
Forward and Inverse Kinematics
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Instructor: Stefanos Nikolaidis

Resources : 16-811: Math Fundamentals for Robotics by Michael 
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Forward Kinematics

� : Q ! R2
<latexit sha1_base64="YiD2lqTWtRKjfc1V0Pa5xBtSacE=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuStKKr1XRjctW7AOaWCbTSTt0MhNmJkoJ3brxV9y4UMStf+DOvzFJg6j1wIXDOfdy7z1eyKjSlvVpzM0vLC4tF1aKq2vrG5vm1nZLiUhi0sSCCdnxkCKMctLUVDPSCSVBgcdI2xtdpH77lkhFBb/W45C4ARpw6lOMdCL1TOiEQ3oGG9CRdDDUSEpxB50A6aHnxVeTm0rPLFllKwOcJXZOSiBHvWd+OH2Bo4BwjRlSqmtboXZjJDXFjEyKTqRIiPAIDUg3oRwFRLlx9skE7idKH/pCJsU1zNSfEzEKlBoHXtKZ3qj+eqn4n9eNtH/ixpSHkSYcTxf5EYNawDQW2KeSYM3GCUFY0uRWiIdIIqyT8IpZCKcpjr5fniWtStmulquNw1LtPI+jAHbBHjgANjgGNXAJ6qAJMLgHj+AZvBgPxpPxarxNW+eMfGYH/ILx/gXbC5nz</latexit>
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Forward Kinematics

� : Q ! R2
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Forward Kinematics

� : Q ! R2
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x1 = l1cos(q1)
<latexit sha1_base64="OZCbQz9FiRv/fcnDwlbDaZpBsYM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWx4mMhFN24rGAf0IYwmU7aoZNJnJlIS+ivuHGhiFt/xJ1/4yQNotYD93I4517mzvEiRqWyrE+jsLS8srpWXC9tbG5t75i75bYMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPF16nceiJA05HdqGhEnQENOfYqR0pJrlieuDS8h0x2Hsnrv2keuWbFqVga4SOycVECOpmt+9AchjgPCFWZIyp5tRcpJkFAUMzIr9WNJIoTHaEh6mnIUEOkk2e0zeKiVAfRDoYsrmKk/NxIUSDkNPD0ZIDWSf71U/M/rxco/dxLKo1gRjucP+TGDKoRpEHBABcGKTTVBWFB9K8QjJBBWOq5SFsJFitPvLy+S9nHNrtfqtyeVxlUeRxHsgwNQBTY4Aw1wA5qgBTCYgEfwDF6MmfFkvBpv89GCke/sgV8w3r8AS4+Szg==</latexit>

y1 = l1sin(q1)
<latexit sha1_base64="Q5C5qHe3u9fCdxpUex35d/mH630=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRWfCyEohuXFewD2hAm00k7dDKJMxMxhP6KGxeKuPVH3Pk3TtIgaj1wL4dz7mXuHC9iVCrL+jQWFpeWV1ZLa+X1jc2tbXOn0pFhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nK/O49EZKG/FYlEXECNOLUpxgpLblmJXFteAGZ7pLy2p1rH7pm1apbOeA8sQtSBQVarvkxGIY4DghXmCEp+7YVKSdFQlHMyLQ8iCWJEJ6gEelrylFApJPmt0/hgVaG0A+FLq5grv7cSFEgZRJ4ejJAaiz/epn4n9ePlX/mpJRHsSIczx7yYwZVCLMg4JAKghVLNEFYUH0rxGMkEFY6rnIewnmGk+8vz5POUd1u1Bs3x9XmZRFHCeyBfVADNjgFTXANWqANMHgAj+AZvBhT48l4Nd5mowtGsbMLfsF4/wJU65LU</latexit>



Forward Kinematics

� : Q ! R2
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x1 = l1cos(q1)
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y1 = l1sin(q1)
<latexit sha1_base64="Q5C5qHe3u9fCdxpUex35d/mH630=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRWfCyEohuXFewD2hAm00k7dDKJMxMxhP6KGxeKuPVH3Pk3TtIgaj1wL4dz7mXuHC9iVCrL+jQWFpeWV1ZLa+X1jc2tbXOn0pFhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nK/O49EZKG/FYlEXECNOLUpxgpLblmJXFteAGZ7pLy2p1rH7pm1apbOeA8sQtSBQVarvkxGIY4DghXmCEp+7YVKSdFQlHMyLQ8iCWJEJ6gEelrylFApJPmt0/hgVaG0A+FLq5grv7cSFEgZRJ4ejJAaiz/epn4n9ePlX/mpJRHsSIczx7yYwZVCLMg4JAKghVLNEFYUH0rxGMkEFY6rnIewnmGk+8vz5POUd1u1Bs3x9XmZRFHCeyBfVADNjgFTXANWqANMHgAj+AZvBhT48l4Nd5mowtGsbMLfsF4/wJU65LU</latexit>

x2 = l2cos(q1 + q2)
<latexit sha1_base64="fmU/swIV47walnwi1GcV6tchO3I=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJozMTscQu/BU3LhRx62+482+cpEHUeuBeDufcy9w5TsiokIbxqeXm5hcWl/LLhZXVtfUNfXOrKYKIY9LAAQt420GCMOqThqSSkXbICfIcRlrO8DLxW7eECxr4N3IcEstDfZ+6FCOpJFvfubMr8Bwy1XEgSiPbPBzZlQNbLxplIwWcJWZGiiBD3dY/ur0ARx7xJWZIiI5phNKKEZcUMzIpdCNBQoSHqE86ivrII8KK0/sncF8pPegGXJUvYar+3IiRJ8TYc9Skh+RA/PUS8T+vE0n31IqpH0aS+Hj6kBsxKAOYhAF7lBMs2VgRhDlVt0I8QBxhqSIrpCGcJTj+/vIsaVbKZrVcvT4q1i6yOPJgF+yBEjDBCaiBK1AHDYDBPXgEz+BFe9CetFftbTqa07KdbfAL2vsXwtSUJQ==</latexit>

y1 = l2sin(q1 + q2)
<latexit sha1_base64="t7pg4AJRKuIpiygAxVhUsPRaNB4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJJJ2ZCCF24a+4caGIW3/DnX9jkgbxdeDC4Zx7ufceJ2BUKsP40Apz8wuLS8Xl0srq2vqGvrnVln4oMGlhn/mi6yBJGOWkpahipBsIgjyHkY4zvkz9zi0Rkvr8RkUBsTw05NSlGKlEsvWdyDbhOWR2DUrKKxPbPJzYtQNbLxtVIwP8S8yclEGOpq2/9wc+Dj3CFWZIyp5pBMqKkVAUMzIt9UNJAoTHaEh6CeXII9KKs/uncD9RBtD1RVJcwUz9PhEjT8rIc5JOD6mR/O2l4n9eL1TuqRVTHoSKcDxb5IYMKh+mYcABFQQrFiUEYUGTWyEeIYGwSiIrZSGcpTj+evkvadeqZr1avz4qNy7yOIpgF+yBCjDBCWiAK9AELYDBHXgAT+BZu9cetRftddZa0PKZbfAD2tsnyrGUKg==</latexit>



Forward Kinematics

� : Q ! R2
<latexit sha1_base64="YiD2lqTWtRKjfc1V0Pa5xBtSacE=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiuStKKr1XRjctW7AOaWCbTSTt0MhNmJkoJ3brxV9y4UMStf+DOvzFJg6j1wIXDOfdy7z1eyKjSlvVpzM0vLC4tF1aKq2vrG5vm1nZLiUhi0sSCCdnxkCKMctLUVDPSCSVBgcdI2xtdpH77lkhFBb/W45C4ARpw6lOMdCL1TOiEQ3oGG9CRdDDUSEpxB50A6aHnxVeTm0rPLFllKwOcJXZOSiBHvWd+OH2Bo4BwjRlSqmtboXZjJDXFjEyKTqRIiPAIDUg3oRwFRLlx9skE7idKH/pCJsU1zNSfEzEKlBoHXtKZ3qj+eqn4n9eNtH/ixpSHkSYcTxf5EYNawDQW2KeSYM3GCUFY0uRWiIdIIqyT8IpZCKcpjr5fniWtStmulquNw1LtPI+jAHbBHjgANjgGNXAJ6qAJMLgHj+AZvBgPxpPxarxNW+eMfGYH/ILx/gXbC5nz</latexit>
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�

<latexit sha1_base64="FHXthCGJzZ7Qhp/YSaEJe3FWLzk="></latexit>
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x1 = l1cos(q1)
<latexit sha1_base64="OZCbQz9FiRv/fcnDwlbDaZpBsYM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWx4mMhFN24rGAf0IYwmU7aoZNJnJlIS+ivuHGhiFt/xJ1/4yQNotYD93I4517mzvEiRqWyrE+jsLS8srpWXC9tbG5t75i75bYMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPF16nceiJA05HdqGhEnQENOfYqR0pJrlieuDS8h0x2Hsnrv2keuWbFqVga4SOycVECOpmt+9AchjgPCFWZIyp5tRcpJkFAUMzIr9WNJIoTHaEh6mnIUEOkk2e0zeKiVAfRDoYsrmKk/NxIUSDkNPD0ZIDWSf71U/M/rxco/dxLKo1gRjucP+TGDKoRpEHBABcGKTTVBWFB9K8QjJBBWOq5SFsJFitPvLy+S9nHNrtfqtyeVxlUeRxHsgwNQBTY4Aw1wA5qgBTCYgEfwDF6MmfFkvBpv89GCke/sgV8w3r8AS4+Szg==</latexit>

y1 = l1sin(q1)
<latexit sha1_base64="Q5C5qHe3u9fCdxpUex35d/mH630=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRWfCyEohuXFewD2hAm00k7dDKJMxMxhP6KGxeKuPVH3Pk3TtIgaj1wL4dz7mXuHC9iVCrL+jQWFpeWV1ZLa+X1jc2tbXOn0pFhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nK/O49EZKG/FYlEXECNOLUpxgpLblmJXFteAGZ7pLy2p1rH7pm1apbOeA8sQtSBQVarvkxGIY4DghXmCEp+7YVKSdFQlHMyLQ8iCWJEJ6gEelrylFApJPmt0/hgVaG0A+FLq5grv7cSFEgZRJ4ejJAaiz/epn4n9ePlX/mpJRHsSIczx7yYwZVCLMg4JAKghVLNEFYUH0rxGMkEFY6rnIewnmGk+8vz5POUd1u1Bs3x9XmZRFHCeyBfVADNjgFTXANWqANMHgAj+AZvBhT48l4Nd5mowtGsbMLfsF4/wJU65LU</latexit>

x2 = l2cos(q1 + q2)
<latexit sha1_base64="fmU/swIV47walnwi1GcV6tchO3I=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJozMTscQu/BU3LhRx62+482+cpEHUeuBeDufcy9w5TsiokIbxqeXm5hcWl/LLhZXVtfUNfXOrKYKIY9LAAQt420GCMOqThqSSkXbICfIcRlrO8DLxW7eECxr4N3IcEstDfZ+6FCOpJFvfubMr8Bwy1XEgSiPbPBzZlQNbLxplIwWcJWZGiiBD3dY/ur0ARx7xJWZIiI5phNKKEZcUMzIpdCNBQoSHqE86ivrII8KK0/sncF8pPegGXJUvYar+3IiRJ8TYc9Skh+RA/PUS8T+vE0n31IqpH0aS+Hj6kBsxKAOYhAF7lBMs2VgRhDlVt0I8QBxhqSIrpCGcJTj+/vIsaVbKZrVcvT4q1i6yOPJgF+yBEjDBCaiBK1AHDYDBPXgEz+BFe9CetFftbTqa07KdbfAL2vsXwtSUJQ==</latexit>

y1 = l2sin(q1 + q2)
<latexit sha1_base64="t7pg4AJRKuIpiygAxVhUsPRaNB4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJJJ2ZCCF24a+4caGIW3/DnX9jkgbxdeDC4Zx7ufceJ2BUKsP40Apz8wuLS8Xl0srq2vqGvrnVln4oMGlhn/mi6yBJGOWkpahipBsIgjyHkY4zvkz9zi0Rkvr8RkUBsTw05NSlGKlEsvWdyDbhOWR2DUrKKxPbPJzYtQNbLxtVIwP8S8yclEGOpq2/9wc+Dj3CFWZIyp5pBMqKkVAUMzIt9UNJAoTHaEh6CeXII9KKs/uncD9RBtD1RVJcwUz9PhEjT8rIc5JOD6mR/O2l4n9eL1TuqRVTHoSKcDxb5IYMKh+mYcABFQQrFiUEYUGTWyEeIYGwSiIrZSGcpTj+evkvadeqZr1avz4qNy7yOIpgF+yBCjDBCWiAK9AELYDBHXgAT+BZu9cetRftddZa0PKZbfAD2tsnyrGUKg==</latexit>

(x, y)



Forward Kinematics

� : Q ! SE(2)
<latexit sha1_base64="oosoeoBxh2zmBwQ0b7KHWOABk94=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilpK75WRRFctmgf0IQymU6aoZNMmJkoJRQ3/oobF4q49Svc+TcmaRC1HrhwOOde7r3HDhiVyjA+tdzc/MLiUn65sLK6tr6hb261JQ8FJi3MGRddG0nCqE9aiipGuoEgyLMZ6diji8Tv3BIhKfdv1DggloeGPnUoRiqW+vqOGbj0DDahKejQVUgIfgevL0vVg75eNMpGCjhLKhkpggyNvv5hDjgOPeIrzJCUvYoRKCtCQlHMyKRghpIECI/QkPRi6iOPSCtKX5jA/VgZQIeLuHwFU/XnRIQ8KceeHXd6SLnyr5eI/3m9UDknVkT9IFTEx9NFTsig4jDJAw6oIFixcUwQFjS+FWIXCYRVnFohDeE0wdH3y7OkXS1XauVa87BYP8/iyINdsAdKoAKOQR1cgQZoAQzuwSN4Bi/ag/akvWpv09acls1sg1/Q3r8AMFmWJA==</latexit>
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q1+ q2
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x1 = l1cos(q1)
<latexit sha1_base64="OZCbQz9FiRv/fcnDwlbDaZpBsYM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWx4mMhFN24rGAf0IYwmU7aoZNJnJlIS+ivuHGhiFt/xJ1/4yQNotYD93I4517mzvEiRqWyrE+jsLS8srpWXC9tbG5t75i75bYMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPF16nceiJA05HdqGhEnQENOfYqR0pJrlieuDS8h0x2Hsnrv2keuWbFqVga4SOycVECOpmt+9AchjgPCFWZIyp5tRcpJkFAUMzIr9WNJIoTHaEh6mnIUEOkk2e0zeKiVAfRDoYsrmKk/NxIUSDkNPD0ZIDWSf71U/M/rxco/dxLKo1gRjucP+TGDKoRpEHBABcGKTTVBWFB9K8QjJBBWOq5SFsJFitPvLy+S9nHNrtfqtyeVxlUeRxHsgwNQBTY4Aw1wA5qgBTCYgEfwDF6MmfFkvBpv89GCke/sgV8w3r8AS4+Szg==</latexit>

y1 = l1sin(q1)
<latexit sha1_base64="Q5C5qHe3u9fCdxpUex35d/mH630=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRWfCyEohuXFewD2hAm00k7dDKJMxMxhP6KGxeKuPVH3Pk3TtIgaj1wL4dz7mXuHC9iVCrL+jQWFpeWV1ZLa+X1jc2tbXOn0pFhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nK/O49EZKG/FYlEXECNOLUpxgpLblmJXFteAGZ7pLy2p1rH7pm1apbOeA8sQtSBQVarvkxGIY4DghXmCEp+7YVKSdFQlHMyLQ8iCWJEJ6gEelrylFApJPmt0/hgVaG0A+FLq5grv7cSFEgZRJ4ejJAaiz/epn4n9ePlX/mpJRHsSIczx7yYwZVCLMg4JAKghVLNEFYUH0rxGMkEFY6rnIewnmGk+8vz5POUd1u1Bs3x9XmZRFHCeyBfVADNjgFTXANWqANMHgAj+AZvBhT48l4Nd5mowtGsbMLfsF4/wJU65LU</latexit>

x2 = l2cos(q1 + q2)
<latexit sha1_base64="fmU/swIV47walnwi1GcV6tchO3I=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJozMTscQu/BU3LhRx62+482+cpEHUeuBeDufcy9w5TsiokIbxqeXm5hcWl/LLhZXVtfUNfXOrKYKIY9LAAQt420GCMOqThqSSkXbICfIcRlrO8DLxW7eECxr4N3IcEstDfZ+6FCOpJFvfubMr8Bwy1XEgSiPbPBzZlQNbLxplIwWcJWZGiiBD3dY/ur0ARx7xJWZIiI5phNKKEZcUMzIpdCNBQoSHqE86ivrII8KK0/sncF8pPegGXJUvYar+3IiRJ8TYc9Skh+RA/PUS8T+vE0n31IqpH0aS+Hj6kBsxKAOYhAF7lBMs2VgRhDlVt0I8QBxhqSIrpCGcJTj+/vIsaVbKZrVcvT4q1i6yOPJgF+yBEjDBCaiBK1AHDYDBPXgEz+BFe9CetFftbTqa07KdbfAL2vsXwtSUJQ==</latexit>

y1 = l2sin(q1 + q2)
<latexit sha1_base64="t7pg4AJRKuIpiygAxVhUsPRaNB4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJJJ2ZCCF24a+4caGIW3/DnX9jkgbxdeDC4Zx7ufceJ2BUKsP40Apz8wuLS8Xl0srq2vqGvrnVln4oMGlhn/mi6yBJGOWkpahipBsIgjyHkY4zvkz9zi0Rkvr8RkUBsTw05NSlGKlEsvWdyDbhOWR2DUrKKxPbPJzYtQNbLxtVIwP8S8yclEGOpq2/9wc+Dj3CFWZIyp5pBMqKkVAUMzIt9UNJAoTHaEh6CeXII9KKs/uncD9RBtD1RVJcwUz9PhEjT8rIc5JOD6mR/O2l4n9eL1TuqRVTHoSKcDxb5IYMKh+mYcABFQQrFiUEYUGTWyEeIYGwSiIrZSGcpTj+evkvadeqZr1avz4qNy7yOIpgF+yBCjDBCWiAK9AELYDBHXgAT+BZu9cetRftddZa0PKZbfAD2tsnyrGUKg==</latexit>

(x, y)



Forward Kinematics

� : Q ! SE(2)
<latexit sha1_base64="oosoeoBxh2zmBwQ0b7KHWOABk94=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilpK75WRRFctmgf0IQymU6aoZNMmJkoJRQ3/oobF4q49Svc+TcmaRC1HrhwOOde7r3HDhiVyjA+tdzc/MLiUn65sLK6tr6hb261JQ8FJi3MGRddG0nCqE9aiipGuoEgyLMZ6diji8Tv3BIhKfdv1DggloeGPnUoRiqW+vqOGbj0DDahKejQVUgIfgevL0vVg75eNMpGCjhLKhkpggyNvv5hDjgOPeIrzJCUvYoRKCtCQlHMyKRghpIECI/QkPRi6iOPSCtKX5jA/VgZQIeLuHwFU/XnRIQ8KceeHXd6SLnyr5eI/3m9UDknVkT9IFTEx9NFTsig4jDJAw6oIFixcUwQFjS+FWIXCYRVnFohDeE0wdH3y7OkXS1XauVa87BYP8/iyINdsAdKoAKOQR1cgQZoAQzuwSN4Bi/ag/akvWpv09acls1sg1/Q3r8AMFmWJA==</latexit>

q2

q1

q1+ q2

q1l1

l2

x1 = l1cos(q1)
<latexit sha1_base64="OZCbQz9FiRv/fcnDwlbDaZpBsYM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWx4mMhFN24rGAf0IYwmU7aoZNJnJlIS+ivuHGhiFt/xJ1/4yQNotYD93I4517mzvEiRqWyrE+jsLS8srpWXC9tbG5t75i75bYMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPF16nceiJA05HdqGhEnQENOfYqR0pJrlieuDS8h0x2Hsnrv2keuWbFqVga4SOycVECOpmt+9AchjgPCFWZIyp5tRcpJkFAUMzIr9WNJIoTHaEh6mnIUEOkk2e0zeKiVAfRDoYsrmKk/NxIUSDkNPD0ZIDWSf71U/M/rxco/dxLKo1gRjucP+TGDKoRpEHBABcGKTTVBWFB9K8QjJBBWOq5SFsJFitPvLy+S9nHNrtfqtyeVxlUeRxHsgwNQBTY4Aw1wA5qgBTCYgEfwDF6MmfFkvBpv89GCke/sgV8w3r8AS4+Szg==</latexit>

y1 = l1sin(q1)
<latexit sha1_base64="Q5C5qHe3u9fCdxpUex35d/mH630=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRWfCyEohuXFewD2hAm00k7dDKJMxMxhP6KGxeKuPVH3Pk3TtIgaj1wL4dz7mXuHC9iVCrL+jQWFpeWV1ZLa+X1jc2tbXOn0pFhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nK/O49EZKG/FYlEXECNOLUpxgpLblmJXFteAGZ7pLy2p1rH7pm1apbOeA8sQtSBQVarvkxGIY4DghXmCEp+7YVKSdFQlHMyLQ8iCWJEJ6gEelrylFApJPmt0/hgVaG0A+FLq5grv7cSFEgZRJ4ejJAaiz/epn4n9ePlX/mpJRHsSIczx7yYwZVCLMg4JAKghVLNEFYUH0rxGMkEFY6rnIewnmGk+8vz5POUd1u1Bs3x9XmZRFHCeyBfVADNjgFTXANWqANMHgAj+AZvBhT48l4Nd5mowtGsbMLfsF4/wJU65LU</latexit>

x2 = l2cos(q1 + q2)
<latexit sha1_base64="fmU/swIV47walnwi1GcV6tchO3I=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJozMTscQu/BU3LhRx62+482+cpEHUeuBeDufcy9w5TsiokIbxqeXm5hcWl/LLhZXVtfUNfXOrKYKIY9LAAQt420GCMOqThqSSkXbICfIcRlrO8DLxW7eECxr4N3IcEstDfZ+6FCOpJFvfubMr8Bwy1XEgSiPbPBzZlQNbLxplIwWcJWZGiiBD3dY/ur0ARx7xJWZIiI5phNKKEZcUMzIpdCNBQoSHqE86ivrII8KK0/sncF8pPegGXJUvYar+3IiRJ8TYc9Skh+RA/PUS8T+vE0n31IqpH0aS+Hj6kBsxKAOYhAF7lBMs2VgRhDlVt0I8QBxhqSIrpCGcJTj+/vIsaVbKZrVcvT4q1i6yOPJgF+yBEjDBCaiBK1AHDYDBPXgEz+BFe9CetFftbTqa07KdbfAL2vsXwtSUJQ==</latexit>

y1 = l2sin(q1 + q2)
<latexit sha1_base64="t7pg4AJRKuIpiygAxVhUsPRaNB4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJJJ2ZCCF24a+4caGIW3/DnX9jkgbxdeDC4Zx7ufceJ2BUKsP40Apz8wuLS8Xl0srq2vqGvrnVln4oMGlhn/mi6yBJGOWkpahipBsIgjyHkY4zvkz9zi0Rkvr8RkUBsTw05NSlGKlEsvWdyDbhOWR2DUrKKxPbPJzYtQNbLxtVIwP8S8yclEGOpq2/9wc+Dj3CFWZIyp5pBMqKkVAUMzIt9UNJAoTHaEh6CeXII9KKs/uncD9RBtD1RVJcwUz9PhEjT8rIc5JOD6mR/O2l4n9eL1TuqRVTHoSKcDxb5IYMKh+mYcABFQQrFiUEYUGTWyEeIYGwSiIrZSGcpTj+evkvadeqZr1avz4qNy7yOIpgF+yBCjDBCWiAK9AELYDBHXgAT+BZu9cetRftddZa0PKZbfAD2tsnyrGUKg==</latexit>

(x, y)



Forward Kinematics

� : Q ! SE(2)
<latexit sha1_base64="oosoeoBxh2zmBwQ0b7KHWOABk94=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuilpK75WRRFctmgf0IQymU6aoZNMmJkoJRQ3/oobF4q49Svc+TcmaRC1HrhwOOde7r3HDhiVyjA+tdzc/MLiUn65sLK6tr6hb261JQ8FJi3MGRddG0nCqE9aiipGuoEgyLMZ6diji8Tv3BIhKfdv1DggloeGPnUoRiqW+vqOGbj0DDahKejQVUgIfgevL0vVg75eNMpGCjhLKhkpggyNvv5hDjgOPeIrzJCUvYoRKCtCQlHMyKRghpIECI/QkPRi6iOPSCtKX5jA/VgZQIeLuHwFU/XnRIQ8KceeHXd6SLnyr5eI/3m9UDknVkT9IFTEx9NFTsig4jDJAw6oIFixcUwQFjS+FWIXCYRVnFohDeE0wdH3y7OkXS1XauVa87BYP8/iyINdsAdKoAKOQR1cgQZoAQzuwSN4Bi/ag/akvWpv09acls1sg1/Q3r8AMFmWJA==</latexit>

T1 ⇤ T2 =

2

664

c12 �s12 0 l1c1 + l2c12
s12 c12 0 l1s1 + l2s12
0 0 1 0
0 0 0 1

3

775

<latexit sha1_base64="Kh4DDrgRGpBzC1PNvtpvYnlzmjU="></latexit>

q2

q1

q1+ q2

q1l1

l2

x1 = l1cos(q1)
<latexit sha1_base64="OZCbQz9FiRv/fcnDwlbDaZpBsYM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQNyWx4mMhFN24rGAf0IYwmU7aoZNJnJlIS+ivuHGhiFt/xJ1/4yQNotYD93I4517mzvEiRqWyrE+jsLS8srpWXC9tbG5t75i75bYMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPF16nceiJA05HdqGhEnQENOfYqR0pJrlieuDS8h0x2Hsnrv2keuWbFqVga4SOycVECOpmt+9AchjgPCFWZIyp5tRcpJkFAUMzIr9WNJIoTHaEh6mnIUEOkk2e0zeKiVAfRDoYsrmKk/NxIUSDkNPD0ZIDWSf71U/M/rxco/dxLKo1gRjucP+TGDKoRpEHBABcGKTTVBWFB9K8QjJBBWOq5SFsJFitPvLy+S9nHNrtfqtyeVxlUeRxHsgwNQBTY4Aw1wA5qgBTCYgEfwDF6MmfFkvBpv89GCke/sgV8w3r8AS4+Szg==</latexit>

y1 = l1sin(q1)
<latexit sha1_base64="Q5C5qHe3u9fCdxpUex35d/mH630=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHqpiRWfCyEohuXFewD2hAm00k7dDKJMxMxhP6KGxeKuPVH3Pk3TtIgaj1wL4dz7mXuHC9iVCrL+jQWFpeWV1ZLa+X1jc2tbXOn0pFhLDBp45CFouchSRjlpK2oYqQXCYICj5GuN7nK/O49EZKG/FYlEXECNOLUpxgpLblmJXFteAGZ7pLy2p1rH7pm1apbOeA8sQtSBQVarvkxGIY4DghXmCEp+7YVKSdFQlHMyLQ8iCWJEJ6gEelrylFApJPmt0/hgVaG0A+FLq5grv7cSFEgZRJ4ejJAaiz/epn4n9ePlX/mpJRHsSIczx7yYwZVCLMg4JAKghVLNEFYUH0rxGMkEFY6rnIewnmGk+8vz5POUd1u1Bs3x9XmZRFHCeyBfVADNjgFTXANWqANMHgAj+AZvBhT48l4Nd5mowtGsbMLfsF4/wJU65LU</latexit>

x2 = l2cos(q1 + q2)
<latexit sha1_base64="fmU/swIV47walnwi1GcV6tchO3I=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJozMTscQu/BU3LhRx62+482+cpEHUeuBeDufcy9w5TsiokIbxqeXm5hcWl/LLhZXVtfUNfXOrKYKIY9LAAQt420GCMOqThqSSkXbICfIcRlrO8DLxW7eECxr4N3IcEstDfZ+6FCOpJFvfubMr8Bwy1XEgSiPbPBzZlQNbLxplIwWcJWZGiiBD3dY/ur0ARx7xJWZIiI5phNKKEZcUMzIpdCNBQoSHqE86ivrII8KK0/sncF8pPegGXJUvYar+3IiRJ8TYc9Skh+RA/PUS8T+vE0n31IqpH0aS+Hj6kBsxKAOYhAF7lBMs2VgRhDlVt0I8QBxhqSIrpCGcJTj+/vIsaVbKZrVcvT4q1i6yOPJgF+yBEjDBCaiBK1AHDYDBPXgEz+BFe9CetFftbTqa07KdbfAL2vsXwtSUJQ==</latexit>

y1 = l2sin(q1 + q2)
<latexit sha1_base64="t7pg4AJRKuIpiygAxVhUsPRaNB4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkJJWvGxEIpuXFawD2hDmEwn7dDJJJ2ZCCF24a+4caGIW3/DnX9jkgbxdeDC4Zx7ufceJ2BUKsP40Apz8wuLS8Xl0srq2vqGvrnVln4oMGlhn/mi6yBJGOWkpahipBsIgjyHkY4zvkz9zi0Rkvr8RkUBsTw05NSlGKlEsvWdyDbhOWR2DUrKKxPbPJzYtQNbLxtVIwP8S8yclEGOpq2/9wc+Dj3CFWZIyp5pBMqKkVAUMzIt9UNJAoTHaEh6CeXII9KKs/uncD9RBtD1RVJcwUz9PhEjT8rIc5JOD6mR/O2l4n9eL1TuqRVTHoSKcDxb5IYMKh+mYcABFQQrFiUEYUGTWyEeIYGwSiIrZSGcpTj+evkvadeqZr1avz4qNy7yOIpgF+yBCjDBCWiAK9AELYDBHXgAT+BZu9cetRftddZa0PKZbfAD2tsnyrGUKg==</latexit>

(x, y)

cos(q1 + q2)
<latexit sha1_base64="i94komSDnS/eOrMhB2medF8DNAk=">AAAB9XicbVDLSgMxFM34rPVVdekmWISKUGZa8bErunFZwT6gHYdMmmlDM8k0yShl6H+4caGIW//FnX9jZlpErQcuHM65l3vv8SNGlbbtT2thcWl5ZTW3ll/f2NzaLuzsNpWIJSYNLJiQbR8pwignDU01I+1IEhT6jLT84VXqt+6JVFTwWz2OiBuiPqcBxUgb6Q4LVRp5DjyGI69y5BWKdtnOAOeJMyNFMEPdK3x0ewLHIeEaM6RUx7Ej7SZIaooZmeS7sSIRwkPUJx1DOQqJcpPs6gk8NEoPBkKa4hpm6s+JBIVKjUPfdIZID9RfLxX/8zqxDs7dhPIo1oTj6aIgZlALmEYAe1QSrNnYEIQlNbdCPEASYW2CymchXKQ4/X55njQrZadart6cFGuXszhyYB8cgBJwwBmogWtQBw2AgQSP4Bm8WA/Wk/VqvU1bF6zZzB74Bev9C103kUE=</latexit>



Inverse Kinematics

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

q2
<latexit sha1_base64="2mPfRFH0vj5D8YG5GTElBRmuamA=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39oDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LG1KN0Q==</latexit>

q1
<latexit sha1_base64="L5AIlxyDk9VWpA7wmfFppKdQ/0o=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39wBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FGc6N0A==</latexit>

We will express q1, q2 with 
respect to x1, x2

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>



Inverse Kinematics

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

a r =
q

x2
1 + x2

2
<latexit sha1_base64="aFmJk5AAdTrqI5faiTXbWffvW9c=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBKEkqfhYCEU3LivYB7RpmEyn7dDJw5mJtIS68VfcuFDErX/hzr9xkgZR64ELh3Pu5d573JBRIQ3jU8vNzS8sLuWXCyura+sb+uZWXQQRx6SGAxbwposEYdQnNUklI82QE+S5jDTc4WXiN+4IFzTwb+Q4JLaH+j7tUYykkhx9h8Nz2Ba3XMYjx+xY8BCOHKtjTRy9aJSMFHCWmBkpggxVR/9odwMcecSXmCEhWqYRSjtGXFLMyKTQjgQJER6iPmkp6iOPCDtOP5jAfaV0YS/gqnwJU/XnRIw8Icaeqzo9JAfir5eI/3mtSPZO7Zj6YSSJj6eLehGDMoBJHLBLOcGSjRVBmFN1K8QDxBGWKrRCGsJZguPvl2dJ3SqZ5VL5+qhYucjiyINdsAcOgAlOQAVcgSqoAQzuwSN4Bi/ag/akvWpv09acls1sg1/Q3r8AC2GVew==</latexit>

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>



Inverse Kinematics

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

a r =
q
l21 + l22 � 2l1l2cos↵

↵ = ±cos�1 r
2 � l21 � l22
�2l1l2

<latexit sha1_base64="6c2jd4+6Cxg2Savsn9aG7YLZmg4="></latexit>

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>



Inverse Kinematics

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

a

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>

r =
q
l21 + l22 � 2l1l2cos↵

↵ = cos�1 r
2 � l21 � l22
�2l1l2

<latexit sha1_base64="MG56H7UlvluSo3M7em5FoG5JaLs="></latexit>



Inverse Kinematics

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

β
q1

<latexit sha1_base64="L5AIlxyDk9VWpA7wmfFppKdQ/0o=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39wBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FGc6N0A==</latexit>

a

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>



Inverse Kinematics

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

β
q1

<latexit sha1_base64="L5AIlxyDk9VWpA7wmfFppKdQ/0o=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39wBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FGc6N0A==</latexit>

a
q1 = atan2(y, x)� �

<latexit sha1_base64="SrSjowr1Bp+s9+B64TbbzaKqYxc=">AAACCnicbVDLSgNBEJz1bXxFPXoZDUIEDbtRfBwE0YtHBROFJITeSccMmZ1dZ3rFsOTsxV/x4kERr36BN//GTQziq6ChqOqmu8uPlLTkuu/O0PDI6Nj4xGRmanpmdi47v1C2YWwElkSoQnPhg0UlNZZIksKLyCAEvsJzv33U88+v0VgZ6jPqRFgL4FLLphRAqVTPLl/VPb7Pq4Q3ZIIECHSxm++s36zxDV71kaCezbkFtw/+l3gDkmMDnNSzb9VGKOIANQkF1lY8N6JaAoakUNjNVGOLEYg2XGIlpRoCtLWk/0qXr6ZKgzdDk5Ym3le/TyQQWNsJ/LQzAGrZ315P/M+rxNTcrSVSRzGhFp+LmrHiFPJeLrwhDQpSnZSAMDK9lYsWGBCUppfph7DXw/bXy39JuVjwNgubp1u5g8NBHBNsia2wPPPYDjtgx+yElZhgt+yePbIn5855cJ6dl8/WIWcws8h+wHn9APNimUs=</latexit>

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>



Inverse Kinematics

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

β
q1

<latexit sha1_base64="L5AIlxyDk9VWpA7wmfFppKdQ/0o=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39wBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FGc6N0A==</latexit>

a
q1 = atan2(y, x)� �

<latexit sha1_base64="SrSjowr1Bp+s9+B64TbbzaKqYxc=">AAACCnicbVDLSgNBEJz1bXxFPXoZDUIEDbtRfBwE0YtHBROFJITeSccMmZ1dZ3rFsOTsxV/x4kERr36BN//GTQziq6ChqOqmu8uPlLTkuu/O0PDI6Nj4xGRmanpmdi47v1C2YWwElkSoQnPhg0UlNZZIksKLyCAEvsJzv33U88+v0VgZ6jPqRFgL4FLLphRAqVTPLl/VPb7Pq4Q3ZIIECHSxm++s36zxDV71kaCezbkFtw/+l3gDkmMDnNSzb9VGKOIANQkF1lY8N6JaAoakUNjNVGOLEYg2XGIlpRoCtLWk/0qXr6ZKgzdDk5Ym3le/TyQQWNsJ/LQzAGrZ315P/M+rxNTcrSVSRzGhFp+LmrHiFPJeLrwhDQpSnZSAMDK9lYsWGBCUppfph7DXw/bXy39JuVjwNgubp1u5g8NBHBNsia2wPPPYDjtgx+yElZhgt+yePbIn5855cJ6dl8/WIWcws8h+wHn9APNimUs=</latexit>

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>

� = cos�1 l
2
2 � l21 � r2

�2l1r
<latexit sha1_base64="T+WMO/RSQdcZQ7BMEDeOeMYlbqE="></latexit>



Inverse Kinematics

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

β
q1

<latexit sha1_base64="L5AIlxyDk9VWpA7wmfFppKdQ/0o=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39wBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FGc6N0A==</latexit>

a

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>

� = cos�1 l
2
2 � l21 � r2

�2l1r
<latexit sha1_base64="T+WMO/RSQdcZQ7BMEDeOeMYlbqE="></latexit>

r =
q
l21 + l22 � 2l1l2cos↵

↵ = cos�1 r
2 � l21 � l22
�2l1l2

<latexit sha1_base64="MG56H7UlvluSo3M7em5FoG5JaLs="></latexit>



Inverse Kinematics

x1
<latexit sha1_base64="zftKhZVLJLe+XPH6jd3dJ1iKZFY=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DwBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FJHiN1w==</latexit>

x2
<latexit sha1_base64="VRAya3ncOWmvIiMGW+VB8RrHCes=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mYmYgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqd+6pVCwUd3oaUTfAI8F8RrA20u3DoDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LJfyN2A==</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

β
q1

<latexit sha1_base64="L5AIlxyDk9VWpA7wmfFppKdQ/0o=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39wBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FGc6N0A==</latexit>

a

��1 : R2 ! Q
<latexit sha1_base64="5uQY3iVmgD/3ebGOK+gJHbF27es=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgxpK04mtVdOOyFfuAJi2T6aQZOnkwM1FKyBe48VfcuFDErWt3/o1JGkStBy4czrmXe++xAkaF1LRPpbCwuLS8Ulwtra1vbG6p2zsd4Ycckzb2mc97FhKEUY+0JZWM9AJOkGsx0rUml6nfvSVcUN+7kdOAmC4ae9SmGMlEGqoVI3DoIDrU43NouEg6lhVdx4MaNDgdOxJx7t/B1lAta1UtA5wnek7KIEdzqH4YIx+HLvEkZkiIvq4F0owQlxQzEpeMUJAA4Qkak35CPeQSYUbZOzGsJMoI2j5PypMwU39ORMgVYupaSWd6sfjrpeJ/Xj+U9qkZUS8IJfHwbJEdMih9mGYDR5QTLNk0IQhzmtwKsYM4wjJJsJSFcJbi+PvledKpVfV6td46Kjcu8jiKYA/sgwOggxPQAFegCdoAg3vwCJ7Bi/KgPCmvytustaDkM7vgF5T3L2jdm9k=</latexit>

r =
q
l21 + l22 � 2l1l2cos↵

↵ = cos�1 r
2 � l21 � l22
�2l1l2

<latexit sha1_base64="MG56H7UlvluSo3M7em5FoG5JaLs="></latexit>

What if r > l1 + l2? 



Inverse Kinematics

r =
q

l21 + l22 � 2l1l2cos↵

↵ = cos�1 r
2 � l21 � l22
�2l1l2

= cos�1 r
2 � (l1 + l2)2 + 2l1l2

�2l1l2

cosa =
r2 � (l1 + l2)2 + 2l1l2

�2l1l2

cosa =
r2 � (l1 + l2)2

�2l1l2
� 1

<latexit sha1_base64="Ok6gFSf7jmFFpvVGrNgt68nSSOk="></latexit>



Derivation of Jacobian Equation



Derivation of Jacobian Equation

p = �(q)

dp

dt
=

d�

dq

dq

dt
)

ṗ =
d�

dq
q̇

ṗ = Jq̇
<latexit sha1_base64="tCIQ3x7slMyT9yoT1Idvyf+iq08="></latexit>



Derivation of Jacobian Equation

p = �(q)

dp

dt
= rq�

dq

dt
)

ṗ = rq� q̇

ṗ = Jq̇
<latexit sha1_base64="jlu/Db+T1+YZX/1PP6MzJK42ulY="></latexit>



Derivation of Jacobian Equation

p = �(q)

dp

dt
= rq�

dq

dt
)

ṗ = rq� q̇

ṗ = Jq̇
<latexit sha1_base64="jlu/Db+T1+YZX/1PP6MzJK42ulY="></latexit>



Derivation of Jacobian Equation

p = �(q)

dp

dt
= rq�

dq

dt
)

ṗ = rq� q̇

ṗ = Jq̇
<latexit sha1_base64="jlu/Db+T1+YZX/1PP6MzJK42ulY="></latexit>



Example: 2-R Planar Manipulator


x
y

�
=


l1cos(q1) + l2cos(q1 + q2)
l1sin(q1) + l2sin(q1 + q2)

�

= �(q1, q2)

=


�1(q1, q2)
�2(q1, q2)

�

<latexit sha1_base64="gzPVPChidKwkMdvMMNVLlqeBA2g="></latexit>




x
y

�
=


l1cos(q1) + l2cos(q1 + q2)
l1sin(q1) + l2sin(q1 + q2)

�

= �(q1, q2)

=


�1(q1, q2)
�2(q1, q2)

�

<latexit sha1_base64="gzPVPChidKwkMdvMMNVLlqeBA2g="></latexit>

Example: 2-R Planar Manipulator




x
y

�
=


l1cos(q1) + l2cos(q1 + q2)
l1sin(q1) + l2sin(q1 + q2)

�

= �(q1, q2)

=


�1(q1, q2)
�2(q1, q2)

�

<latexit sha1_base64="gzPVPChidKwkMdvMMNVLlqeBA2g="></latexit>

Example: 2-R Planar Manipulator



J = rq� =

"
@�1

@q1
@�1

@q2
@�2

@q1
@�2

@q2

#

<latexit sha1_base64="kUJqU7Mg+IXgV1wnzy1sTDkpTk8="></latexit>

Example: 2-R Planar Manipulator



J = rq�

=

"
@�1

@q1
@�1

@q2
@�2

@q1
@�2

@q2

#

=


�l1sin(q1)� l2sin(q1 + q2) �l2sin(q1 + q2)
l1cos(q1) + l2cos(q1 + q2) l2cos(q1 + q2)

�

<latexit sha1_base64="q4LGLOMxGcTT6ipXaMgnMEmHENI="></latexit>

Example: 2-R Planar Manipulator



Example: 2-R Planar Manipulator

l1 = l2 = 1, q1 =
⇡

4
, q2 =

⇡

2
q̇1 = 1, q̇2 = 0
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Jacobian Inverse? 

(xd, yd)
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velocities?
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When is Jacobian non-invertible?
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When is Jacobian non-invertible?
q2 = 0 or q2 = ⇡
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Kinematic Singularities 

• Mobility of the structure is reduced 

• Small velocities of the end-effector may result in large joint 
velocities 



• We can compute the angular velocities of the joints, given 
the desired motion of the end-effector

• Can we use this for inverse kinematics? 

Example: 2-R Planar Manipulator



Objective

F =
1

2
(pd � p)T (pd � p)

<latexit sha1_base64="XBiLwZiK+0lenH8BIPIeFZ6XwgY=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCXViSVrwshKIgLiv0Bm0sk+mkHTq5MDMRSsgLuPFV3LhQxK17d76NkzQUtf4w8PGfczhzfjtgVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyn8kGPSwD7zedtGgjDqkYakkpF2wAlybUZa9ugqqbfuCRfU9+pyHBDLRQOPOhQjqayevn8NL2DX4QhHZhyVY1gMen14BIPDu/oUe3rBKBmp4CyYGRRAplpP/+z2fRy6xJOYISE6phFIK0JcUsxInO+GggQIj9CAdBR6yCXCitJrYnignD50fK6eJ2Hq/pyIkCvE2LVVp4vkUPytJeZ/tU4onTMrol4QSuLhySInZFD6MIkG9iknWLKxAoQ5VX+FeIhUNFIFmE9DOE90Mj15FprlklkpVW6PC9XLLI4c2AV7oAhMcAqq4AbUQANg8ACewAt41R61Z+1Ne5+0zmnZzA74Je3jG7MRmOw=</latexit>

(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

How can we solve this 
optimization problem? 



Objective

F =
1

2
(pd � p)T (pd � p)
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(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

How can we solve this 
optimization problem? 

Gradient Descent! 



F =
1

2
(pd � p)T (pd � p)
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qt+1 = qt � ↵[rqF ]T

rqF =
h
@F
q1

· · · @F
qn

i

rqF = �(pd � p)Trqt�(qt)

qt+1 = qt + ↵rqt�(qt)
T (pd � p)

= qt + ↵J(qt)
T (pd � p)

<latexit sha1_base64="aFWsPAFyN4K608tslRkSPoC5eK0="></latexit>

Inverse Kinematics with Gradient Descent 



F =
1

2
(pd � p)T (pd � p)

<latexit sha1_base64="XBiLwZiK+0lenH8BIPIeFZ6XwgY=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCXViSVrwshKIgLiv0Bm0sk+mkHTq5MDMRSsgLuPFV3LhQxK17d76NkzQUtf4w8PGfczhzfjtgVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyn8kGPSwD7zedtGgjDqkYakkpF2wAlybUZa9ugqqbfuCRfU9+pyHBDLRQOPOhQjqayevn8NL2DX4QhHZhyVY1gMen14BIPDu/oUe3rBKBmp4CyYGRRAplpP/+z2fRy6xJOYISE6phFIK0JcUsxInO+GggQIj9CAdBR6yCXCitJrYnignD50fK6eJ2Hq/pyIkCvE2LVVp4vkUPytJeZ/tU4onTMrol4QSuLhySInZFD6MIkG9iknWLKxAoQ5VX+FeIhUNFIFmE9DOE90Mj15FprlklkpVW6PC9XLLI4c2AV7oAhMcAqq4AbUQANg8ACewAt41R61Z+1Ne5+0zmnZzA74Je3jG7MRmOw=</latexit>

(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

qt+1 = qt � ↵[rqF ]T

rqF =
h
@F
q1

· · · @F
qn

i

rqF = �(pd � p)Trq�(q)

qt+1 = qt + ↵rq�(q)
T (pd � p)

= qt + ↵J(q)T (pd � p)
<latexit sha1_base64="vJiUZwCmTe3clEAMTGW2bvbqdGs="></latexit>

Inverse Kinematics with Gradient Descent 



F =
1

2
(pd � p)T (pd � p)

<latexit sha1_base64="XBiLwZiK+0lenH8BIPIeFZ6XwgY=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCXViSVrwshKIgLiv0Bm0sk+mkHTq5MDMRSsgLuPFV3LhQxK17d76NkzQUtf4w8PGfczhzfjtgVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyn8kGPSwD7zedtGgjDqkYakkpF2wAlybUZa9ugqqbfuCRfU9+pyHBDLRQOPOhQjqayevn8NL2DX4QhHZhyVY1gMen14BIPDu/oUe3rBKBmp4CyYGRRAplpP/+z2fRy6xJOYISE6phFIK0JcUsxInO+GggQIj9CAdBR6yCXCitJrYnignD50fK6eJ2Hq/pyIkCvE2LVVp4vkUPytJeZ/tU4onTMrol4QSuLhySInZFD6MIkG9iknWLKxAoQ5VX+FeIhUNFIFmE9DOE90Mj15FprlklkpVW6PC9XLLI4c2AV7oAhMcAqq4AbUQANg8ACewAt41R61Z+1Ne5+0zmnZzA74Je3jG7MRmOw=</latexit>

(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

qt+1 = qt � ↵[rqF ]T

rqF =
h
@F
q1

· · · @F
qn

i

rqF = �(pd � p)TJ(q)

qt+1 = qt + ↵rqt�(qt)
T (pd � p)

= qt + ↵J(qt)
T (pd � p)

<latexit sha1_base64="Hl+JRAY/4krLx7NzuJ8q5+12vFw="></latexit>

Inverse Kinematics with Gradient Descent 



pd =


xd

yd

�
, p =


l1c1 + l2c12
l1s1 + l2s12)

�

F =
1

2


xd � l1c1 � l2c12
yd � l1s1 � l2s12

�T 
xd � l1c1 � l2c12
yd � l1s1 � l2s12

�

=
1

2
[(xd � l1c1 � l2c12)

2 + (yd � l1s1 � l2s12)
2]

@F

@q1
= (xd � l1c1 � l2c12)(l1s1 + l2s12)q̇1

+ (yd � l1c1 � l2c12)(�l1c1 � l2c12)

= �(pd � p)T

�l1s1 � l2s12
l1c1 + l2c12

�

@F

@q2
= �(pd � p)T


�l2s12
l2c12

�

rqF = [
@F

@q1
,
@F

@q2
] = �(pd � p)T


�l1s1 � l2s12 �l2s12
l1c1 + l2c12 l2c12

�

= �(pd � p)TJ(q)
<latexit sha1_base64="vco+nMFvwmsaGC/jpokWd0Hz/Xc="></latexit>

Example: 2-R Planar Manipulator



pd =


xd

yd

�
, p =


l1c1 + l2c12
l1s1 + l2s12)

�

F =
1

2


xd � l1c1 � l2c12
yd � l1s1 � l2s12

�T 
xd � l1c1 � l2c12
yd � l1s1 � l2s12

�

=
1

2
[(xd � l1c1 � l2c12)

2 + (yd � l1s1 � l2s12)
2]

@F

@q1
= (xd � l1c1 � l2c12)(l1s1 + l2s12)q̇1

+ (yd � l1c1 � l2c12)(�l1c1 � l2c12)

= �(pd � p)T

�l1s1 � l2s12
l1c1 + l2c12

�

@F

@q2
= �(pd � p)T


�l2s12
l2c12

�

rqF = [
@F

@q1
,
@F

@q2
] = �(pd � p)T


�l1s1 � l2s12 �l2s12
l1c1 + l2c12 l2c12

�

= �(pd � p)TJ(q)
<latexit sha1_base64="vco+nMFvwmsaGC/jpokWd0Hz/Xc="></latexit>

Example: 2-R Planar Manipulator



pd =


xd

yd

�
, p =


l1c1 + l2c12
l1s1 + l2s12)

�

F =
1

2


xd � l1c1 � l2c12
yd � l1s1 � l2s12

�T 
xd � l1c1 � l2c12
yd � l1s1 � l2s12

�

=
1

2
[(xd � l1c1 � l2c12)

2 + (yd � l1s1 � l2s12)
2]

@F

@q1
= (xd � l1c1 � l2c12)(l1s1 + l2s12)q̇1

+ (yd � l1c1 � l2c12)(�l1c1 � l2c12)

= �(pd � p)T

�l1s1 � l2s12
l1c1 + l2c12

�

@F

@q2
= �(pd � p)T


�l2s12
l2c12

�

rqF = [
@F

@q1
,
@F

@q2
] = �(pd � p)T


�l1s1 � l2s12 �l2s12
l1c1 + l2c12 l2c12

�

= �(pd � p)TJ(q)
<latexit sha1_base64="vco+nMFvwmsaGC/jpokWd0Hz/Xc="></latexit>

Example: 2-R Planar Manipulator



Example: 2-R Planar Manipulator
pd =


xd

yd

�
, p =


l1c1 + l2c12
l1s1 + l2s12)

�

F =
1

2


xd � l1c1 � l2c12
yd � l1s1 � l2s12

�T 
xd � l1c1 � l2c12
yd � l1s1 � l2s12

�

=
1

2
[(xd � l1c1 � l2c12)

2 + (yd � l1s1 � l2s12)
2]

@F

@q1
= (xd � l1c1 � l2c12)(l1s1 + l2s12)

+ (yd � l1s1 � l2s12)(�l1c1 � l2c12)

= �(pd � p)T

�l1s1 � l2s12
l1c1 + l2c12

�

@F

@q2
= �(pd � p)T


�l2s12
l2c12

�

rqF = [
@F

@q1
,
@F

@q2
] = �(pd � p)T


�l1s1 � l2s12 �l2s12
l1c1 + l2c12 l2c12

�

= �(pd � p)TJ(q)



Example: 2-R Planar Manipulator
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yd

�
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
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�
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
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�T 
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�
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1

2
[(xd � l1c1 � l2c12)

2 + (yd � l1s1 � l2s12)
2]

@F
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+ (yd � l1s1 � l2s12)(�l1c1 � l2c12)

= �(pd � p)T

�l1s1 � l2s12
l1c1 + l2c12

�

@F

@q2
= �(pd � p)T


�l2s12
l2c12

�

rqF = [
@F

@q1
,
@F

@q2
] = �(pd � p)T


�l1s1 � l2s12 �l2s12
l1c1 + l2c12 l2c12

�

= �(pd � p)TJ(q)



Example: 2-R Planar Manipulator
pd =


xd

yd

�
, p =


l1c1 + l2c12
l1s1 + l2s12)

�

F =
1

2


xd � l1c1 � l2c12
yd � l1s1 � l2s12

�T 
xd � l1c1 � l2c12
yd � l1s1 � l2s12

�

=
1

2
[(xd � l1c1 � l2c12)

2 + (yd � l1s1 � l2s12)
2]

@F

@q1
= (xd � l1c1 � l2c12)(l1s1 + l2s12)

+ (yd � l1s1 � l2s12)(�l1c1 � l2c12)

= �(pd � p)T

�l1s1 � l2s12
l1c1 + l2c12

�

@F

@q2
= �(pd � p)T


�l2s12
l2c12

�

rqF = [
@F

@q1
,
@F

@q2
] = �(pd � p)T


�l1s1 � l2s12 �l2s12
l1c1 + l2c12 l2c12

�

= �(pd � p)TJ(q)



J = rq�

=

"
@�1

@q1
@�1

@q2
@�2

@q1
@�2

@q2

#

=


�l1sin(q1)� l2sin(q1 + q2) �l2sin(q1 + q2)
l1cos(q1) + l2cos(q1 + q2) l2cos(q1 + q2)

�

<latexit sha1_base64="q4LGLOMxGcTT6ipXaMgnMEmHENI="></latexit>

Example: 2-R Planar Manipulator



F =
1

2
(pd � p)T (pd � p)

<latexit sha1_base64="XBiLwZiK+0lenH8BIPIeFZ6XwgY=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCXViSVrwshKIgLiv0Bm0sk+mkHTq5MDMRSsgLuPFV3LhQxK17d76NkzQUtf4w8PGfczhzfjtgVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyn8kGPSwD7zedtGgjDqkYakkpF2wAlybUZa9ugqqbfuCRfU9+pyHBDLRQOPOhQjqayevn8NL2DX4QhHZhyVY1gMen14BIPDu/oUe3rBKBmp4CyYGRRAplpP/+z2fRy6xJOYISE6phFIK0JcUsxInO+GggQIj9CAdBR6yCXCitJrYnignD50fK6eJ2Hq/pyIkCvE2LVVp4vkUPytJeZ/tU4onTMrol4QSuLhySInZFD6MIkG9iknWLKxAoQ5VX+FeIhUNFIFmE9DOE90Mj15FprlklkpVW6PC9XLLI4c2AV7oAhMcAqq4AbUQANg8ACewAt41R61Z+1Ne5+0zmnZzA74Je3jG7MRmOw=</latexit>

(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

qt+1 = qt � ↵[rqF ]T

rqF =
h
@F
q1

· · · @F
qn

i

rqF = �(pd � p)Trq�(q)

qt+1 = qt + ↵rq�(q)
T (pd � p)

= qt + ↵J(q)T (pd � p)
<latexit sha1_base64="vJiUZwCmTe3clEAMTGW2bvbqdGs="></latexit>

Inverse Kinematics with Gradient Descent 



F =
1

2
(pd � p)T (pd � p)

<latexit sha1_base64="XBiLwZiK+0lenH8BIPIeFZ6XwgY=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCXViSVrwshKIgLiv0Bm0sk+mkHTq5MDMRSsgLuPFV3LhQxK17d76NkzQUtf4w8PGfczhzfjtgVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyn8kGPSwD7zedtGgjDqkYakkpF2wAlybUZa9ugqqbfuCRfU9+pyHBDLRQOPOhQjqayevn8NL2DX4QhHZhyVY1gMen14BIPDu/oUe3rBKBmp4CyYGRRAplpP/+z2fRy6xJOYISE6phFIK0JcUsxInO+GggQIj9CAdBR6yCXCitJrYnignD50fK6eJ2Hq/pyIkCvE2LVVp4vkUPytJeZ/tU4onTMrol4QSuLhySInZFD6MIkG9iknWLKxAoQ5VX+FeIhUNFIFmE9DOE90Mj15FprlklkpVW6PC9XLLI4c2AV7oAhMcAqq4AbUQANg8ACewAt41R61Z+1Ne5+0zmnZzA74Je3jG7MRmOw=</latexit>

(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

qt+1 = qt � ↵[rqF ]T

rqF =
h
@F
q1

· · · @F
qn

i

rqF = �(pd � p)Trq�(q)

qt+1 = qt + ↵rq�(q)
T (pd � p)

= qt + ↵J(q)T (pd � p)
<latexit sha1_base64="vJiUZwCmTe3clEAMTGW2bvbqdGs="></latexit>

Inverse Kinematics with Gradient Descent 



F =
1

2
(pd � p)T (pd � p)

<latexit sha1_base64="XBiLwZiK+0lenH8BIPIeFZ6XwgY=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCXViSVrwshKIgLiv0Bm0sk+mkHTq5MDMRSsgLuPFV3LhQxK17d76NkzQUtf4w8PGfczhzfjtgVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyn8kGPSwD7zedtGgjDqkYakkpF2wAlybUZa9ugqqbfuCRfU9+pyHBDLRQOPOhQjqayevn8NL2DX4QhHZhyVY1gMen14BIPDu/oUe3rBKBmp4CyYGRRAplpP/+z2fRy6xJOYISE6phFIK0JcUsxInO+GggQIj9CAdBR6yCXCitJrYnignD50fK6eJ2Hq/pyIkCvE2LVVp4vkUPytJeZ/tU4onTMrol4QSuLhySInZFD6MIkG9iknWLKxAoQ5VX+FeIhUNFIFmE9DOE90Mj15FprlklkpVW6PC9XLLI4c2AV7oAhMcAqq4AbUQANg8ACewAt41R61Z+1Ne5+0zmnZzA74Je3jG7MRmOw=</latexit>

(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

�q = ↵JT�p
<latexit sha1_base64="zio9MpKeYv3e5jFGMyaRZOO+ryU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRWfCyEoi7EVYW+oInlZjpth04ezkyEErpz46+4caGIW3/BnX9jkgZR64ELh3Pu5d57nIAzqQzjU8vNzM7NL+QXC0vLK6tr+vpGQ/qhILROfO6LlgOScubRumKK01YgKLgOp01neJ74zTsqJPO9mhoF1Hah77EeI6BiqaNvWxeUK8C3+BRbwIMB4KubGs7UoKMXjZKRAk8TMyNFlKHa0T+srk9Cl3qKcJCybRqBsiMQihFOxwUrlDQAMoQ+bcfUA5dKO0r/GOPdWOnini/i8hRO1Z8TEbhSjlwn7nRBDeRfLxH/89qh6h3bEfOCUFGPTBb1Qo6Vj5NQcJcJShQfxQSIYPGtmAxAAFFxdIU0hJMEh98vT5PGfsksl8rXB8XKWRZHHm2hHbSHTHSEKugSVVEdEXSPHtEzetEetCftVXubtOa0bGYT/YL2/gVVW5fW</latexit>

Inverse Kinematics with Gradient Descent 



Inverse Kinematics with Gradient Descent 

F =
1

2
(pd � p)T (pd � p)

<latexit sha1_base64="XBiLwZiK+0lenH8BIPIeFZ6XwgY=">AAACDXicbZDLSsNAFIYnXmu9RV26GaxCXViSVrwshKIgLiv0Bm0sk+mkHTq5MDMRSsgLuPFV3LhQxK17d76NkzQUtf4w8PGfczhzfjtgVEjD+NLm5hcWl5ZzK/nVtfWNTX1ruyn8kGPSwD7zedtGgjDqkYakkpF2wAlybUZa9ugqqbfuCRfU9+pyHBDLRQOPOhQjqayevn8NL2DX4QhHZhyVY1gMen14BIPDu/oUe3rBKBmp4CyYGRRAplpP/+z2fRy6xJOYISE6phFIK0JcUsxInO+GggQIj9CAdBR6yCXCitJrYnignD50fK6eJ2Hq/pyIkCvE2LVVp4vkUPytJeZ/tU4onTMrol4QSuLhySInZFD6MIkG9iknWLKxAoQ5VX+FeIhUNFIFmE9DOE90Mj15FprlklkpVW6PC9XLLI4c2AV7oAhMcAqq4AbUQANg8ACewAt41R61Z+1Ne5+0zmnZzA74Je3jG7MRmOw=</latexit>

(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

�q = ↵JT�p
<latexit sha1_base64="zio9MpKeYv3e5jFGMyaRZOO+ryU=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRWfCyEoi7EVYW+oInlZjpth04ezkyEErpz46+4caGIW3/BnX9jkgZR64ELh3Pu5d57nIAzqQzjU8vNzM7NL+QXC0vLK6tr+vpGQ/qhILROfO6LlgOScubRumKK01YgKLgOp01neJ74zTsqJPO9mhoF1Hah77EeI6BiqaNvWxeUK8C3+BRbwIMB4KubGs7UoKMXjZKRAk8TMyNFlKHa0T+srk9Cl3qKcJCybRqBsiMQihFOxwUrlDQAMoQ+bcfUA5dKO0r/GOPdWOnini/i8hRO1Z8TEbhSjlwn7nRBDeRfLxH/89qh6h3bEfOCUFGPTBb1Qo6Vj5NQcJcJShQfxQSIYPGtmAxAAFFxdIU0hJMEh98vT5PGfsksl8rXB8XKWRZHHm2hHbSHTHSEKugSVVEdEXSPHtEzetEetCftVXubtOa0bGYT/YL2/gVVW5fW</latexit>

Why do we need multiple 
iterations?



(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

Inverse Kinematics as Constrained 
Optimization Problem

F =
1

2
�qT�q

<latexit sha1_base64="2eGBcn5+G9rXWa225+E7T5uTE+E=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuStKKj4VQVMRlhb6gqWUynbRDJ5M4MxFKyAe48VfcuFDErR/gzr9xkoai1gMDh3PO5c49TsCoVKb5ZczNLywuLedW8qtr6xubha3tpvRDgUkD+8wXbQdJwignDUUVI+1AEOQ5jLSc0UXit+6JkNTndTUOSNdDA05dipHSUq9QvIJn0HYFwpEVR+UY2peEKQTvbutTqlNmyUwBZ4mVkSLIUOsVPu2+j0OPcIUZkrJjmYHqRkgoihmJ83YoSYDwCA1IR1OOPCK7UXpMDPe10oeuL/TjCqbqz4kIeVKOPUcnPaSG8q+XiP95nVC5J92I8iBUhOPJIjdkUPkwaQb2qSBYsbEmCAuq/wrxEOlmlO4vn5ZwmuBoevIsaZZLVqVUuTksVs+zOnJgF+yBA2CBY1AF16AGGgCDB/AEXsCr8Wg8G2/G+yQ6Z2QzO+AXjI9vJJiZ7g==</latexit>

�p = J�q
<latexit sha1_base64="9zGhNmAtxY0cNSkbzWxSzJTyml8=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWpFR8LoagLcVXBPqAdSia904ZmHiYZoYxd+CtuXCji1t9w59+YmQ6i1gMXTs65l9x7nJAzqSzr08jNzM7NL+QXC0vLK6tr5vpGQwaRoFCnAQ9EyyESOPOhrpji0AoFEM/h0HSG54nfvAMhWeDfqFEItkf6PnMZJUpLXXOrcwFcERziU3yFs8ct7ppFq2SlwNOknJEiylDrmh+dXkAjD3xFOZGyXbZCZcdEKEY5jAudSEJI6JD0oa2pTzyQdpzuP8a7WulhNxC6fIVT9edETDwpR56jOz2iBvKvl4j/ee1Iucd2zPwwUuDTyUduxLEKcBIG7jEBVPGRJoQKpnfFdEAEoUpHVkhDOElw+H3yNGnsl8qVUuX6oFg9y+LIo220g/ZQGR2hKrpENVRHFN2jR/SMXowH48l4Nd4mrTkjm9lEv2C8fwE8GpRy</latexit>

How to solve this optimization 
problem?



(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

Inverse Kinematics as Constrained 
Optimization Problem

F =
1

2
�qT�q

<latexit sha1_base64="2eGBcn5+G9rXWa225+E7T5uTE+E=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuStKKj4VQVMRlhb6gqWUynbRDJ5M4MxFKyAe48VfcuFDErR/gzr9xkoai1gMDh3PO5c49TsCoVKb5ZczNLywuLedW8qtr6xubha3tpvRDgUkD+8wXbQdJwignDUUVI+1AEOQ5jLSc0UXit+6JkNTndTUOSNdDA05dipHSUq9QvIJn0HYFwpEVR+UY2peEKQTvbutTqlNmyUwBZ4mVkSLIUOsVPu2+j0OPcIUZkrJjmYHqRkgoihmJ83YoSYDwCA1IR1OOPCK7UXpMDPe10oeuL/TjCqbqz4kIeVKOPUcnPaSG8q+XiP95nVC5J92I8iBUhOPJIjdkUPkwaQb2qSBYsbEmCAuq/wrxEOlmlO4vn5ZwmuBoevIsaZZLVqVUuTksVs+zOnJgF+yBA2CBY1AF16AGGgCDB/AEXsCr8Wg8G2/G+yQ6Z2QzO+AXjI9vJJiZ7g==</latexit>

�p = J�q
<latexit sha1_base64="9zGhNmAtxY0cNSkbzWxSzJTyml8=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWpFR8LoagLcVXBPqAdSia904ZmHiYZoYxd+CtuXCji1t9w59+YmQ6i1gMXTs65l9x7nJAzqSzr08jNzM7NL+QXC0vLK6tr5vpGQwaRoFCnAQ9EyyESOPOhrpji0AoFEM/h0HSG54nfvAMhWeDfqFEItkf6PnMZJUpLXXOrcwFcERziU3yFs8ct7ppFq2SlwNOknJEiylDrmh+dXkAjD3xFOZGyXbZCZcdEKEY5jAudSEJI6JD0oa2pTzyQdpzuP8a7WulhNxC6fIVT9edETDwpR56jOz2iBvKvl4j/ee1Iucd2zPwwUuDTyUduxLEKcBIG7jEBVPGRJoQKpnfFdEAEoUpHVkhDOElw+H3yNGnsl8qVUuX6oFg9y+LIo220g/ZQGR2hKrpENVRHFN2jR/SMXowH48l4Nd4mrTkjm9lEv2C8fwE8GpRy</latexit>

How to solve this optimization 
problem?

F (x1, ..., xn,�) = f(x1, ..., xn) + �g(x1, ..., xn)
<latexit sha1_base64="rICQeEjje1nqUJCpIoNCCE++taU=">AAACNnicbVDLSgMxFM34rPVVdenmYhEUyzBjxcdCKAriRqhgVWjLkEkzbWgmMyQZaSn9Kjd+h7tuXCji1k8wfSjaeiBwOOcebu7xY86UdpyeNTU9Mzs3n1pILy4tr6xm1tZvVZRIQksk4pG897GinAla0kxzeh9LikOf0zu/ed737x6oVCwSN7od02qI64IFjGBtJC9zdbHT8twcgG3bkIOWJ3JQ4SZfw7twCsG4uwt73z7UJ0wvk3VsZwCYJO6IZNEIRS/zXKlFJAmp0IRjpcquE+tqB0vNCKfddCVRNMakieu0bKjAIVXVzuDsLmwbpQZBJM0TGgbq70QHh0q1Q99Mhlg31LjXF//zyokOjqsdJuJEU0GGi4KEg46g3yHUmKRE87YhmEhm/gqkgSUm2jSdHpRw0sfhz8mT5HbfdvN2/vogWzgb1ZFCm2gL7SAXHaECukRFVEIEPaIeekVv1pP1Yr1bH8PRKWuU2UB/YH1+AeWUo8U=</latexit>

where g(x1, ...., xn) = 0
<latexit sha1_base64="icCzVgF1GTStwWYjMwblsAil/vw=">AAACDnicbVDLSgNBEJyN7/iKevQyGIQIIeyq+DgIohePEYwKSVhmJ51kcHZ2menVhCVf4MVf8eJBEa+evfk3Th6IGgsaiqpuuruCWAqDrvvpZCYmp6ZnZuey8wuLS8u5ldVLEyWaQ4VHMtLXATMghYIKCpRwHWtgYSDhKrg57ftXt6CNiNQFdmOoh6ylRFNwhlbyc5s1hA7qML1rgwbao61Cx/eKtGRBix1fbdEj6vq5vFtyB6DjxBuRPBmh7Oc+ao2IJyEo5JIZU/XcGOsp0yi4hF62lhiIGb9hLahaqlgIpp4O3unRTas0aDPSthTSgfpzImWhMd0wsJ0hw7b56/XF/7xqgs2DeipUnCAoPlzUTCTFiPazoQ2hgaPsWsK4FvZWyttMM442wewghMM+9r5fHieX2yVvp7Rzvps/PhnFMUvWyQYpEI/sk2NyRsqkQji5J4/kmbw4D86T8+q8DVszzmhmjfyC8/4FE7CZqQ==</latexit>



(xd, yd)
<latexit sha1_base64="Q2oOzgpk9KN0dKnLDoewt3ACTIM=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAgVpKRWfOyKblxWsA9IQ5hMJu3QyUyYmYgh9DPcuFDErV/jzr9x0gZR64ELh3Pu5d57/JhRpW3701pYXFpeWS2tldc3Nre2Kzu7XSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/fJ37vXsiFRX8TqcxcSM05DSkGGkjObUHLziGqRcclb1K1a7bU8B50ihIFRRoe5WPQSBwEhGuMUNKOQ 071m6GpKaYkUl5kCgSIzxGQ+IYylFElJtNT57AQ6MEMBTSFNdwqv6cyFCkVBr5pjNCeqT+ern4n+ckOrxwM8rjRBOOZ4vChEEtYP4/DKgkWLPUEIQlNbdCPEISYW1SmoVwmePs++V50j2pN5r15u1ptXVVxFEC++AA1EADnIMWuAFt0AEYCPAInsGLpa0n69V6m7UuWMXMHvgF6/0LhUuQPQ==</latexit>

Inverse Kinematics as Constrained 
Optimization Problem

F =
1

2
�qT�q

<latexit sha1_base64="2eGBcn5+G9rXWa225+E7T5uTE+E=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuStKKj4VQVMRlhb6gqWUynbRDJ5M4MxFKyAe48VfcuFDErR/gzr9xkoai1gMDh3PO5c49TsCoVKb5ZczNLywuLedW8qtr6xubha3tpvRDgUkD+8wXbQdJwignDUUVI+1AEOQ5jLSc0UXit+6JkNTndTUOSNdDA05dipHSUq9QvIJn0HYFwpEVR+UY2peEKQTvbutTqlNmyUwBZ4mVkSLIUOsVPu2+j0OPcIUZkrJjmYHqRkgoihmJ83YoSYDwCA1IR1OOPCK7UXpMDPe10oeuL/TjCqbqz4kIeVKOPUcnPaSG8q+XiP95nVC5J92I8iBUhOPJIjdkUPkwaQb2qSBYsbEmCAuq/wrxEOlmlO4vn5ZwmuBoevIsaZZLVqVUuTksVs+zOnJgF+yBA2CBY1AF16AGGgCDB/AEXsCr8Wg8G2/G+yQ6Z2QzO+AXjI9vJJiZ7g==</latexit>

�p = J�q
<latexit sha1_base64="9zGhNmAtxY0cNSkbzWxSzJTyml8=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJWpFR8LoagLcVXBPqAdSia904ZmHiYZoYxd+CtuXCji1t9w59+YmQ6i1gMXTs65l9x7nJAzqSzr08jNzM7NL+QXC0vLK6tr5vpGQwaRoFCnAQ9EyyESOPOhrpji0AoFEM/h0HSG54nfvAMhWeDfqFEItkf6PnMZJUpLXXOrcwFcERziU3yFs8ct7ppFq2SlwNOknJEiylDrmh+dXkAjD3xFOZGyXbZCZcdEKEY5jAudSEJI6JD0oa2pTzyQdpzuP8a7WulhNxC6fIVT9edETDwpR56jOz2iBvKvl4j/ee1Iucd2zPwwUuDTyUduxLEKcBIG7jEBVPGRJoQKpnfFdEAEoUpHVkhDOElw+H3yNGnsl8qVUuX6oFg9y+LIo220g/ZQGR2hKrpENVRHFN2jR/SMXowH48l4Nd4mrTkjm9lEv2C8fwE8GpRy</latexit>

How to solve this optimization 
problem?

F (�q,�) =
1

2
�qT�q + �(�p� J�q)

<latexit sha1_base64="sAr315BB0a/V/VKZaOpJPr5AG7A="></latexit>



Inverse Kinematics as Constrained 
Optimization Problem

F (�q,�) =
1

2
�qT�q + �(�p� J�q)

@F

@�q
= 0 !

�q � �JT = 0 !
�q = JT�

@F

@�
= 0 !

�p = J�q
<latexit sha1_base64="9Czjdpm5xFVwWAoOHxvmNK4jf78="></latexit>



Inverse Kinematics as Constrained 
Optimization Problem

F (�q,�) =
1

2
�qT�q + �(�p� J�q)

@F

@�q
= 0 !

�q � �JT = 0 !
�q = JT�

@F

@�
= 0 !

�p = J�q
<latexit sha1_base64="9Czjdpm5xFVwWAoOHxvmNK4jf78="></latexit>



Inverse Kinematics as Constrained 
Optimization Problem

F (�q,�) =
1

2
�qT�q + �(�p� J�q)

@F

@�q
= 0 !

�q � �JT = 0 !
�q = JT�

@F

@�
= 0 !

�p = J�q
<latexit sha1_base64="9Czjdpm5xFVwWAoOHxvmNK4jf78="></latexit>



Inverse Kinematics as Constrained 
Optimization Problem

�q = JT� J�q = JJT� �p = JJT�

�p = J�q �p = J�q �p = J�q
<latexit sha1_base64="veVuCu2eeTaqueO+ipMLD0ArYQo="></latexit>



Inverse Kinematics as Constrained 
Optimization Problem

�q = JT� J�q = JJT� �p = JJT�

�p = J�q �p = J�q �p = J�q
<latexit sha1_base64="veVuCu2eeTaqueO+ipMLD0ArYQo="></latexit>

�q = JT� J�q = JJT� �p = JJT�

�p = J�q �p = J�q �p = J�q
<latexit sha1_base64="veVuCu2eeTaqueO+ipMLD0ArYQo="></latexit>



Inverse Kinematics as Constrained 
Optimization Problem

�q = JT� J�q = JJT� �p = JJT�

�p = J�q �p = J�q �p = J�q
<latexit sha1_base64="veVuCu2eeTaqueO+ipMLD0ArYQo="></latexit>



Inverse Kinematics as Constrained 
Optimization Problem

�q = JT� J�q = JJT� �p = JJT�

�p = J�q �p = J�q �p = J�q
<latexit sha1_base64="veVuCu2eeTaqueO+ipMLD0ArYQo="></latexit>

�q = JT (JJT )�1�p
<latexit sha1_base64="NnWloJLtGKMqN7ReE0ZxBup3nH8=">AAACDXicbVDLSgMxFM3UV62vUZduglWoC8uMFR8LoagL6apCX9BOSybNtKGZh0lGKEN/wI2/4saFIm7du/NvzEwH8XXgcg/n3Etyjx0wKqRhfGiZmdm5+YXsYm5peWV1TV/faAg/5JjUsc983rKRIIx6pC6pZKQVcIJcm5GmPbqI/eYt4YL6Xk2OA2K5aOBRh2IkldTTdzqXhEkEb+AZrHRrsFCJ21432jcnMPWCnp43ikYC+JeYKcmDFNWe/t7p+zh0iScxQ0K0TSOQVoS4pJiRSa4TChIgPEID0lbUQy4RVpRcM4G7SulDx+eqPAkT9ftGhFwhxq6tJl0kh+K3F4v/ee1QOidWRL0glMTD04eckEHpwzga2KecYMnGiiDMqforxEPEEZYqwFwSwmmMo6+T/5LGQdEsFUvXh/nyeRpHFmyBbVAAJjgGZXAFqqAOMLgDD+AJPGv32qP2or1ORzNaurMJfkB7+wTzUZkb</latexit>

J#
<latexit sha1_base64="xSh9qey+3FdFKADbKzDPhTjnNgA=">AAAB63icbVDLSsNAFL2pr1pfVZduBoPgqiQqPnZFN+Kqgn1AG8tkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8SPOtHGcT6u0sLi0vFJeraytb2xuVbd3WjqMFaFNEvJQdXysKWeSNg0znHYiRbHwOW3746vMbz9QpVko78wkop7AQ8kCRrDJpJv7nt2v2k7NyYHmiVsQGwo0+tWP3iAksaDSEI617rpOZLwEK8MIp9NKL9Y0wmSMh7SbUokF1V6S3zpFB6kyQEGo0pIG5erPiQQLrSfCTzsFNiP918vE/7xubIJzL2Eyig2VZLYoiDkyIcoeRwOmKDF8khJMFEtvRWSEFSYmjaeSh3CR4fT75XnSOqq5x7Xj2xO7flnEUYY92IdDcOEM6nANDWgCgRE8wjO8WMJ6sl6tt1lrySpmduEXrPcveQOOAA==</latexit>

Jacobian Pseudoinverse



Inverse Kinematics as Constrained 
Optimization Problem

�q = JT (JJT )�1�p
<latexit sha1_base64="NnWloJLtGKMqN7ReE0ZxBup3nH8=">AAACDXicbVDLSgMxFM3UV62vUZduglWoC8uMFR8LoagL6apCX9BOSybNtKGZh0lGKEN/wI2/4saFIm7du/NvzEwH8XXgcg/n3Etyjx0wKqRhfGiZmdm5+YXsYm5peWV1TV/faAg/5JjUsc983rKRIIx6pC6pZKQVcIJcm5GmPbqI/eYt4YL6Xk2OA2K5aOBRh2IkldTTdzqXhEkEb+AZrHRrsFCJ21432jcnMPWCnp43ikYC+JeYKcmDFNWe/t7p+zh0iScxQ0K0TSOQVoS4pJiRSa4TChIgPEID0lbUQy4RVpRcM4G7SulDx+eqPAkT9ftGhFwhxq6tJl0kh+K3F4v/ee1QOidWRL0glMTD04eckEHpwzga2KecYMnGiiDMqforxEPEEZYqwFwSwmmMo6+T/5LGQdEsFUvXh/nyeRpHFmyBbVAAJjgGZXAFqqAOMLgDD+AJPGv32qP2or1ORzNaurMJfkB7+wTzUZkb</latexit>

J#
<latexit sha1_base64="xSh9qey+3FdFKADbKzDPhTjnNgA=">AAAB63icbVDLSsNAFL2pr1pfVZduBoPgqiQqPnZFN+Kqgn1AG8tkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8SPOtHGcT6u0sLi0vFJeraytb2xuVbd3WjqMFaFNEvJQdXysKWeSNg0znHYiRbHwOW3746vMbz9QpVko78wkop7AQ8kCRrDJpJv7nt2v2k7NyYHmiVsQGwo0+tWP3iAksaDSEI617rpOZLwEK8MIp9NKL9Y0wmSMh7SbUokF1V6S3zpFB6kyQEGo0pIG5erPiQQLrSfCTzsFNiP918vE/7xubIJzL2Eyig2VZLYoiDkyIcoeRwOmKDF8khJMFEtvRWSEFSYmjaeSh3CR4fT75XnSOqq5x7Xj2xO7flnEUYY92IdDcOEM6nANDWgCgRE8wjO8WMJ6sl6tt1lrySpmduEXrPcveQOOAA==</latexit>

Jacobian Pseudoinverse

qt+1 = qt + ↵J#�p
<latexit sha1_base64="Ou2EF54d/Ra6lo25N8djLVsfIBQ=">AAACDXicbVDJSgNBEO2Je9xGPXppjIIQCDMqLgdB1IN4imAWyMShptNJmvQsdtcIYcgPePFXvHhQxKt3b/6NkwVR44OCx3tVVNXzIik0WtankZmYnJqemZ3Lzi8sLi2bK6tlHcaK8RILZaiqHmguRcBLKFDyaqQ4+J7kFa9z1vcrd1xpEQbX2I143YdWIJqCAaaSa27eugnm7R49prcu0jx1QEZtoJc3To4651wi0Mg1c1bBGoCOE3tEcmSEomt+OI2QxT4PkEnQumZbEdYTUCiY5L2sE2seAetAi9dSGoDPdT0ZfNOjW6nSoM1QpRUgHag/JxLwte76XtrpA7b1X68v/ufVYmwe1hMRRDHygA0XNWNJMaT9aGhDKM5QdlMCTIn0VsraoIBhGmB2EMJRH/vfL4+T8k7B3i3sXu3lTk5HccySdbJBtolNDsgJuSBFUiKM3JNH8kxejAfjyXg13oatGWM0s0Z+wXj/At6jma0=</latexit>

Gradient descent: 



General Formulation of IK Problem 

min J = ||p� pd||
<latexit sha1_base64="XHRp6XePdluyC3lk77G2rFxNJ7U=">AAACBXicbVDLSgNBEJz1GeNr1aMeBoPgxbAx4uMgBL2IpwjmAUkIs5NJMmRmdpnpFcMmHrz4K148KOLVf/Dm37jZLKLGgoaiqpvuLtcX3IDjfFpT0zOzc/OphfTi0vLKqr22XjZeoCkrUU94uuoSwwRXrAQcBKv6mhHpClZxe+cjv3LDtOGeuoa+zxqSdBRvc0ogkpr2Vh3YLWgZSq7uhpf4FA8GPt7DfrM1GDTtjJN1YuBJkktIBiUoNu2PesujgWQKqCDG1HKOD42QaOBUsGG6HhjmE9ojHVaLqCKSmUYYfzHEO5HSwm1PR6UAx+rPiZBIY/rSjTolga75643E/7xaAO3jRsiVHwBTdLyoHQgMHh5FgltcMwqiHxFCNY9uxbRLNKEQBZeOQzgZ4fD75UlS3s/m8tn81UGmcJbEkUKbaBvtohw6QgV0gYqohCi6R4/oGb1YD9aT9Wq9jVunrGRmA/2C9f4FKpWYew==</latexit>

Constraints:
- joint limits
- kinematics
- collision avoidance 


