCBWncdOzJugspwKti01Is1i5COcci6KZUYMO0ms4un5ChVBsQPVVrSkJn6cyLBQOtJ4KWdAZqR/utl4n9eNzb+hZtwGcWGSTpf5MeCmJBk75MBV4waMUkJUsXTWwkdoUJq0pBKsxAuM5x9v7xIWidVp1at3Z5W6ld5HEU4gEM4BgfOoQ430IAmUJDwCM/wYmnryXq13uatBSuf2YdfsN6/AHsvkO0=</latexit>

M$6

@F

@x1
=

@g

@x1
+ �

@f

@x1
= 0

@F

@x2
=

@g

@x2
+ �

@f

@x2
= 0

@F

@�
= f (x1, x2) = 0

<latexit sha1_base64="+rMqbAdNT2YoY9lJbOFqNdF+bkk="></latexit>

?D$<&5(&'5/&'

ND$<&5(&'5+$
7:2*/.2/+(

F (x1, x2, ! ) = f (x1, x2) + ! g(x1, x2)
<latexit sha1_base64="XoLbcvzsGv2rjPYoNnlXM0Iv3jk=">AAACH3icbZDLSgMxGIUz9VbrrerSTbAILZYy00rVhVAUxGUFe4F2GDJppg3NXEgy0jL0Tdz4Km5cKCLu+jam08FbPRA4fCc/yX/sgFEhdX2qpZaWV1bX0uuZjc2t7Z3s7l5T+CHHpIF95vO2jQRh1CMNSSUj7YAT5NqMtOzh1Sxv3RMuqO/dyXFATBf1PepQjKRCVrZ6nR9ZRnFklYtdpsZ6qAAvoBNDqGgBHsMkgP1vamVzekmPBReNkZgcSFS3sh/dno9Dl3gSMyREx9ADaUaIS4oZmWS6oSABwkPUJx1lPeQSYUbxfhN4pEgPOj5Xx5Mwpj8nIuQKMXZtddNFciD+ZjP4X9YJpXNmRtQLQkk8PH/ICRmUPpyVBXuUEyzZWBmEOVV/hXiAOMJSVZqJSzifqfq18qJplktGpVS5PcnVLpM60uAAHII8MMApqIEbUAcNgMEDeAIv4FV71J61N+19fjWlJTP74Je06SfacJ6p</latexit>



Example

! ?/'4$*,+$+L*(+7&$3&2:+-$"0$*,+$0:'%*/"'$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$F$
-:)1+%*$*"$*,+$%"'-*(&/'*D$

f (x1, x2) = x1x2
<latexit sha1_base64="jEHa1/YWN0+rHPJuI+BYiYDTP3s=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYhApSZlrxshCKblxWsBdohyGTZtrQTGZIMtJSu/BV3LhQxK2v4c63MTMdxNsPIR//OYec/F7EqFSW9WHk5uYXFpfyy4WV1bX1DXNzqynDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3iZ1Fu3REga8hs1jogToD6nPsVIacs1d/zSyLUP4citHMBzfdkJQtcsWmUrFfwLdgZFkKnumu/dXojjgHCFGZKyY1uRciZIKIoZmRa6sSQRwkPUJx2NHAVEOpN0/ync104P+qHQhyuYut8nJiiQchx4ujNAaiB/1xLzv1onVv6pM6E8ihXhePaQHzOoQpiEAXtUEKzYWAPCgupdIR4ggbDSkRXSEM4SHX99+S80K2W7Wq5eHxVrF1kcebAL9kAJ2OAE1MAVqIMGwOAOPIAn8GzcG4/Gi/E6a80Z2cw2+CHj7RP1apOg</latexit>

g(x1, x2) =
x2

1

8
+

x2
2

2
! 1 = 0

<latexit sha1_base64="RIaqRj7FtwqehbrGLKtffIRC1CA="></latexit>

F (x1, x2)?
<latexit sha1_base64="wvHfBU/H+BtKNOs3rhjIqUaUyUs=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAgVpCSt+FhZFMRlBfuANobJdNIOnUzCzERbQv/DjQtF3Pov7vwbJ2kQtR64cDjnXu69xw0Zlco0P425+YXFpeXcSn51bX1js7C13ZRBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO7xM/NY9EZIG/FaNQ2L7qM+pRzFSWrq7Ko0c6xCOnMoBPIdOoWiWzRRwllgZKYIMdafw0e0FOPIJV5ghKTuWGSo7RkJRzMgk340kCREeoj7paMqRT6Qdp1dP4L5WetALhC6uYKr+nIiRL+XYd3Wnj9RA/vUS8T+vEynv1I4pDyNFOJ4u8iIGVQCTCGCPCoIVG2uCsKD6VogHSCCsdFD5NISzBMffL8+SZqVsVcvVm6Ni7SKLIwd2wR4oAQucgBq4BnXQABgI8AiewYvxYDwZr8bbtHXOyGZ2wC8Y7198uJCw</latexit>



Example

! ?/'4$*,+$+L*(+7&$3&2:+-$"0$*,+$0:'%*/"'$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$F$
-:)1+%*$*"$*,+$%"'-*(&/'*D$

f (x1, x2) = x1x2
<latexit sha1_base64="jEHa1/YWN0+rHPJuI+BYiYDTP3s=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYhApSZlrxshCKblxWsBdohyGTZtrQTGZIMtJSu/BV3LhQxK2v4c63MTMdxNsPIR//OYec/F7EqFSW9WHk5uYXFpfyy4WV1bX1DXNzqynDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3iZ1Fu3REga8hs1jogToD6nPsVIacs1d/zSyLUP4citHMBzfdkJQtcsWmUrFfwLdgZFkKnumu/dXojjgHCFGZKyY1uRciZIKIoZmRa6sSQRwkPUJx2NHAVEOpN0/ync104P+qHQhyuYut8nJiiQchx4ujNAaiB/1xLzv1onVv6pM6E8ihXhePaQHzOoQpiEAXtUEKzYWAPCgupdIR4ggbDSkRXSEM4SHX99+S80K2W7Wq5eHxVrF1kcebAL9kAJ2OAE1MAVqIMGwOAOPIAn8GzcG4/Gi/E6a80Z2cw2+CHj7RP1apOg</latexit>

g(x1, x2) =
x2

1

8
+

x2
2

2
! 1 = 0

<latexit sha1_base64="RIaqRj7FtwqehbrGLKtffIRC1CA="></latexit>

F (x1, x2, ! ) = f (x1, x2) + ! g(x1, x2)
<latexit sha1_base64="XoLbcvzsGv2rjPYoNnlXM0Iv3jk=">AAACH3icbZDLSgMxGIUz9VbrrerSTbAILZYy00rVhVAUxGUFe4F2GDJppg3NXEgy0jL0Tdz4Km5cKCLu+jam08FbPRA4fCc/yX/sgFEhdX2qpZaWV1bX0uuZjc2t7Z3s7l5T+CHHpIF95vO2jQRh1CMNSSUj7YAT5NqMtOzh1Sxv3RMuqO/dyXFATBf1PepQjKRCVrZ6nR9ZRnFklYtdpsZ6qAAvoBNDqGgBHsMkgP1vamVzekmPBReNkZgcSFS3sh/dno9Dl3gSMyREx9ADaUaIS4oZmWS6oSABwkPUJx1lPeQSYUbxfhN4pEgPOj5Xx5Mwpj8nIuQKMXZtddNFciD+ZjP4X9YJpXNmRtQLQkk8PH/ICRmUPpyVBXuUEyzZWBmEOVV/hXiAOMJSVZqJSzifqfq18qJplktGpVS5PcnVLpM60uAAHII8MMApqIEbUAcNgMEDeAIv4FV71J61N+19fjWlJTP74Je06SfacJ6p</latexit>



Example

! ?/'4$*,+$+L*(+7&$3&2:+-$"0$*,+$0:'%*/"'$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$F$
-:)1+%*$*"$*,+$%"'-*(&/'*D$

f (x1, x2) = x1x2
<latexit sha1_base64="jEHa1/YWN0+rHPJuI+BYiYDTP3s=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYhApSZlrxshCKblxWsBdohyGTZtrQTGZIMtJSu/BV3LhQxK2v4c63MTMdxNsPIR//OYec/F7EqFSW9WHk5uYXFpfyy4WV1bX1DXNzqynDWGDSwCELRdtDkjDKSUNRxUg7EgQFHiMtb3iZ1Fu3REga8hs1jogToD6nPsVIacs1d/zSyLUP4citHMBzfdkJQtcsWmUrFfwLdgZFkKnumu/dXojjgHCFGZKyY1uRciZIKIoZmRa6sSQRwkPUJx2NHAVEOpN0/ync104P+qHQhyuYut8nJiiQchx4ujNAaiB/1xLzv1onVv6pM6E8ihXhePaQHzOoQpiEAXtUEKzYWAPCgupdIR4ggbDSkRXSEM4SHX99+S80K2W7Wq5eHxVrF1kcebAL9kAJ2OAE1MAVqIMGwOAOPIAn8GzcG4/Gi/E6a80Z2cw2+CHj7RP1apOg</latexit>

g(x1, x2) =
x2

1

8
+

x2
2

2
! 1 = 0

<latexit sha1_base64="RIaqRj7FtwqehbrGLKtffIRC1CA="></latexit>

F (x1, x2) = f (x1, x2) + ! g(x1, x2)
<latexit sha1_base64="AIZjsoXXCXUJf/GydBZjGv7j7ws=">AAACGXicbVDLSgMxFM3UV62vUZdugkWoKGWmFR8LoSiIywr2Ae0wZNJMG5p5kGSkZehvuPFX3LhQxKWu/Bsz00Hq40Dg5Jx7b3KPEzIqpGF8arm5+YXFpfxyYWV1bX1D39xqiiDimDRwwALedpAgjPqkIalkpB1ygjyHkZYzvEz81h3hggb+rRyHxPJQ36cuxUgqydaNq9LINg/hyK7sw3PoztwOYJepQT0E+zOqrReNspEC/iVmRoogQ93W37u9AEce8SVmSIiOaYTSihGXFDMyKXQjQUKEh6hPOor6yCPCitPNJnBPKT3oBlwdX8JUne2IkSfE2HNUpYfkQPz2EvE/rxNJ99SKqR9Gkvh4+pAbMSgDmMQEe5QTLNlYEYQ5VX+FeIA4wlKFWUhDOEtw/L3yX9KslM1quXpzVKxdZHHkwQ7YBSVgghNQA9egDhoAg3vwCJ7Bi/agPWmv2tu0NKdlPdvgB7SPL3qxm8Q=</latexit>

rF (x1, x2, ! ) =

!

"
x2 +

! x1
4

x1 + ! x2
x2
1

8 + x2
2

2 � 1

#

$ = 0

<latexit sha1_base64="9yCsD5BSQOX8sppXHbGPKt/TsKs="></latexit>



Example

rF (x1, x2, ! ) =

!

"
x2 +

! x1
4

x1 + ! x2
x2
1

8 + x2
2

2 � 1

#

$ = 0

<latexit sha1_base64="9yCsD5BSQOX8sppXHbGPKt/TsKs="></latexit>



Example

rF (x1, x2, ! ) =

!

"
x2 +

! x1
4

x1 + ! x2
x2
1

8 + x2
2

2 � 1

#

$ = 0

<latexit sha1_base64="9yCsD5BSQOX8sppXHbGPKt/TsKs="></latexit>

x2 = ��x 1
4
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x2
1 = 8 � 4x2
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x2 = �2 x 2
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! = ± 2
x1 = �! x2

x2
1 = 8 � 4x2

2

9
=

; )
! = ± 2
x1 = ± 2x2

x2 = ± 1

9
=

; )
<latexit sha1_base64="/zSyl1sSmYzuFuDyy37w4LYqFKg="></latexit>



Example

rF (x1, x2, ! ) =
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x2 +

! x1
4

x1 + ! x2
x2
1

8 + x2
2

2 � 1

#

$ = 0

<latexit sha1_base64="9yCsD5BSQOX8sppXHbGPKt/TsKs="></latexit>
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1 = 8 � 4x2
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9
=

; )
! = ± 2
x1 = ± 2x2

x2 = ± 1

9
=

; )
<latexit sha1_base64="/zSyl1sSmYzuFuDyy37w4LYqFKg="></latexit>



Example

rF (x1, x2, ! ) =
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x2 +
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x1 + ! x2
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8 + x2
2

2 � 1

#

$ = 0

<latexit sha1_base64="9yCsD5BSQOX8sppXHbGPKt/TsKs="></latexit>

x2 = ��x 1
4
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1 = 8 � 4x2
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; )
x2 = �2 x 2

4
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9
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; )
! = ± 2
x1 = ± 2x2

x2 = ± 1

9
=

; )
<latexit sha1_base64="/zSyl1sSmYzuFuDyy37w4LYqFKg="></latexit>



Example

rF (x1, x2, ! ) =
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x2 +

! x1
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x1 + ! x2
x2
1

8 + x2
2

2 � 1
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$ = 0

<latexit sha1_base64="9yCsD5BSQOX8sppXHbGPKt/TsKs="></latexit>

x2 = ��x 1
4

x1 = �! x2
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1 = 8 � 4x2

2

9
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x2 = �2 x 2
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; )
! = ± 2
x1 = ± 2x2

x2 = ± 1

9
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; )
<latexit sha1_base64="/zSyl1sSmYzuFuDyy37w4LYqFKg="></latexit>



Solution

rF (x1, x2, ! ) =
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"
x2 +

! x1
4

x1 + ! x2
x2
1

8 + x2
2

2 � 1

#

$ = 0

<latexit sha1_base64="9yCsD5BSQOX8sppXHbGPKt/TsKs="></latexit>

x2 = ��x 1
4

x1 = �! x2
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1 = 8 � 4x2

2

9
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; )
x2 = �2 x 2

4
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x1 = ± 2x2
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9
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; )
<latexit sha1_base64="/zSyl1sSmYzuFuDyy37w4LYqFKg="></latexit>

! = ± 2

x1 = ± 2

x2 = ± 1
<latexit sha1_base64="sfQjQMYUtxRqTqZEBw4paqArHIA=">AAACGHicbVDLSsNAFJ34rPEVdelmsCiuatKKj4VQdOOygn1AE8JkMmmHTh7MTMRS+hlu/BU3LhRx251/4ySNotYDA+ecey937vESRoU0zQ9tbn5hcWm5tKKvrq1vbBpb2y0RpxyTJo5ZzDseEoTRiDQllYx0Ek5Q6DHS9gZXWb19R7igcXQrhwlxQtSLaEAxkspyjSObqWYfwYMLOwlh1bb1e9f6UjCXVSVhpi1dd42yWTFzwFliFaQMCjRcY2L7MU5DEknMkBBdy0ykM0JcUszIWLdTQRKEB6hHuopGKCTCGeWHjeG+cnwYxFy9SMLc/TkxQqEQw9BTnSGSffG3lpn/1bqpDM6cEY2SVJIITxcFKYMyhllK0KecYMmGiiDMqforxH3EEZYqy2kI5xlOvk+eJa1qxapVajfH5fplEUcJ7II9cAgscArq4Bo0QBNg8ACewAt41R61Z+1Ne5+2zmnFzA74BW3yCRzim4c=</latexit>



Solution



Application: Inverse Kinematics
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