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Forward Kinematics
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Forward Kinematics

y1 = lasin(qr + q2)
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Forward Kinematics
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Forward Kinematics
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Forward Kinematics
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Forward Kinematics
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Inverse Kinematics
d~1 R = Q

We will express g3, 4, with
respect to x;, X,
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Inverse Kinematics

o R = Q
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Inverse Kinematics

o R = Q

r = \/Z% + 15 — 2l1l3cosa
1 re — l% — l%
—21115

z, O = COS



Inverse Kinematics




Inverse Kinematics

)

o R = Q

,,,,,,, g1 = atan2(y,x) — B
s
7z 41




Inverse Kinematics
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Inverse Kinematics
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Inverse Kinematics
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Inverse Kinematics
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Derivation of Jacobian Equation
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Derivation of Jacobian Equation
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Derivation of Jacobian Equation
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Derivation of Jacobian Equation
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dp dq
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Jacobian Inverse?

p=Jq

Why not solve for the joint
velocities?




When is Jacobian non-invertible?




When is Jacobian non-invertible?

7 |~hsin(q) = lsin(qr +q2)  —lasin(g + g2)
l1cos(q1) + lacos(q1 + q2)  lacos(q1 + ¢2)




When is Jacobian non-invertible?
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When is Jacobian non-invertible?
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When is Jacobian non-invertible?

g —l1sin(qr) — lasin(qr + q2)  —lasin(qr + q2)
l1cos(q1) + lacos(q1 + g2) lacos(q1 + q2)
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When is Jacobian non-invertible?
7 _ [“hsin(q) = bsin(gr +g2) - —lasin(qi + ¢2)
lycos(q1) + lacos(q1 + q2)  lacos(q1 + g2)
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When is Jacobian non-invertible?

g —l1sin(qr) — lasin(qr + q2)  —lasin(qr + q2)
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When is Jacobian non-invertible?
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When is Jacobian non-invertible?

g —l1sin(qr) — lasin(qr + q2)  —lasin(qr + q2)
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When is Jacobian non-invertible?
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When is Jacobian non-invertible?
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Kinematic Singularities
* Letg,=0:

7 _ |~hsin(q) = bsin(gr +¢2)  —lsin(g + g2)
l1cos(q1) + lacos(qr + q2)  lacos(qr + q2)



Kinematic Singularities

* Letg,=0:
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Kinematic Singularities
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Kinematic Singularities

* Letg,=0:
7 —lisin(q1) — lasin(qr + q2)  —lasin(q1 + ¢2)
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Kinematic Singularities

* Mobility of the structure is reduced

« Small velocities of the end-etffector may result in large joint
velocities



Example: 2-R Planar Manipulator

* We can compute the angular velocities of the joints, given
the desired motion of the end-effector

* Can we use this for inverse kinematics?



Objective
1

b= §(pd —p)" (pa — p)

How can we solve this
optimization problem?




Objective
1

b= §(pd —p)" (pa — p)

How can we solve this
optimization problem?

Gradient Descent!




Inverse Kinematics with Gradient Descent

1

b= §(pd —p)" (pa — p)
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Inverse Kinematics with Gradient Descent

1
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Inverse Kinematics with Gradient Descent

1
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator
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Example: 2-R Planar Manipulator

~
|

V0

(O0¢1 Oy
_3(11 0q2
—11sin(qq
_51003((11)

) — lasin(q1 + g2)
+ lacos(q1 + g2)

—lasin(q1 + q2)

locos(q1 + q2)



Inverse Kinematics with Gradient Descent

1

b= §(pd —p)" (pa — p)

dt+1 = gt — Oé[VqF]T
V,F = {3_17 3_11
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Inverse Kinematics with Gradient Descent

1

b= §(pd —p)" (pa — p)
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Inverse Kinematics with Gradient Descent

1

b= §(pd —p)" (pa — p)

Ag = aJ! Ap




Inverse Kinematics with Gradient Descent

1

F=2(pa—p) (pa—p)
Ag = aJ! Ap
Why do we need multiple

iterations?




Inverse Kinematics as Constrained
Optimization Problem

1
F = §AqTAq

s.t: Ap — JAq

How to solve this optimization
problem?




Inverse Kinematics as Constrained
Optimization Problem

5'/ > F(QBl,...

1
F = §AqTAq

s.t: Ap — JAq

How to solve this optimization
problem?

Ty A) = (X1, s Tn) + Ag(X1, oeny T

where g(z1,....,2,) =0



Inverse Kinematics as Constrained
Optimization Problem

1
F = §AqTAq

s.t: Ap — JAq

How to solve this optimization
problem?

1
F(Ag,\) = §AqTAq + AMAp — JAQ)



Inverse Kinematics as Constrained
Optimization Problem

1
F(Aq, \) = §AqTAq + MAp — JAq)



Inverse Kinematics as Constrained
Optimization Problem

F(Aq, \) = %AQTAC] + AMAp — JAq)
8_F
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Inverse Kinematics as Constrained
Optimization Problem

1
F(Aq,\) = §AqTAq + AMAp — JAq)
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Inverse Kinematics as Constrained
Optimization Problem

Ag=J'\
Ap = JAq



Inverse Kinematics as Constrained
Optimization Problem

Ag = J'\ JAq = JJ')

e

Ap = JAq Ap = JAq



Inverse Kinematics as Constrained
Optimization Problem

Ag = J'\ JAq = JJ'\ Ap = JJE\

— —

Ap = JAq Ap = JAq Ap = JAq



Inverse Kinematics as Constrained
Optimization Problem

Ag = J'\ - JAq=JJ"X Ap = JJE\

e

Ap = JAq ' Ap = JAq Ap = JAq \

Ag=J"(JJ) tAp

J#

Jacobian Pseudoinverse



Inverse Kinematics as Constrained
Optimization Problem

Ag=J" (JJ") tAp

J#

Jacobian Pseudoinverse

Gradient descent:

Qi1 = G + aJ7 Ap



General Formulation of IK Problem

min J = ||p — p4|

Constraints:

- joint limits

- kinematics

- collision avoidance



