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Problem

• How can we represent a set of possible transformation that 
can be applied to the robot? 

• We need a representation that is compact enough to be 
agnostic of the robot’s geometry. 



Example



Example



Definition 

• Configuration space: A topological space , where every 
element x in Q corresponds to a valid configuration of the 
robot. Each configuration of the robot can be identified with 
a unique element of Q.



Example: Space S1



Example: Space S1 x S1



Example: Circular Mobile Robot 

(xc, yc)
<latexit sha1_base64="sGOyHKT2b2Qasjjj53v5h9BMOEQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUpixceu6MZlBfvANoTJdNIOnUzCzEQMoX/hxoUibv0bd/6NaRpErQcuHM65l3vvcUPOlDbNT6OwsLi0vFJcLa2tb2xulbd32iqIJKEtEvBAdl2sKGeCtjTTnHZDSbHvctpxx1dTv3NPpWKBuNVxSG0fDwXzGME6le6qDw45QrFDDp1yxayZGdA8sXJSgRxNp/zRHwQk8qnQhGOlepYZajvBUjPC6aTUjxQNMRnjIe2lVGCfKjvJLp6gg1QZIC+QaQmNMvXnRIJ9pWLfTTt9rEfqrzcV//N6kfbO7YSJMNJUkNkiL+JIB2j6PhowSYnmcUowkSy9FZERlpjoNKRSFsLFFKffL8+T9nHNqtfqNyeVxmUeRxH2YB+qYMEZNOAamtACAgIe4RleDGU8Ga/G26y1YOQzu/ALxvsXSwqQJw==</latexit>



Example: Circular Mobile Robot 

(xc, yc)
<latexit sha1_base64="sGOyHKT2b2Qasjjj53v5h9BMOEQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUpixceu6MZlBfvANoTJdNIOnUzCzEQMoX/hxoUibv0bd/6NaRpErQcuHM65l3vvcUPOlDbNT6OwsLi0vFJcLa2tb2xulbd32iqIJKEtEvBAdl2sKGeCtjTTnHZDSbHvctpxx1dTv3NPpWKBuNVxSG0fDwXzGME6le6qDw45QrFDDp1yxayZGdA8sXJSgRxNp/zRHwQk8qnQhGOlepYZajvBUjPC6aTUjxQNMRnjIe2lVGCfKjvJLp6gg1QZIC+QaQmNMvXnRIJ9pWLfTTt9rEfqrzcV//N6kfbO7YSJMNJUkNkiL+JIB2j6PhowSYnmcUowkSy9FZERlpjoNKRSFsLFFKffL8+T9nHNqtfqNyeVxmUeRxH2YB+qYMEZNOAamtACAgIe4RleDGU8Ga/G26y1YOQzu/ALxvsXSwqQJw==</latexit>

R(x, y) = {(x, y)|(x� xc)
2 + (y � yc)

2  r2}
<latexit sha1_base64="my7KEUga2BcR0cyEV81ke/RcOYE="></latexit>



Example: Circular Mobile Robot 

(x� xc)
2 + (y � yc)

2  r2
<latexit sha1_base64="Wsv9s2a+o+bqgA7tQuJ5SFV8XjM=">AAACB3icbZDLSsNAFIYnXmu9RV0KMliEirQkrXjZFd24rGAv0KZhMp20QycXZybSELpz46u4caGIW1/BnW9jkgZR6w8DH/85hzPnt3xGhdS0T2VufmFxaTm3kl9dW9/YVLe2m8ILOCYN7DGPty0kCKMuaUgqGWn7nCDHYqRljS6TeuuOcEE990aGPjEcNHCpTTGSsWWqe8VxaWziw14FHsFiWAqn3GXkFvJexVQLWllLBWdBz6AAMtVN9aPb93DgEFdihoTo6JovjQhxSTEjk3w3EMRHeIQGpBOjixwijCi9YwIPYqcPbY/Hz5UwdX9ORMgRInSsuNNBcij+1hLzv1onkPaZEVHXDyRx8XSRHTAoPZiEAvuUEyxZGAPCnMZ/hXiIOMIyji6fhnCe6OT75FloVsp6tVy9Pi7ULrI4cmAX7IMi0MEpqIErUAcNgME9eATP4EV5UJ6UV+Vt2jqnZDM74JeU9y/H6Zbb</latexit>

(xc, yc)
<latexit sha1_base64="sGOyHKT2b2Qasjjj53v5h9BMOEQ=">AAAB8XicbVDLSsNAFL2pr1pfVZduBotQQUpixceu6MZlBfvANoTJdNIOnUzCzEQMoX/hxoUibv0bd/6NaRpErQcuHM65l3vvcUPOlDbNT6OwsLi0vFJcLa2tb2xulbd32iqIJKEtEvBAdl2sKGeCtjTTnHZDSbHvctpxx1dTv3NPpWKBuNVxSG0fDwXzGME6le6qDw45QrFDDp1yxayZGdA8sXJSgRxNp/zRHwQk8qnQhGOlepYZajvBUjPC6aTUjxQNMRnjIe2lVGCfKjvJLp6gg1QZIC+QaQmNMvXnRIJ9pWLfTTt9rEfqrzcV//N6kfbO7YSJMNJUkNkiL+JIB2j6PhowSYnmcUowkSy9FZERlpjoNKRSFsLFFKffL8+T9nHNqtfqNyeVxmUeRxH2YB+qYMEZNOAamtACAgIe4RleDGU8Ga/G26y1YOQzu/ALxvsXSwqQJw==</latexit>



Continuous mapping                                , such 
that no configuration in the path causes a 
collision between the robot and the obstacle.   

Path Planning Problem

⌧ : [0, 1] ! Q
<latexit sha1_base64="TzNZaI0rbKetRVBjzdKH1dW/Oco=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZTEiq9V0Y3LFuwDklAm02k7dPJg5kYpoeDGX3HjQhG3/oQ7/8YkDaLWAxcO59zLvfe4oeAKDONTK8zNLywuFZdLK6tr6xv65lZLBZGkrEkDEciOSxQT3GdN4CBYJ5SMeK5gbXd0lfrtWyYVD/wbGIfM8cjA531OCSRSV9+xgUQX2DIOTQfbkg+GQKQM7nADd/WyUTEy4Fli5qSMctS7+ofdC2jkMR+oIEpZphGCExMJnAo2KdmRYiGhIzJgVkJ94jHlxNkPE7yfKD3cD2RSPuBM/TkRE0+psecmnR6BofrrpeJ/nhVB/8yJuR9GwHw6XdSPBIYAp4HgHpeMghgnhFDJk1sxHRJJKCSxlbIQzlOcfL88S1pHFbNaqTaOy7XLPI4i2kV76ACZ6BTV0DWqoyai6B49omf0oj1oT9qr9jZtLWj5zDb6Be39C9T5loE=</latexit>



Configuration Space Obstacle

QOi : {q 2 Q|R(q)
\

WOi 6= ;}
<latexit sha1_base64="uVB4asiuYVnG7ru+O+3ABDIopKQ="></latexit>



Configuration Space Obstacle

QOi : {q 2 Q|R(q)
\

WOi 6= ;}
<latexit sha1_base64="uVB4asiuYVnG7ru+O+3ABDIopKQ="></latexit>

Qfree?
<latexit sha1_base64="0FYclA2c/Y9YQtMfET2wiJe7s1k=">AAAB8HicbVDLSsNAFJ3UV62vqks3g0VwVRIrPlYW3bhswT6kDWUyvWmHTiZhZiKU0K9w40IRt36OO//GSRpErQcuHM65l3vv8SLOlLbtT6uwtLyyulZcL21sbm3vlHf32iqMJYUWDXkoux5RwJmAlmaaQzeSQAKPQ8eb3KR+5wGkYqG409MI3ICMBPMZJdpI981B4kuA2dWgXLGrdga8SJycVFCOxqD80R+GNA5AaMqJUj3HjrSbEKkZ5TAr9WMFEaETMoKeoYIEoNwkO3iGj4wyxH4oTQmNM/XnREICpaaBZzoDosfqr5eK/3m9WPsXbsJEFGsQdL7IjznWIU6/x0MmgWo+NYRQycytmI6JJFSbjEpZCJcpzr5fXiTtk6pTq9aap5X6dR5HER2gQ3SMHHSO6ugWNVALURSgR/SMXixpPVmv1tu8tWDlM/voF6z3L9q2kJQ=</latexit>



Configuration Space Obstacle

QOi : {q 2 Q|R(q)
\

WOi 6= ;}
<latexit sha1_base64="uVB4asiuYVnG7ru+O+3ABDIopKQ="></latexit>

Qfree = Q \ ([iQOi)
<latexit sha1_base64="OpVlz5GZ1g2h4KbgI0teI7xW4HI=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiRWfCyEoht3tmAf0IYwmd60QyeTMDMRSugXuPFX3LhQxK1rd/6NaRtErQcuHM65l3vv8SLOlLasT2NhcWl5ZTW3ll/f2NzaNnd2myqMJYUGDXko2x5RwJmAhmaaQzuSQAKPQ8sbXk381h1IxUJxq0cROAHpC+YzSnQquWax7ia+BBjjC1zHXQU6YCJWGJe6NI5chus3Ljt0zYJVtqbA88TOSAFlqLnmR7cX0jgAoSknSnVsK9JOQqRmlMM4340VRIQOSR86KRUkAOUk03fGuJgqPeyHMi2h8VT9OZGQQKlR4KWdAdED9debiP95nVj7Z07CRBRrEHS2yI851iGeZIN7TALVfJQSQiVLb8V0QCShOk0wPw3hfIKT75fnSfOobFfKlfpxoXqZxZFD++gAlZCNTlEVXaMaaiCK7tEjekYvxoPxZLwab7PWBSOb2UO/YLx/Ae4vmuU=</latexit>



Continuous mapping                                , such 
that no configuration in the path causes a 
collision between the robot and the obstacle.   

Path Planning Problem

⌧ : [0, 1] ! Q
<latexit sha1_base64="TzNZaI0rbKetRVBjzdKH1dW/Oco=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBhZTEiq9V0Y3LFuwDklAm02k7dPJg5kYpoeDGX3HjQhG3/oQ7/8YkDaLWAxcO59zLvfe4oeAKDONTK8zNLywuFZdLK6tr6xv65lZLBZGkrEkDEciOSxQT3GdN4CBYJ5SMeK5gbXd0lfrtWyYVD/wbGIfM8cjA531OCSRSV9+xgUQX2DIOTQfbkg+GQKQM7nADd/WyUTEy4Fli5qSMctS7+ofdC2jkMR+oIEpZphGCExMJnAo2KdmRYiGhIzJgVkJ94jHlxNkPE7yfKD3cD2RSPuBM/TkRE0+psecmnR6BofrrpeJ/nhVB/8yJuR9GwHw6XdSPBIYAp4HgHpeMghgnhFDJk1sxHRJJKCSxlbIQzlOcfL88S1pHFbNaqTaOy7XLPI4i2kV76ACZ6BTV0DWqoyai6B49omf0oj1oT9qr9jZtLWj5zDb6Be39C9T5loE=</latexit>



Path Planning Problem

⌧ : [0, 1] ! Qfree
<latexit sha1_base64="W9y6/5uIFTCXFo0tnyBMIfwLBZg=">AAACCXicbVDJSgNBEO1xjXGLevTSGAQPEmaMuJ2CXjwmYBbIDKGnU5M06VnorlHCkKsXf8WLB0W8+gfe/BsnkyBqfFDweK+KqnpuJIVG0/w05uYXFpeWcyv51bX1jc3C1nZDh7HiUOehDFXLZRqkCKCOAiW0IgXMdyU03cHV2G/egtIiDG5wGIHjs14gPMEZplKnQG1k8QVtm4eWQ20len1kSoV3tNZJPAUw6hSKZsnMQGeJNSVFMkW1U/iwuyGPfQiQS6Z12zIjdBKmUHAJo7wda4gYH7AetFMaMB+0k2SfjOh+qnSpF6q0AqSZ+nMiYb7WQ99NO32Gff3XG4v/ee0YvTMnEUEUIwR8ssiLJcWQjmOhXaGAoxymhHEl0lsp7zPFOKbh5bMQzsc4+X55ljSOSla5VK4dFyuX0zhyZJfskQNikVNSIdekSuqEk3vySJ7Ji/FgPBmvxtukdc6YzuyQXzDevwBBM5mW</latexit>



Example: Circular Mobile Robot



Example: Circular Mobile Robot



Example: Two-Joint Planar Arm



Example: Two-Joint Planar Arm



Example: Two-Joint Planar Arm



Definition 

• Degrees of Freedom: the number of independent parameters that define 
its configuration or state. It is the dimension of the configuration space.



Degrees of Freedom

• Suppose that a robot can translate at a plane, what are its degrees of 
freedom? 



Degrees of Freedom

• Suppose that a robot can translate at a plane, what are its degrees of 
freedom? 

• If we have three planar robots? 



Degrees of Freedom

• Suppose that a robot can translate at a plane, what are its degrees of 
freedom? 

• If we have three planar robots? 

• If we have three planar robots that can translate and rotate? 



Degrees of Freedom

• What if have a two-link arm? 



Degrees of Freedom

• What if have a two-link arm?

• What if q1 = q2 ?  



Holonomic Constraint

• A constraint expressed as a function of the robot’s 
configuration. 

g(q, t) = 0
<latexit sha1_base64="CpkVBFhNMOeRB8WPPZfk1qLfyms=">AAAB8XicbVDLSsNAFJ34rPVVdelmsAgVpKRWfCyEohuXFewD21Am00k7dDKJMzdCCf0LNy4UcevfuPNvnKRB1HrgwuGce7n3HjcUXINtf1pz8wuLS8u5lfzq2vrGZmFru6mDSFHWoIEIVNslmgkuWQM4CNYOFSO+K1jLHV0lfuuBKc0DeQvjkDk+GUjucUrASHeD0v0hHOALbPcKRbtsp8CzpJKRIspQ7xU+uv2ARj6TQAXRulOxQ3BiooBTwSb5bqRZSOiIDFjHUEl8pp04vXiC943Sx16gTEnAqfpzIia+1mPfNZ0+gaH+6yXif14nAu/MibkMI2CSThd5kcAQ4OR93OeKURBjQwhV3NyK6ZAoQsGElE9DOE9w8v3yLGkelSvVcvXmuFi7zOLIoV20h0qogk5RDV2jOmogiiR6RM/oxdLWk/VqvU1b56xsZgf9gvX+BV1wj4s=</latexit>



Degrees of Freedom

• We have a system of n coordinates subject to m independent
holonomic constraints, we can achieve an n – m dimensional 
configuration space. 



Representations

• Sometimes it is beneficial to use representations with 
“extra” numbers, subject to specific constraints. 



Orientation

R =

2

4
x̃1 ỹ1 z̃1

x̃2 ỹ2 z̃2

x̃3 ỹ3 z̃3

3

5 2 SO(3)

<latexit sha1_base64="AQoL6Ll4MqgtpNNYPwoM1spBEoY="></latexit>



Orientation

• A rotation matrix uses 9 numbers to represent 3 degrees of 
freedom, so we have 6 independent constraints 



Orientation

• A rotation matrix uses 9 numbers to represent 3 degrees of 
freedom, so we have 6 independent constraints 

• ||x|| = ||y|| = ||z|| = 1
<latexit sha1_base64="Q3zWI9ch2dfR809c1B6twSnXdW0=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRWfCyEohuXFewD2lAm00k7dDIJMxMxNsWNv+LGhSJu/Qp3/o2TNIhaDwz3cM693LnHDRmVyrI+jZnZufmFxcJScXlldW3d3NhsyCASmNRxwALRcpEkjHJSV1Qx0goFQb7LSNMdXqR+84YISQN+reKQOD7qc+pRjJSWuuZ2ktwmCTyDSRLn9S6rdtcsWWUrA5wmdk5KIEeta350egGOfMIVZkjKtm2FyhkhoShmZFzsRJKECA9Rn7Q15cgn0hllJ4zhnlZ60AuEflzBTP05MUK+lLHv6k4fqYH866Xif147Ut6JM6I8jBTheLLIixhUAUzzgD0qCFYs1gRhQfVfIR4ggbDSqRWzEE5THH2fPE0aB2W7Uq5cHZaq53kcBbADdsE+sMExqIJLUAN1gME9eATP4MV4MJ6MV+Nt0jpj5DNb4BeM9y8mfpa/</latexit>



Orientation

• A rotation matrix uses 9 numbers to represent 3 degrees of 
freedom, so we have 6 independent constraints 

•

•

||x|| = ||y|| = ||z|| = 1
<latexit sha1_base64="Q3zWI9ch2dfR809c1B6twSnXdW0=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRWfCyEohuXFewD2lAm00k7dDIJMxMxNsWNv+LGhSJu/Qp3/o2TNIhaDwz3cM693LnHDRmVyrI+jZnZufmFxcJScXlldW3d3NhsyCASmNRxwALRcpEkjHJSV1Qx0goFQb7LSNMdXqR+84YISQN+reKQOD7qc+pRjJSWuuZ2ktwmCTyDSRLn9S6rdtcsWWUrA5wmdk5KIEeta350egGOfMIVZkjKtm2FyhkhoShmZFzsRJKECA9Rn7Q15cgn0hllJ4zhnlZ60AuEflzBTP05MUK+lLHv6k4fqYH866Xif147Ut6JM6I8jBTheLLIixhUAUzzgD0qCFYs1gRhQfVfIR4ggbDSqRWzEE5THH2fPE0aB2W7Uq5cHZaq53kcBbADdsE+sMExqIJLUAN1gME9eATP4MV4MJ6MV+Nt0jpj5DNb4BeM9y8mfpa/</latexit>

xT y = yT z = zTx = 0
<latexit sha1_base64="mVKMSQvh38lE6fAFqTfbiv51PfM=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRWfCyEohuXFfqCNpbJdNIOnUzCzESaluLGX3HjQhG3foU7/8ZJGkStB4ZzOPde7tzjhoxKZVmfxtz8wuLScm4lv7q2vrFpbm3XZRAJTGo4YIFoukgSRjmpKaoYaYaCIN9lpOEOrpJ6444ISQNeVXFIHB/1OPUoRkpbHXN3eFuFMbyAseaR5pHmoWarYxasopUCzgo7EwWQodIxP9rdAEc+4QozJGXLtkLljJFQFDMyybcjSUKEB6hHWlpy5BPpjNMTJvBAO13oBUI/rmDq/pwYI1/K2Hd1p49UX/6tJeZ/tVakvDNnTHkYKcLxdJEXMagCmOQBu1QQrFisBcKC6r9C3EcCYaVTy6chnCc4+T55VtSPinapWLo5LpQvszhyYA/sg0Ngg1NQBtegAmoAg3vwCJ7Bi/FgPBmvxtu0dc7IZnbALxjvXxxBlM8=</latexit>



Orientation

R =

2

4
x̃1 ỹ1 z̃1

x̃2 ỹ2 z̃2

x̃3 ỹ3 z̃3

3

5 2 SO(3)

<latexit sha1_base64="AQoL6Ll4MqgtpNNYPwoM1spBEoY="></latexit>



Orientation

R =

2

4
x̃1 ỹ1 z̃1

x̃2 ỹ2 z̃2

x̃3 ỹ3 z̃3

3

5 2 SO(3)

<latexit sha1_base64="AQoL6Ll4MqgtpNNYPwoM1spBEoY="></latexit>



Planar Case

R =


x̃1 ỹ1

x̃2 ỹ2

�
=


cos(✓) �sin(✓)
sin(✓) cos(✓)

�
2 SO(2)

<latexit sha1_base64="Ch1ek8O/sS0mHY0g9G3Y9iYpLdQ="></latexit>



Position and Orientation



Position and Orientation

T =


R p

0 1

�
2 SE(3), R 2 SO(3), p 2 R3

<latexit sha1_base64="krRPPp8OK3u72UlRWYdq1f2y0H4="></latexit>



Uses of Matrix Representations

• The matrix groups SO(n) and SE(n) can be used to:
• Represent rigid body configurations

• change the reference frame for representing a configuration or a 
point

• displace (move) a configuration or a point



Uses of Matrix Representations

• When the matrix is used for representing a configuration, 
we often call it a frame. 

• When it is used for displacement or coordinate change, we 
often call it a transform. 



Changing Frame of Reference



Changing Frame of Reference



Changing Frame of Reference

RBC?
<latexit sha1_base64="EtYeoEMdKr3sxln5Usddl6bffF4=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQqPlaWduOyin1AG8pkOmmHTiZhZiKU0I9w40IRt36PO//GSRpErQcuHM65l3vv8SLOlLbtT6uwtLyyulZcL21sbm3vlHf32iqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxJo3U7zxQqVgo7vU0om6AR4L5jGBtpM7dIKk3ZteDcsWu2hnQInFyUoEczUH5oz8MSRxQoQnHSvUcO9JugqVmhNNZqR8rGmEywSPaM1TggCo3yc6doSOjDJEfSlNCo0z9OZHgQKlp4JnOAOux+uul4n9eL9b+pZswEcWaCjJf5Mcc6RClv6Mhk5RoPjUEE8nMrYiMscREm4RKWQhXKc6/X14k7ZOqc1o9vT2r1Op5HEU4gEM4BgcuoAY30IQWEJjAIzzDixVZT9ar9TZvLVj5zD78gvX+BduDj2Q=</latexit>



Changing Frame of Reference



Changing Frame of Reference



Changing Frame of Reference

wB = [�3, 1, 0, 1]T
<latexit sha1_base64="cz+PBianQOMoraBY4nVvdPl6wlU=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopbEio+FUOrGZYW+II1hMp20QycPZiZKCQV/xY0LRdz6He78GydpELUeuJfDOfcyd44bMSqkYXxqc/MLi0vLhZXi6tr6xqa+td0WYcwxaeGQhbzrIkEYDUhLUslIN+IE+S4jHXd0lfqdO8IFDYOmHEfE9tEgoB7FSCrJ0XfvnTq8hNZRtQzNMjRUt2+bjl4yKkYGOEvMnJRAjoajf/T6IY59EkjMkBCWaUTSThCXFDMyKfZiQSKER2hALEUD5BNhJ9n5E3iglD70Qq4qkDBTf24kyBdi7Ltq0kdyKP56qfifZ8XSO7cTGkSxJAGePuTFDMoQplnAPuUESzZWBGFO1a0QDxFHWKrEilkIFylOv788S9rHFbNaqd6clGr1PI4C2AP74BCY4AzUwDVogBbAIAGP4Bm8aA/ak/aqvU1H57R8Zwf8gvb+BSoNkok=</latexit>

wA =?
<latexit sha1_base64="xGS8Cob9dLTyxRQfc+NYsb+3XWQ=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQqPhZi1Y3LCvYBbSiT6aQdOpmEmYlSQj/CjQtF3Po97vwbJ2kQtR64cDjnXu69x4s4U9q2P63C3PzC4lJxubSyura+Ud7caqowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG12nfuueSsVCcafHEXUDPBDMZwRrI7UeepfoHF30yhW7amdAs8TJSQVy1Hvlj24/JHFAhSYcK9Vx7Ei7CZaaEU4npW6saITJCA9ox1CBA6rcJDt3gvaM0kd+KE0JjTL150SCA6XGgWc6A6yH6q+Xiv95nVj7p27CRBRrKsh0kR9zpEOU/o76TFKi+dgQTCQztyIyxBITbRIqZSGcpTj+fnmWNA+qzmH18PaoUrvK4yjCDuzCPjhwAjW4gTo0gMAIHuEZXqzIerJerbdpa8HKZ7bhF6z3L/Ezjso=</latexit>



Changing Frame of Reference

wB = [�3, 1, 0, 1]T
<latexit sha1_base64="cz+PBianQOMoraBY4nVvdPl6wlU=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopbEio+FUOrGZYW+II1hMp20QycPZiZKCQV/xY0LRdz6He78GydpELUeuJfDOfcyd44bMSqkYXxqc/MLi0vLhZXi6tr6xqa+td0WYcwxaeGQhbzrIkEYDUhLUslIN+IE+S4jHXd0lfqdO8IFDYOmHEfE9tEgoB7FSCrJ0XfvnTq8hNZRtQzNMjRUt2+bjl4yKkYGOEvMnJRAjoajf/T6IY59EkjMkBCWaUTSThCXFDMyKfZiQSKER2hALEUD5BNhJ9n5E3iglD70Qq4qkDBTf24kyBdi7Ltq0kdyKP56qfifZ8XSO7cTGkSxJAGePuTFDMoQplnAPuUESzZWBGFO1a0QDxFHWKrEilkIFylOv788S9rHFbNaqd6clGr1PI4C2AP74BCY4AzUwDVogBbAIAGP4Bm8aA/ak/aqvU1H57R8Zwf8gvb+BSoNkok=</latexit>

wA = [1,�1, 0, 1]T
<latexit sha1_base64="MtA41FzZCptw6JTtnlCkFitrwKI=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF7UkVnwshKoblxX6gjSGyXTSDp08mJkoJRT8FTcuFHHrd7jzb5ykQXwduHA4517uvceNGBXSMD60wszs3PxCcbG0tLyyuqavb7RFGHNMWjhkIe+6SBBGA9KSVDLSjThBvstIxx1dpn7nlnBBw6ApxxGxfTQIqEcxkkpy9K075xyeQcuswH1VRgWa9k3T0ctG1cgA/xIzJ2WQo+Ho771+iGOfBBIzJIRlGpG0E8QlxYxMSr1YkAjhERoQS9EA+UTYSXb+BO4qpQ+9kKsKJMzU7xMJ8oUY+67q9JEcit9eKv7nWbH0TuyEBlEsSYCni7yYQRnCNAvYp5xgycaKIMypuhXiIeIIS5VYKQvhNMXR18t/SfugataqtevDcv0ij6MItsEO2AMmOAZ1cAUaoAUwSMADeALP2r32qL1or9PWgpbPbIIf0N4+ASVNkoY=</latexit>



Changing Frame of Reference

wB = [�3, 1, 0, 1]T
<latexit sha1_base64="cz+PBianQOMoraBY4nVvdPl6wlU=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgopbEio+FUOrGZYW+II1hMp20QycPZiZKCQV/xY0LRdz6He78GydpELUeuJfDOfcyd44bMSqkYXxqc/MLi0vLhZXi6tr6xqa+td0WYcwxaeGQhbzrIkEYDUhLUslIN+IE+S4jHXd0lfqdO8IFDYOmHEfE9tEgoB7FSCrJ0XfvnTq8hNZRtQzNMjRUt2+bjl4yKkYGOEvMnJRAjoajf/T6IY59EkjMkBCWaUTSThCXFDMyKfZiQSKER2hALEUD5BNhJ9n5E3iglD70Qq4qkDBTf24kyBdi7Ltq0kdyKP56qfifZ8XSO7cTGkSxJAGePuTFDMoQplnAPuUESzZWBGFO1a0QDxFHWKrEilkIFylOv788S9rHFbNaqd6clGr1PI4C2AP74BCY4AzUwDVogBbAIAGP4Bm8aA/ak/aqvU1H57R8Zwf8gvb+BSoNkok=</latexit>

wA = TABwB

=

2

664

�1 0 0 �2
0 �1 0 0
0 0 1 0
0 0 0 1

3

775 [�3, 1, 0, 1]T

= [1,�1, 0, 1]T
<latexit sha1_base64="pp93ugQt0f3BkmI2+pCMXwo+cKw="></latexit>



Displacing a Point



Displacing a Point



Body-Frame Transformation



Body-Frame Transformation



Body-Frame Transformation

TAB0 = TABT1

=

2

664

1 0 0 �2
0 1 0 �1
0 0 1 0
0 0 0 1

3

775

<latexit sha1_base64="TTUT11AKiP05IskljqxhGaYcqbM="></latexit>



Example: Change Frame of Reference

T1

T2

T3

E

T 0
E = T1T2T3



Example Configuration Spaces

• Mobile robot translating on a plane:

• Mobile robot translating and rotating on a plane: 

• A spacecraft:

• An n-joint revolute arm:

• A mobile robot with a two-joint arm   



Example Configuration Spaces

• Mobile robot translating on a plane:

• Mobile robot translating and rotating on a plane: 

• A spacecraft:

• An n-joint revolute arm:

• A mobile robot with a two-joint arm   

R2
<latexit sha1_base64="BLiS2fR+/Ph7KI6GVAEyxqmX6sA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqqSt+NgV3bisYh/QxDKZTtqhk0mYmQgl9DfcuFDErT/jzr9xkgZR64GBwzn3cs8cL+JMadv+tApLyyura8X10sbm1vZOeXevo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vcpX63QcqFQvFnZ5G1A3wSDCfEayN5DgB1mPPS25n9/VBuWJX7QxokdRyUoEcrUH5wxmGJA6o0IRjpfo1O9JugqVmhNNZyYkVjTCZ4BHtGypwQJWbZJln6MgoQ+SH0jyhUab+3EhwoNQ08MxkmlH99VLxP68fa//cTZiIYk0FmR/yY450iNIC0JBJSjSfGoKJZCYrImMsMdGmplJWwkWK0+8vL5JOvVprVBs3J5XmZV5HEQ7gEI6hBmfQhGtoQRsIRPAIz/BixdaT9Wq9zUcLVr6zD79gvX8BAvmRzQ==</latexit>



Example Configuration Spaces

• Mobile robot translating on a plane:

• Mobile robot translating and rotating on a plane: 

• A spacecraft:

• An n-joint revolute arm:

• A mobile robot with a two-joint arm   

R2
<latexit sha1_base64="BLiS2fR+/Ph7KI6GVAEyxqmX6sA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqqSt+NgV3bisYh/QxDKZTtqhk0mYmQgl9DfcuFDErT/jzr9xkgZR64GBwzn3cs8cL+JMadv+tApLyyura8X10sbm1vZOeXevo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vcpX63QcqFQvFnZ5G1A3wSDCfEayN5DgB1mPPS25n9/VBuWJX7QxokdRyUoEcrUH5wxmGJA6o0IRjpfo1O9JugqVmhNNZyYkVjTCZ4BHtGypwQJWbZJln6MgoQ+SH0jyhUab+3EhwoNQ08MxkmlH99VLxP68fa//cTZiIYk0FmR/yY450iNIC0JBJSjSfGoKJZCYrImMsMdGmplJWwkWK0+8vL5JOvVprVBs3J5XmZV5HEQ7gEI6hBmfQhGtoQRsIRPAIz/BixdaT9Wq9zUcLVr6zD79gvX8BAvmRzQ==</latexit>

SE(2) or R2 ⇥ S1
<latexit sha1_base64="4ZX9PsvnRyas2XqyoJkeSSx7Rg0=">AAACEnicbVDLSsNAFJ34tr6iLt0MFkE3JWnFx04UwWW11haaWibTqR2cTMLMjVhC/QU3/oobF4q4deXOv3ESg/g6cOFwzr3ce48fCa7Bcd6tkdGx8YnJqenCzOzc/IK9uHSmw1hRVqehCFXTJ5oJLlkdOAjWjBQjgS9Yw788SP3GFVOah/IUBhFrB+RC8h6nBIzUsTdqh+vlDQ/YNagguQnVzdALCPR9PzkZnpexBzxgGtfO3Y5ddEpOBvyXuDkpohzVjv3mdUMaB0wCFUTrlutE0E6IAk4FGxa8WLOI0EtywVqGSmIWtZPspSFeM0oX90JlSgLO1O8TCQm0HgS+6UzP1b+9VPzPa8XQ22knXEYxMEk/F/VigSHEaT64yxWjIAaGEKq4uRXTPlGEgkmxkIWwm2Lr6+W/5KxcciulyvFmcW8/j2MKraBVtI5ctI320BGqojqi6Bbdo0f0ZN1ZD9az9fLZOmLlM8voB6zXD8znnbA=</latexit>



Example Configuration Spaces

• Mobile robot translating on a plane:

• Mobile robot translating and rotating on a plane: 

• A spacecraft:

• An n-joint revolute arm:

• A mobile robot with a two-joint arm   

R2
<latexit sha1_base64="BLiS2fR+/Ph7KI6GVAEyxqmX6sA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqqSt+NgV3bisYh/QxDKZTtqhk0mYmQgl9DfcuFDErT/jzr9xkgZR64GBwzn3cs8cL+JMadv+tApLyyura8X10sbm1vZOeXevo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vcpX63QcqFQvFnZ5G1A3wSDCfEayN5DgB1mPPS25n9/VBuWJX7QxokdRyUoEcrUH5wxmGJA6o0IRjpfo1O9JugqVmhNNZyYkVjTCZ4BHtGypwQJWbZJln6MgoQ+SH0jyhUab+3EhwoNQ08MxkmlH99VLxP68fa//cTZiIYk0FmR/yY450iNIC0JBJSjSfGoKJZCYrImMsMdGmplJWwkWK0+8vL5JOvVprVBs3J5XmZV5HEQ7gEI6hBmfQhGtoQRsIRPAIz/BixdaT9Wq9zUcLVr6zD79gvX8BAvmRzQ==</latexit>

SE(2) or R2 ⇥ S1
<latexit sha1_base64="4ZX9PsvnRyas2XqyoJkeSSx7Rg0=">AAACEnicbVDLSsNAFJ34tr6iLt0MFkE3JWnFx04UwWW11haaWibTqR2cTMLMjVhC/QU3/oobF4q4deXOv3ESg/g6cOFwzr3ce48fCa7Bcd6tkdGx8YnJqenCzOzc/IK9uHSmw1hRVqehCFXTJ5oJLlkdOAjWjBQjgS9Yw788SP3GFVOah/IUBhFrB+RC8h6nBIzUsTdqh+vlDQ/YNagguQnVzdALCPR9PzkZnpexBzxgGtfO3Y5ddEpOBvyXuDkpohzVjv3mdUMaB0wCFUTrlutE0E6IAk4FGxa8WLOI0EtywVqGSmIWtZPspSFeM0oX90JlSgLO1O8TCQm0HgS+6UzP1b+9VPzPa8XQ22knXEYxMEk/F/VigSHEaT64yxWjIAaGEKq4uRXTPlGEgkmxkIWwm2Lr6+W/5KxcciulyvFmcW8/j2MKraBVtI5ctI320BGqojqi6Bbdo0f0ZN1ZD9az9fLZOmLlM8voB6zXD8znnbA=</latexit>

SE(3) or R3 ⇥ SO(3)
<latexit sha1_base64="L0gNYSp5mOwwuiL4zTwKsXqBT9c=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiBEhDAx4nILiuDNaMwCmRh6Oj1Jk56F7hoxDMk/ePFXvHhQxKsHb/6NPUkQtwcFj/eqqKpnB4IrMM0PIzE1PTM7l5xPLSwuLa+kV9eqyg8lZRXqC1/WbaKY4B6rAAfB6oFkxLUFq9m9k9iv3TCpuO9dQT9gTZd0PO5wSkBLrfRO+TRb2LaA3YJ0o6EvhwPLJdC17ehycF3AFnCXKVw+112tdMbMmSPgvyQ/IRk0QamVfrfaPg1d5gEVRKlG3gygGREJnAo2SFmhYgGhPdJhDU09olc1o9FTA7yllTZ2fKnLAzxSv09ExFWq79q6Mz5Y/fZi8T+vEYJz2Iy4F4TAPDpe5IQCg4/jhHCbS0ZB9DUhVHJ9K6ZdIgkFnWNqFMJRjP2vl/+S6m4uX8gVLvYyxeNJHEm0gTZRFuXRASqiM1RCFUTRHXpAT+jZuDcejRfjddyaMCYz6+gHjLdPoEaeCg==</latexit>



Example Configuration Spaces

• Mobile robot translating on a plane:

• Mobile robot translating and rotating on a plane: 

• A spacecraft:

• An n-joint revolute arm:

• A mobile robot with a two-joint arm   

R2
<latexit sha1_base64="BLiS2fR+/Ph7KI6GVAEyxqmX6sA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqqSt+NgV3bisYh/QxDKZTtqhk0mYmQgl9DfcuFDErT/jzr9xkgZR64GBwzn3cs8cL+JMadv+tApLyyura8X10sbm1vZOeXevo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vcpX63QcqFQvFnZ5G1A3wSDCfEayN5DgB1mPPS25n9/VBuWJX7QxokdRyUoEcrUH5wxmGJA6o0IRjpfo1O9JugqVmhNNZyYkVjTCZ4BHtGypwQJWbZJln6MgoQ+SH0jyhUab+3EhwoNQ08MxkmlH99VLxP68fa//cTZiIYk0FmR/yY450iNIC0JBJSjSfGoKJZCYrImMsMdGmplJWwkWK0+8vL5JOvVprVBs3J5XmZV5HEQ7gEI6hBmfQhGtoQRsIRPAIz/BixdaT9Wq9zUcLVr6zD79gvX8BAvmRzQ==</latexit>

SE(2) or R2 ⇥ S1
<latexit sha1_base64="4ZX9PsvnRyas2XqyoJkeSSx7Rg0=">AAACEnicbVDLSsNAFJ34tr6iLt0MFkE3JWnFx04UwWW11haaWibTqR2cTMLMjVhC/QU3/oobF4q4deXOv3ESg/g6cOFwzr3ce48fCa7Bcd6tkdGx8YnJqenCzOzc/IK9uHSmw1hRVqehCFXTJ5oJLlkdOAjWjBQjgS9Yw788SP3GFVOah/IUBhFrB+RC8h6nBIzUsTdqh+vlDQ/YNagguQnVzdALCPR9PzkZnpexBzxgGtfO3Y5ddEpOBvyXuDkpohzVjv3mdUMaB0wCFUTrlutE0E6IAk4FGxa8WLOI0EtywVqGSmIWtZPspSFeM0oX90JlSgLO1O8TCQm0HgS+6UzP1b+9VPzPa8XQ22knXEYxMEk/F/VigSHEaT64yxWjIAaGEKq4uRXTPlGEgkmxkIWwm2Lr6+W/5KxcciulyvFmcW8/j2MKraBVtI5ctI320BGqojqi6Bbdo0f0ZN1ZD9az9fLZOmLlM8voB6zXD8znnbA=</latexit>

SE(3) or R3 ⇥ SO(3)
<latexit sha1_base64="L0gNYSp5mOwwuiL4zTwKsXqBT9c=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiBEhDAx4nILiuDNaMwCmRh6Oj1Jk56F7hoxDMk/ePFXvHhQxKsHb/6NPUkQtwcFj/eqqKpnB4IrMM0PIzE1PTM7l5xPLSwuLa+kV9eqyg8lZRXqC1/WbaKY4B6rAAfB6oFkxLUFq9m9k9iv3TCpuO9dQT9gTZd0PO5wSkBLrfRO+TRb2LaA3YJ0o6EvhwPLJdC17ehycF3AFnCXKVw+112tdMbMmSPgvyQ/IRk0QamVfrfaPg1d5gEVRKlG3gygGREJnAo2SFmhYgGhPdJhDU09olc1o9FTA7yllTZ2fKnLAzxSv09ExFWq79q6Mz5Y/fZi8T+vEYJz2Iy4F4TAPDpe5IQCg4/jhHCbS0ZB9DUhVHJ9K6ZdIgkFnWNqFMJRjP2vl/+S6m4uX8gVLvYyxeNJHEm0gTZRFuXRASqiM1RCFUTRHXpAT+jZuDcejRfjddyaMCYz6+gHjLdPoEaeCg==</latexit>

Tn
<latexit sha1_base64="c35zTNcMqLaPl4JkcaZQ2FVLG68=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxW7AvaWCbTSTt0MgkzE6GEfoIbF4q49Yvc+TdO0iBqPXDhcM693HuPF3GmtG1/WoWl5ZXVteJ6aWNza3unvLvXVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443uU79zgOVioWiqacRdQM8EsxnBGsj3TXvxaBcsat2BrRInJxUIEdjUP7oD0MSB1RowrFSPceOtJtgqRnhdFbqx4pGmEzwiPYMFTigyk2yU2foyChD5IfSlNAoU39OJDhQahp4pjPAeqz+eqn4n9eLtX/hJkxEsaaCzBf5MUc6ROnfaMgkJZpPDcFEMnMrImMsMdEmnVIWwmWKs++XF0n7pOrUqrXb00r9Ko+jCAdwCMfgwDnU4QYa0AICI3iEZ3ixuPVkvVpv89aClc/swy9Y719Ij43v</latexit>



Example Configuration Spaces

• Mobile robot translating on a plane:

• Mobile robot translating and rotating on a plane: 

• A spacecraft:

• An n-joint revolute arm:

• A mobile robot with a two-joint arm   

R2
<latexit sha1_base64="BLiS2fR+/Ph7KI6GVAEyxqmX6sA=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqqSt+NgV3bisYh/QxDKZTtqhk0mYmQgl9DfcuFDErT/jzr9xkgZR64GBwzn3cs8cL+JMadv+tApLyyura8X10sbm1vZOeXevo8JYEtomIQ9lz8OKciZoWzPNaS+SFAcep11vcpX63QcqFQvFnZ5G1A3wSDCfEayN5DgB1mPPS25n9/VBuWJX7QxokdRyUoEcrUH5wxmGJA6o0IRjpfo1O9JugqVmhNNZyYkVjTCZ4BHtGypwQJWbZJln6MgoQ+SH0jyhUab+3EhwoNQ08MxkmlH99VLxP68fa//cTZiIYk0FmR/yY450iNIC0JBJSjSfGoKJZCYrImMsMdGmplJWwkWK0+8vL5JOvVprVBs3J5XmZV5HEQ7gEI6hBmfQhGtoQRsIRPAIz/BixdaT9Wq9zUcLVr6zD79gvX8BAvmRzQ==</latexit>

SE(2) or R2 ⇥ S1
<latexit sha1_base64="4ZX9PsvnRyas2XqyoJkeSSx7Rg0=">AAACEnicbVDLSsNAFJ34tr6iLt0MFkE3JWnFx04UwWW11haaWibTqR2cTMLMjVhC/QU3/oobF4q4deXOv3ESg/g6cOFwzr3ce48fCa7Bcd6tkdGx8YnJqenCzOzc/IK9uHSmw1hRVqehCFXTJ5oJLlkdOAjWjBQjgS9Yw788SP3GFVOah/IUBhFrB+RC8h6nBIzUsTdqh+vlDQ/YNagguQnVzdALCPR9PzkZnpexBzxgGtfO3Y5ddEpOBvyXuDkpohzVjv3mdUMaB0wCFUTrlutE0E6IAk4FGxa8WLOI0EtywVqGSmIWtZPspSFeM0oX90JlSgLO1O8TCQm0HgS+6UzP1b+9VPzPa8XQ22knXEYxMEk/F/VigSHEaT64yxWjIAaGEKq4uRXTPlGEgkmxkIWwm2Lr6+W/5KxcciulyvFmcW8/j2MKraBVtI5ctI320BGqojqi6Bbdo0f0ZN1ZD9az9fLZOmLlM8voB6zXD8znnbA=</latexit>

SE(3) or R3 ⇥ SO(3)
<latexit sha1_base64="L0gNYSp5mOwwuiL4zTwKsXqBT9c=">AAACFHicbVDJSgNBEO2JW4xb1KOXxiBEhDAx4nILiuDNaMwCmRh6Oj1Jk56F7hoxDMk/ePFXvHhQxKsHb/6NPUkQtwcFj/eqqKpnB4IrMM0PIzE1PTM7l5xPLSwuLa+kV9eqyg8lZRXqC1/WbaKY4B6rAAfB6oFkxLUFq9m9k9iv3TCpuO9dQT9gTZd0PO5wSkBLrfRO+TRb2LaA3YJ0o6EvhwPLJdC17ehycF3AFnCXKVw+112tdMbMmSPgvyQ/IRk0QamVfrfaPg1d5gEVRKlG3gygGREJnAo2SFmhYgGhPdJhDU09olc1o9FTA7yllTZ2fKnLAzxSv09ExFWq79q6Mz5Y/fZi8T+vEYJz2Iy4F4TAPDpe5IQCg4/jhHCbS0ZB9DUhVHJ9K6ZdIgkFnWNqFMJRjP2vl/+S6m4uX8gVLvYyxeNJHEm0gTZRFuXRASqiM1RCFUTRHXpAT+jZuDcejRfjddyaMCYz6+gHjLdPoEaeCg==</latexit>

Tn
<latexit sha1_base64="c35zTNcMqLaPl4JkcaZQ2FVLG68=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxW7AvaWCbTSTt0MgkzE6GEfoIbF4q49Yvc+TdO0iBqPXDhcM693HuPF3GmtG1/WoWl5ZXVteJ6aWNza3unvLvXVmEsCW2RkIey62FFORO0pZnmtBtJigOP0443uU79zgOVioWiqacRdQM8EsxnBGsj3TXvxaBcsat2BrRInJxUIEdjUP7oD0MSB1RowrFSPceOtJtgqRnhdFbqx4pGmEzwiPYMFTigyk2yU2foyChD5IfSlNAoU39OJDhQahp4pjPAeqz+eqn4n9eLtX/hJkxEsaaCzBf5MUc6ROnfaMgkJZpPDcFEMnMrImMsMdEmnVIWwmWKs++XF0n7pOrUqrXb00r9Ko+jCAdwCMfgwDnU4QYa0AICI3iEZ3ixuPVkvVpv89aClc/swy9Y719Ij43v</latexit>

SE(2)⇥ T 2
<latexit sha1_base64="VWfYa2KdKbA208veSLF/Nc7oaKI=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQNyVpxceuKILLin0IbSyT6aQdOpmEmYlSYj/FjQtF3Pol7vwbJ2kQtR64cDjnXu69xw0ZlcqyPo3cwuLS8kp+tbC2vrG5ZRa32zKIBCYtHLBA3LhIEkY5aSmqGLkJBUG+y0jHHZ8nfueOCEkD3lSTkDg+GnLqUYyUlvpm8fqiXD2APUV9ImHztgr7ZsmqWCngPLEzUgIZGn3zozcIcOQTrjBDUnZtK1ROjISimJFpoRdJEiI8RkPS1ZQjvcmJ09OncF8rA+gFQhdXMFV/TsTIl3Liu7rTR2ok/3qJ+J/XjZR34sSUh5EiHM8WeRGDKoBJDnBABcGKTTRBWFB9K8QjJBBWOq1CGsJpgqPvl+dJu1qxa5Xa1WGpfpbFkQe7YA+UgQ2OQR1cggZoAQzuwSN4Bi/Gg/FkvBpvs9ackc3sgF8w3r8AlgWSaQ==</latexit>


