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Multi-Query Planners

CSCI 545 Introduction to Robotics 
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Taxonomy of Motion Planning Problems

• Plans: Discrete / Continuous / Hybrid

• Environment: Immovable (Walls) / Moving (People) / 
Movable (Bottle)

• Interaction:  Non-contact (avoid) / Contact (Grasping / 
Pushing)

• Uncertainty: None / Known / Bounded / Unknown

• Static (x = q) / Dynamic (                   )
x 2 X

<latexit sha1_base64="BZkYWqz7YZpEHq1hV2Owc556P8g=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWsA9oQ5lMJ+3QySTMTMQS+hFuXCji1u9x5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nXsqFYvEnZ7G1AvxSLCAEayN1HlAfSZQd2BXnZqTAy0StyBVKNAc2B/9YUSSkApNOFaq5zqx9lIsNSOczir9RNEYkwke0Z6hAodUeWl+7gwdGWWIgkiaEhrl6s+JFIdKTUPfdIZYj9VfLxP/83qJDi68lIk40VSQ+aIg4UhHKPsdDZmkRPOpIZhIZm5FZIwlJtokVMlDuMxw9v3yImmf1Nx6rX57Wm1cFXGU4QAO4RhcOIcG3EATWkBgAo/wDC9WbD1Zr9bbvLVkFTP78AvW+xebdo86</latexit>

Where is x? x p(x)

x = [q, q̇]
<latexit sha1_base64="iAPVn/HtJ8+ZycFjv0yFzHQ7qrk=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFcSEmt+FgIRTcuK9gHpKFMppN26OTRmUmxhP6JGxeKuPVP3Pk3TtIgaj0wcDjnHu6d40acSWVZn8bC4tLyymphrbi+sbm1be7sNmUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHd6kfmtMhWRhcK8mEXV83A+YxwhWWuqa5gO6QvboGHV6oUpGU6drlqyylQHNk0pOSpCj3jU/dJTEPg0U4VhKu2JFykmwUIxwOi12YkkjTIa4T21NA+xT6STZ5VN0qJUe8kKhX6BQpv5MJNiXcuK7etLHaiD/eqn4n2fHyrtwEhZEsaIBmS3yYo5UiNIaUI8JShSfaIKJYPpWRAZYYKJ0WcWshMsUZ99fnifNk3KlWq7enZZq13kdBdiHAziCCpxDDW6hDg0gMIZHeIYXIzGejFfjbTa6YOSZPfgF4/0LVoeS+A==</latexit>



Motion Planning Problem

qs
<latexit sha1_base64="PPqTqkhm2A+PIcqXj1sZKXhBybE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5K24Met6MVjBdMW2lA22027dLOJuxuhhP4GLx4U8eoP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJaEOCXkoex5WlDNBHc00p71IUhx4nHa96XXqdx+oVCwUd3oWUTfAY8F8RrA2klO9H6rqsFyxa3YGtEzqOalAjvaw/DEYhSQOqNCEY6X6dTvSboKlZoTTeWkQKxphMsVj2jdU4IAqN8mOnaMTo4yQH0pTQqNM/TmR4ECpWeCZzgDrifrrpeJ/Xj/W/oWbMBHFmgqyWOTHHOkQpZ+jEZOUaD4zBBPJzK2ITLDERJt8SlkIlynOvl9eJp1Grd6sNW8bldZVHkcRjuAYTqEO59CCG2iDAwQYPMIzvFjCerJerbdFa8HKZw7hF6z3LzYKjmw=</latexit>

qg
<latexit sha1_base64="FnGTYJW9Qn1F16oefcT/mHHd994=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5K24Met6MVjBdMW2lA22027dLOJuxuhhP4GLx4U8eoP8ua/cZMGUeuDgcd7M8zM8yLOlLbtT6uwsrq2vlHcLG1t7+zulfcPOiqMJaEOCXkoex5WlDNBHc00p71IUhx4nHa96XXqdx+oVCwUd3oWUTfAY8F8RrA2klO9H46rw3LFrtkZ0DKp56QCOdrD8sdgFJI4oEITjpXq1+1IuwmWmhFO56VBrGiEyRSPad9QgQOq3CQ7do5OjDJCfihNCY0y9edEggOlZoFnOgOsJ+qvl4r/ef1Y+xduwkQUayrIYpEfc6RDlH6ORkxSovnMEEwkM7ciMsESE23yKWUhXKY4+355mXQatXqz1rxtVFpXeRxFOIJjOIU6nEMLbqANDhBg8AjP8GIJ68l6td4WrQUrnzmEX7DevwAjzo5g</latexit>

1. A world W in R2 or R3

2. An obstacle region O in W

3. A robot A and its configuration space Q

4. Qfree = Q \Qobs

5. qs 2 Qfree : Initial Configuration

6. qg 2 Qfree : Goal Configuration

7. Compute a path ⌧ : [0, 1] ! Qfree so that
qs = ⌧(0), qg = ⌧(1)

<latexit sha1_base64="aEy6t0PkOStWo/E4R2hGo2G2fts="></latexit>
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Roadmap Planning

• Construct a network of “highways” 

• Store the network as a data structure

• A planner can resolve a query by simply planning a 
collision-free path to / from the roadmap



Cell Decomposition Algorithms

• Partition a space               into a set of regions named cells 

• Example: vertical cell decomposition
• Let P denote a set of vertices 
• At every             , extend a ray in               until you hit 

Qfree
<latexit sha1_base64="CJ6OuZlpFxcoAUnKkAlfWula6Ps=">AAAB8XicbVDLSsNAFJ34rPVVdelmsBVclaQFH7uiG5ct2Ae2oUymN+3QySTMTIQS+hduXCji1r9x5984SYOo9cCFwzn3cu89XsSZ0rb9aa2srq1vbBa2its7u3v7pYPDjgpjSaFNQx7KnkcUcCagrZnm0IskkMDj0PWmN6nffQCpWCju9CwCNyBjwXxGiTbSfaU1THwJMK8MS2W7amfAy8TJSRnlaA5LH4NRSOMAhKacKNV37Ei7CZGaUQ7z4iBWEBE6JWPoGypIAMpNsovn+NQoI+yH0pTQOFN/TiQkUGoWeKYzIHqi/nqp+J/Xj7V/6SZMRLEGQReL/JhjHeL0fTxiEqjmM0MIlczciumESEK1CamYhXCV4vz75WXSqVWderXeqpUb13kcBXSMTtAZctAFaqBb1ERtRJFAj+gZvVjKerJerbdF64qVzxyhX7DevwAOAZCl</latexit>

p 2 P
<latexit sha1_base64="4dwOnyfJ1rno4WQI0Pr74crmHjw=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxY8bErunFZwT6gHSSTZtrQTCYkGaEM/Qg3LhRx6/e482/MTAdR64HA4Zxzyb0nkJxp47qfTmlpeWV1rbxe2djc2t6p7u51dJwoQtsk5rHqBVhTzgRtG2Y47UlFcRRw2g0m15nffaBKs1jcmamkfoRHgoWMYGOlrkQDJlDrvlpz624OtEi8gtSggM1/DIYxSSIqDOFY677nSuOnWBlGOJ1VBommEpMJHtG+pQJHVPtpvu4MHVlliMJY2ScMytWfEymOtJ5GgU1G2Iz1Xy8T//P6iQkv/JQJmRgqyPyjMOHIxCi7HQ2ZosTwqSWYKGZ3RWSMFSbGNlTJS7jMcPZ98iLpnNS9Rr1xe1prXhV1lOEADuEYPDiHJtxAC9pAYAKP8AwvjnSenFfnbR4tOcXMPvyC8/4FgwaPKg==</latexit>

Qfree
<latexit sha1_base64="X9xphRTSCyr0GNhdmk0iR/ojzgE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lV/LgVvXhswX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIMWyxQASq61KNgktsGW4EdkOF1HcFdtzJTep3HlBpHsg7Mw3R8elIco8zahKp2xzEnkKcDcoVu2pnIIuklpMK5GgMyh/9YcAiH6Vhgmrdq9mhcWKqDGcCZ6V+pDGkbEJH2EuopD5qJ87unZGjRBkSL1BJSUMy9edETH2tp76bdPrUjPVfLxX/83qR8S6dmMswMijZfJEXCWICkj5PhlwhM2KaEMoUT24lbEwVZSaJqJSFcJXi/PvlRdI+qdZOq6fNs0r9Oo+jCAdwCMdQgwuowy00oAUMBDzCM7xY99aT9Wq9zVsLVj6zD79gvX8BUv6QSw==</latexit>

Qobs
<latexit sha1_base64="L5kdAJGMMXeYZqpvXPDymQBztdA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevGYgHlAsoTZyWwyZHZmmZkVwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3BTFn2rjup1NYWV1b3yhulra2d3b3yvsHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpv5nQeqNJPi3kxj6kd4JFjICDZW6jQHqQz0bFCuuFV3DrRMvJxUIEdjUP7oDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzc2foxCpDFEplSxg0V39OpDjSehoFtjPCZqz/epn4n9dLTHjlp0zEiaGCLBaFCUdGoux3NGSKEsOnlmCimL0VkTFWmBibUGkewnWGi++Xl0n7rOrVqrXmeaV+k8dRhCM4hlPw4BLqcAcNaAGBCTzCM7w4sfPkvDpvi9aCk88cwi8471+cw4/j</latexit>
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Vertical Cell Decomposition



Cell Decomposition Algorithms

• Partition a space               into a set of regions named cells 

• Example: vertical cell decomposition
• Let P denote a set of vertices 
• At every             , extend a ray in               until you hit
• For each cell i , select a point      , e.g., centroids 

• 1-cell: line segment
• 2-cell: trapezoid

Qfree
<latexit sha1_base64="CJ6OuZlpFxcoAUnKkAlfWula6Ps=">AAAB8XicbVDLSsNAFJ34rPVVdelmsBVclaQFH7uiG5ct2Ae2oUymN+3QySTMTIQS+hduXCji1r9x5984SYOo9cCFwzn3cu89XsSZ0rb9aa2srq1vbBa2its7u3v7pYPDjgpjSaFNQx7KnkcUcCagrZnm0IskkMDj0PWmN6nffQCpWCju9CwCNyBjwXxGiTbSfaU1THwJMK8MS2W7amfAy8TJSRnlaA5LH4NRSOMAhKacKNV37Ei7CZGaUQ7z4iBWEBE6JWPoGypIAMpNsovn+NQoI+yH0pTQOFN/TiQkUGoWeKYzIHqi/nqp+J/Xj7V/6SZMRLEGQReL/JhjHeL0fTxiEqjmM0MIlczciumESEK1CamYhXCV4vz75WXSqVWderXeqpUb13kcBXSMTtAZctAFaqBb1ERtRJFAj+gZvVjKerJerbdF64qVzxyhX7DevwAOAZCl</latexit>

p 2 P
<latexit sha1_base64="4dwOnyfJ1rno4WQI0Pr74crmHjw=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxY8bErunFZwT6gHSSTZtrQTCYkGaEM/Qg3LhRx6/e482/MTAdR64HA4Zxzyb0nkJxp47qfTmlpeWV1rbxe2djc2t6p7u51dJwoQtsk5rHqBVhTzgRtG2Y47UlFcRRw2g0m15nffaBKs1jcmamkfoRHgoWMYGOlrkQDJlDrvlpz624OtEi8gtSggM1/DIYxSSIqDOFY677nSuOnWBlGOJ1VBommEpMJHtG+pQJHVPtpvu4MHVlliMJY2ScMytWfEymOtJ5GgU1G2Iz1Xy8T//P6iQkv/JQJmRgqyPyjMOHIxCi7HQ2ZosTwqSWYKGZ3RWSMFSbGNlTJS7jMcPZ98iLpnNS9Rr1xe1prXhV1lOEADuEYPDiHJtxAC9pAYAKP8AwvjnSenFfnbR4tOcXMPvyC8/4FgwaPKg==</latexit>

Qfree
<latexit sha1_base64="X9xphRTSCyr0GNhdmk0iR/ojzgE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lV/LgVvXhswX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIMWyxQASq61KNgktsGW4EdkOF1HcFdtzJTep3HlBpHsg7Mw3R8elIco8zahKp2xzEnkKcDcoVu2pnIIuklpMK5GgMyh/9YcAiH6Vhgmrdq9mhcWKqDGcCZ6V+pDGkbEJH2EuopD5qJ87unZGjRBkSL1BJSUMy9edETH2tp76bdPrUjPVfLxX/83qR8S6dmMswMijZfJEXCWICkj5PhlwhM2KaEMoUT24lbEwVZSaJqJSFcJXi/PvlRdI+qdZOq6fNs0r9Oo+jCAdwCMdQgwuowy00oAUMBDzCM7xY99aT9Wq9zVsLVj6zD79gvX8BUv6QSw==</latexit>

Qobs
<latexit sha1_base64="L5kdAJGMMXeYZqpvXPDymQBztdA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevGYgHlAsoTZyWwyZHZmmZkVwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3BTFn2rjup1NYWV1b3yhulra2d3b3yvsHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpv5nQeqNJPi3kxj6kd4JFjICDZW6jQHqQz0bFCuuFV3DrRMvJxUIEdjUP7oDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzc2foxCpDFEplSxg0V39OpDjSehoFtjPCZqz/epn4n9dLTHjlp0zEiaGCLBaFCUdGoux3NGSKEsOnlmCimL0VkTFWmBibUGkewnWGi++Xl0n7rOrVqrXmeaV+k8dRhCM4hlPw4BLqcAcNaAGBCTzCM7w4sfPkvDpvi9aCk88cwi8471+cw4/j</latexit>

qi
<latexit sha1_base64="AJMKEnc/mHi3k8YYAv9g+cJ00Nk=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39gA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8Cbq6OCA==</latexit>
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Vertical Cell Decomposition



Cell Decomposition Algorithms

• Partition a space               into a set of regions named cells 

• Example: vertical cell decomposition
• Let P denote a set of vertices 
• At every             , extend a ray in               until you hit
• For each cell i , select a point      , e.g., centroids 

• 1-cell: line segment
• 2-cell: trapezoid

• Build a graph G(V,E), where each point     is a 2-cell connected with 
the point of each 1-cell that lies along its boundary.

Qfree
<latexit sha1_base64="CJ6OuZlpFxcoAUnKkAlfWula6Ps=">AAAB8XicbVDLSsNAFJ34rPVVdelmsBVclaQFH7uiG5ct2Ae2oUymN+3QySTMTIQS+hduXCji1r9x5984SYOo9cCFwzn3cu89XsSZ0rb9aa2srq1vbBa2its7u3v7pYPDjgpjSaFNQx7KnkcUcCagrZnm0IskkMDj0PWmN6nffQCpWCju9CwCNyBjwXxGiTbSfaU1THwJMK8MS2W7amfAy8TJSRnlaA5LH4NRSOMAhKacKNV37Ei7CZGaUQ7z4iBWEBE6JWPoGypIAMpNsovn+NQoI+yH0pTQOFN/TiQkUGoWeKYzIHqi/nqp+J/Xj7V/6SZMRLEGQReL/JhjHeL0fTxiEqjmM0MIlczciumESEK1CamYhXCV4vz75WXSqVWderXeqpUb13kcBXSMTtAZctAFaqBb1ERtRJFAj+gZvVjKerJerbdF64qVzxyhX7DevwAOAZCl</latexit>

p 2 P
<latexit sha1_base64="4dwOnyfJ1rno4WQI0Pr74crmHjw=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxY8bErunFZwT6gHSSTZtrQTCYkGaEM/Qg3LhRx6/e482/MTAdR64HA4Zxzyb0nkJxp47qfTmlpeWV1rbxe2djc2t6p7u51dJwoQtsk5rHqBVhTzgRtG2Y47UlFcRRw2g0m15nffaBKs1jcmamkfoRHgoWMYGOlrkQDJlDrvlpz624OtEi8gtSggM1/DIYxSSIqDOFY677nSuOnWBlGOJ1VBommEpMJHtG+pQJHVPtpvu4MHVlliMJY2ScMytWfEymOtJ5GgU1G2Iz1Xy8T//P6iQkv/JQJmRgqyPyjMOHIxCi7HQ2ZosTwqSWYKGZ3RWSMFSbGNlTJS7jMcPZ98iLpnNS9Rr1xe1prXhV1lOEADuEYPDiHJtxAC9pAYAKP8AwvjnSenFfnbR4tOcXMPvyC8/4FgwaPKg==</latexit>

Qfree
<latexit sha1_base64="X9xphRTSCyr0GNhdmk0iR/ojzgE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lV/LgVvXhswX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3JmkQtT4YeLw3w8w8NxRcG9v+tApLyyura8X10sbm1vZOeXevrYNIMWyxQASq61KNgktsGW4EdkOF1HcFdtzJTep3HlBpHsg7Mw3R8elIco8zahKp2xzEnkKcDcoVu2pnIIuklpMK5GgMyh/9YcAiH6Vhgmrdq9mhcWKqDGcCZ6V+pDGkbEJH2EuopD5qJ87unZGjRBkSL1BJSUMy9edETH2tp76bdPrUjPVfLxX/83qR8S6dmMswMijZfJEXCWICkj5PhlwhM2KaEMoUT24lbEwVZSaJqJSFcJXi/PvlRdI+qdZOq6fNs0r9Oo+jCAdwCMdQgwuowy00oAUMBDzCM7xY99aT9Wq9zVsLVj6zD79gvX8BUv6QSw==</latexit>

Qobs
<latexit sha1_base64="L5kdAJGMMXeYZqpvXPDymQBztdA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevGYgHlAsoTZyWwyZHZmmZkVwpKP8OJBEa9+jzf/xtlkETUWNBRV3XR3BTFn2rjup1NYWV1b3yhulra2d3b3yvsHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcpv5nQeqNJPi3kxj6kd4JFjICDZW6jQHqQz0bFCuuFV3DrRMvJxUIEdjUP7oDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzc2foxCpDFEplSxg0V39OpDjSehoFtjPCZqz/epn4n9dLTHjlp0zEiaGCLBaFCUdGoux3NGSKEsOnlmCimL0VkTFWmBibUGkewnWGi++Xl0n7rOrVqrXmeaV+k8dRhCM4hlPw4BLqcAcNaAGBCTzCM7w4sfPkvDpvi9aCk88cwi8471+cw4/j</latexit>

qi
<latexit sha1_base64="AJMKEnc/mHi3k8YYAv9g+cJ00Nk=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39gA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8Cbq6OCA==</latexit>

qi
<latexit sha1_base64="AJMKEnc/mHi3k8YYAv9g+cJ00Nk=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39gA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8Cbq6OCA==</latexit>



Vertical Cell Decomposition



Vertical Cell Decomposition



Vertical Cell Decomposition
qs

<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>



Vertical Cell Decomposition
qs

<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>



Visibility Graph

• Connect each vertex v to the set of vertices that are visible 
from v



Visibility Graph



Visibility Graph



Visibility Graph

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>



Visibility Graph

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>



Visibility Graph

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>

How can you make sure that 
the robot does not pad the 
obstacles? 



Sampling-Based Motion Planning

• As the dimension of the configuration space increases, 
planning algorithms based on the geometry of the space 
become impractical. 



Probabilistic Roadmap Planner

• Preprocessing phase: construct Roadmap

• Query phase: search roadmap for       and

• Does not attempt to construct explicitly the boundaries of 
the configuration space obstacles!    

qg
<latexit sha1_base64="xgnyFaBL+4bxdu5khY3oJBy5jvc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0ms+HErevFY0dpCG8pmu0mXbjZxdyOU0J/gxYMiXv1F3vw3btIgan0w8Hhvhpl5XsyZ0rb9aZUWFpeWV8qrlbX1jc2t6vbOnYoSSWibRDySXQ8rypmgbc00p91YUhx6nHa88WXmdx6oVCwSt3oSUzfEgWA+I1gb6eZ+EAyqNbtu50DzxClIDQq0BtWP/jAiSUiFJhwr1XPsWLsplpoRTqeVfqJojMkYB7RnqMAhVW6anzpFB0YZIj+SpoRGufpzIsWhUpPQM50h1iP118vE/7xeov0zN2UiTjQVZLbITzjSEcr+RkMmKdF8YggmkplbERlhiYk26VTyEM4znHy/PE/ujupOo964Pq41L4o4yrAH+3AIDpxCE66gBW0gEMAjPMOLxa0n69V6m7WWrGJmF37Bev8Ca6aOBg==</latexit>

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>



Probabistic Roadmap Planner (PRM)



Probabilistic Roadmap Planner (PRM)



Probabilistic Roadmap Planner (PRM)



Probabilistic Roadmap Planner (PRM)



Probabilistic Roadmap Planner (PRM)



Probabilistic Roadmap Planner (PRM)



Probabilistic Roadmap Planner (PRM)



Probabilistic Roadmap Planner (PRM)
qs

<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>



Limitations 



Limitations: Coverage 

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>



Limitations: Connectivity 

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>



Example: Narrow Passage Problem

qs
<latexit sha1_base64="FMm2U0JWeieAqbLyFd7Pbwxpg20=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39QA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8CfdaOEg==</latexit>

qG
<latexit sha1_base64="DVb6x5MXp2ew6dDF+J/7g+yR59M=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKLnRZ0T6gDWUynbRDJ5M4MxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWFxaXimultbWNza3yts7LRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1748vUbz9QqVgo7vQkom6Ah4L5jGBtpNv7/lW/XLGrdgY0T5ycVCBHo1/+6A1CEgdUaMKxUl3HjrSbYKkZ4XRa6sWKRpiM8ZB2DRU4oMpNslOn6MAoA+SH0pTQKFN/TiQ4UGoSeKYzwHqk/nqp+J/XjbV/5iZMRLGmgswW+TFHOkTp32jAJCWaTwzBRDJzKyIjLDHRJp1SFsJ5ipPvl+dJ66jq1Kq1m+NK/SKPowh7sA+H4MAp1OEaGtAEAkN4hGd4sbj1ZL1ab7PWgpXP7MIvWO9fOyaN5g==</latexit>



Solutions



Solutions

• Sample near obstacles 

• Visibility-based PRM



Visibility-based 
probabilistic roadmaps

for motion planning
T.Simeon, J.-P. Laumond and C. Nissoux

Advanced Robotics, 2000



Problem

Improve performance of multi-query 
sampling-based motion-planning algorithms



Problem



Problem

11/1/21 48



Problem

11/1/21 49



Key Insight

Use notion of “visibility” to cover the free 
space, while keeping the size of the 

roadmap small



Definitions

L(q, q’): A feasible path between configurations q and q’, in the 
absence of any obstacle 



Definitions

Configuration q: Guard of 
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We want to make the smallest change in 
the archive and theta that results in the 
max increase of QD score, the way we 
change the archive is theta, so we search 
for the smallest perturbation of theta that 
adds to the archive.



















Results



Results



Pathologic Case



Comparison to Basic-PRM

• More expensive to generate nodes

• Cheaper to connect each node to the 
roadmap



Comparison to Basic-PRM

(a) (b)

(c) (d)



Comparison to Basic-PRM



Experiments



Experiments



Experiments


