
Task Space Regions
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Representing Constraints

• We let C(q) a constraint evaluation function

• A constraint is defined  as a pair {C(q), s}, where

• C(q) determines whether a constraint is met at a given q 
and

• A constraint is satisfied when C(q) = 0   

C(q) 2 R � 0
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Representing Constraints

• A manifold of configurations that meet this constraint 

• We can have many constraints 

• Constrained Motion Planning Problem:

Mc : {q 2 Q : C(q) = 0}
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⌧ : q 2 Mci8q 2 ⌧(s), 8s 2 [0, 1], i 2 {1, ..., n}
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Example



Direct Sampling

• If there exists a parameterization of the constraint, we can 
directly generate samples 

• Used to generate samples in a desired goal region
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• If there exists a parameterization of the constraint, we can 
directly generate samples 

• Used to generate samples in a desired goal region



Task Space Regions

• TSRs describe end-effector constraints as subsets of SE(3) 

• TSRs are specifically designed to used with sampling-based 
planners

• Applications: 
• How to grasp an object

• How to manipulate an object with constraints



Task Space Regions
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w
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Transform from the origin 
to the TSR frame w 
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End-effector offset in the
coordinates of w 
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6 x 2 matrix of bounds in 
coordinates of w 



End-Effector Offsets



Matrix of Bounds

The first 3 rows bound the allowable translation along the x,  y,  and z axes (in 
meters) and the last three (Roll-Pitch-Yaw) bound the allowable rotation in those 
axes 



Matrix of Bounds Examples: Maze

“The robot’s end-effector should always touch 
the table”



Matrix of Bounds Examples: Maze

“The robot’s end-effector should always touch 
the table”
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Matrix of Bounds Examples



Matrix of Bounds Examples: Cup
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Matrix of Bounds Examples: 
Sliding Surfaces
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Transformation to World Coordinate 
System

1. Sample s from Bw

2. Convert 6D 
vector to 
transformation 
in SE(3) 
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Transformation to World Coordinate 
System

1. Sample s from Bw

2. Convert 6D 
vector to 
transformation 
in SE(3) 

3. Convert from 
object to world 
coordinate 
systems 

4. Apply end-
effector offset 
transform
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Transformation to World Coordinate 
System
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Building Constrained Paths

• Generate a sample 

• Check if C(q) = 0 

• If not, deem q invalid

q 2 Q
<latexit sha1_base64="L9H+2i5jKfA0OhgD1pp6DIYxd1Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bhswT6gDWUynbRDJ5M4MxFK6Ee4caGIW7/HnX/jJA2i1gMXDufcy733eBFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO1605vU7z5QqVgo7vQsom6Ax4L5jGBtpO49GjCBWsNyxa7aGdAycXJSgRzNYfljMApJHFChCcdK9R070m6CpWaE03lpECsaYTLFY9o3VOCAKjfJzp2jE6OMkB9KU0KjTP05keBAqVngmc4A64n666Xif14/1v6lmzARxZoKsljkxxzpEKW/oxGTlGg+MwQTycytiEywxESbhEpZCFcpzr9fXiads6pTq9Za9UrjOo+jCEdwDKfgwAU04Baa0AYCU3iEZ3ixIuvJerXeFq0FK585hF+w3r8AhhSPLA==</latexit>

Rejection Sampling



Building Constrained Paths

• Generate a sample 

• Check if C(q) = 0 

• If not, deem q invalid

q 2 Q
<latexit sha1_base64="L9H+2i5jKfA0OhgD1pp6DIYxd1Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bhswT6gDWUynbRDJ5M4MxFK6Ee4caGIW7/HnX/jJA2i1gMXDufcy733eBFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO1605vU7z5QqVgo7vQsom6Ax4L5jGBtpO49GjCBWsNyxa7aGdAycXJSgRzNYfljMApJHFChCcdK9R070m6CpWaE03lpECsaYTLFY9o3VOCAKjfJzp2jE6OMkB9KU0KjTP05keBAqVngmc4A64n666Xif14/1v6lmzARxZoKsljkxxzpEKW/oxGTlGg+MwQTycytiEywxESbhEpZCFcpzr9fXiads6pTq9Za9UrjOo+jCEdwDKfgwAU04Baa0AYCU3iEZ3ixIuvJerXeFq0FK585hF+w3r8AhhSPLA==</latexit>

What are limitations of this strategy?

Rejection Sampling



• Generate a sample 

• Check if C(q) = 0 

• If not, deem q invalid

q 2 Q
<latexit sha1_base64="L9H+2i5jKfA0OhgD1pp6DIYxd1Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bhswT6gDWUynbRDJ5M4MxFK6Ee4caGIW7/HnX/jJA2i1gMXDufcy733eBFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO1605vU7z5QqVgo7vQsom6Ax4L5jGBtpO49GjCBWsNyxa7aGdAycXJSgRzNYfljMApJHFChCcdK9R070m6CpWaE03lpECsaYTLFY9o3VOCAKjfJzp2jE6OMkB9KU0KjTP05keBAqVngmc4A64n666Xif14/1v6lmzARxZoKsljkxxzpEKW/oxGTlGg+MwQTycytiEywxESbhEpZCFcpzr9fXiads6pTq9Za9UrjOo+jCEdwDKfgwAU04Baa0AYCU3iEZ3ixIuvJerXeFq0FK585hF+w3r8AhhSPLA==</latexit>

If constraint manifold is of lower dimension that Q, the 
probability of sampling from the manifold is 0! 

Building Constrained Paths

Rejection Sampling



• Generate a sample 

• Project q to the constraint manifold

• Need to specify C(q) as some type of distance to the 
manifold

q 2 Q
<latexit sha1_base64="L9H+2i5jKfA0OhgD1pp6DIYxd1Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bhswT6gDWUynbRDJ5M4MxFK6Ee4caGIW7/HnX/jJA2i1gMXDufcy733eBFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO1605vU7z5QqVgo7vQsom6Ax4L5jGBtpO49GjCBWsNyxa7aGdAycXJSgRzNYfljMApJHFChCcdK9R070m6CpWaE03lpECsaYTLFY9o3VOCAKjfJzp2jE6OMkB9KU0KjTP05keBAqVngmc4A64n666Xif14/1v6lmzARxZoKsljkxxzpEKW/oxGTlGg+MwQTycytiEywxESbhEpZCFcpzr9fXiads6pTq9Za9UrjOo+jCEdwDKfgwAU04Baa0AYCU3iEZ3ixIuvJerXeFq0FK585hF+w3r8AhhSPLA==</latexit>

Building Constrained Paths

Projection Strategy



• Generate a sample 

• Project q to the constraint manifold

• Need to specify C(q) as some type of distance to the 
manifold

q 2 Q
<latexit sha1_base64="L9H+2i5jKfA0OhgD1pp6DIYxd1Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bhswT6gDWUynbRDJ5M4MxFK6Ee4caGIW7/HnX/jJA2i1gMXDufcy733eBFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO1605vU7z5QqVgo7vQsom6Ax4L5jGBtpO49GjCBWsNyxa7aGdAycXJSgRzNYfljMApJHFChCcdK9R070m6CpWaE03lpECsaYTLFY9o3VOCAKjfJzp2jE6OMkB9KU0KjTP05keBAqVngmc4A64n666Xif14/1v6lmzARxZoKsljkxxzpEKW/oxGTlGg+MwQTycytiEywxESbhEpZCFcpzr9fXiads6pTq9Za9UrjOo+jCEdwDKfgwAU04Baa0AYCU3iEZ3ixIuvJerXeFq0FK585hF+w3r8AhhSPLA==</latexit>

Building Constrained Paths

Projection Strategy

How can we project to the manifold?



• Generate a sample 

• Project q to the constraint manifold

• Need to specify C(q) as some type of distance to the 
manifold

q 2 Q
<latexit sha1_base64="L9H+2i5jKfA0OhgD1pp6DIYxd1Q=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bhswT6gDWUynbRDJ5M4MxFK6Ee4caGIW7/HnX/jJA2i1gMXDufcy733eBFnStv2p1VYWV1b3yhulra2d3b3yvsHHRXGktA2CXkoex5WlDNB25ppTnuRpDjwOO1605vU7z5QqVgo7vQsom6Ax4L5jGBtpO49GjCBWsNyxa7aGdAycXJSgRzNYfljMApJHFChCcdK9R070m6CpWaE03lpECsaYTLFY9o3VOCAKjfJzp2jE6OMkB9KU0KjTP05keBAqVngmc4A64n666Xif14/1v6lmzARxZoKsljkxxzpEKW/oxGTlGg+MwQTycytiEywxESbhEpZCFcpzr9fXiads6pTq9Za9UrjOo+jCEdwDKfgwAU04Baa0AYCU3iEZ3ixIuvJerXeFq0FK585hF+w3r8AhhSPLA==</latexit>

Building Constrained Paths

Projection Strategy

Gradient Descent! 



Building Constrained Paths



Transformation to World Coordinate 
System



Projection Strategy

6D vector (conversion 
from rotation matrix to 
Euler Angles)

dw
<latexit sha1_base64="5dnRdp5oeKEsbgW9cY5m9lLT7/U=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxWtA9oY5lMJu3QySTMTJQS+gluXCji1i9y5984aYOo9cCFwzn3cu89XsyZ0rb9aRUWFpeWV4qrpbX1jc2t8vZOS0WJJLRJIh7JjocV5UzQpmaa004sKQ49Ttve6DLz2/dUKhaJWz2OqRvigWABI1gb6ca/e+iXK3bVngLNEycnFcjR6Jc/en5EkpAKTThWquvYsXZTLDUjnE5KvUTRGJMRHtCuoQKHVLnp9NQJOjCKj4JImhIaTdWfEykOlRqHnukMsR6qv14m/ud1Ex2cuSkTcaKpILNFQcKRjlD2N/KZpETzsSGYSGZuRWSIJSbapFOahnCe4eT75XnSOqo6tWrt+rhSv8jjKMIe7MMhOHAKdbiCBjSBwAAe4RleLG49Wa/W26y1YOUzu/AL1vsXbpOOCA==</latexit>

Tw
s0 = (T 0

w)
�1T 0

s (T
w
e )�1



Projection Strategy

6D vector (conversion 
from rotation matrix to 
Euler Angles)

dw
<latexit sha1_base64="5dnRdp5oeKEsbgW9cY5m9lLT7/U=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxWtA9oY5lMJu3QySTMTJQS+gluXCji1i9y5984aYOo9cCFwzn3cu89XsyZ0rb9aRUWFpeWV4qrpbX1jc2t8vZOS0WJJLRJIh7JjocV5UzQpmaa004sKQ49Ttve6DLz2/dUKhaJWz2OqRvigWABI1gb6ca/e+iXK3bVngLNEycnFcjR6Jc/en5EkpAKTThWquvYsXZTLDUjnE5KvUTRGJMRHtCuoQKHVLnp9NQJOjCKj4JImhIaTdWfEykOlRqHnukMsR6qv14m/ud1Ex2cuSkTcaKpILNFQcKRjlD2N/KZpETzsSGYSGZuRWSIJSbapFOahnCe4eT75XnSOqo6tWrt+rhSv8jjKMIe7MMhOHAKdbiCBjSBwAAe4RleLG49Wa/W26y1YOUzu/AL1vsXbpOOCA==</latexit>
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Projection Strategy

T 0
s0 = T 0

wT
w
s Tw

e
<latexit sha1_base64="+RV+zacBlQYgDOig3gjOxl6c/Mw=">AAACBnicbVDLSgMxFM34rPU16lKEYBFdlRkrPhZC0Y3LCtMHtNMhk2ba0MyDJGMpQ1du/BU3LhRx6ze482/MTAdR64HkHs65l+QeN2JUSMP41ObmFxaXlgsrxdW19Y1NfWu7IcKYY1LHIQt5y0WCMBqQuqSSkVbECfJdRpru8Dr1m3eECxoGlhxHxPZRP6AexUgqydH3LCcRh5OuAS+h5YxUtbojR2Q3gY5eMspGBjhLzJyUQI6ao390eiGOfRJIzJAQbdOIpJ0gLilmZFLsxIJECA9Rn7QVDZBPhJ1ka0zggVJ60Au5OoGEmfpzIkG+EGPfVZ0+kgPx10vF/7x2LL1zO6FBFEsS4OlDXsygDGGaCexRTrBkY0UQ5lT9FeIB4ghLlVwxC+Eixen3yrOkcVw2K+XK7UmpepXHUQC7YB8cAROcgSq4ATVQBxjcg0fwDF60B+1Je9Xepq1zWj6zA35Be/8Cb26XVA==</latexit>

6D vector (conversion 
from rotation matrix to 
Euler Angles)

dw
<latexit sha1_base64="5dnRdp5oeKEsbgW9cY5m9lLT7/U=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKblxWtA9oY5lMJu3QySTMTJQS+gluXCji1i9y5984aYOo9cCFwzn3cu89XsyZ0rb9aRUWFpeWV4qrpbX1jc2t8vZOS0WJJLRJIh7JjocV5UzQpmaa004sKQ49Ttve6DLz2/dUKhaJWz2OqRvigWABI1gb6ca/e+iXK3bVngLNEycnFcjR6Jc/en5EkpAKTThWquvYsXZTLDUjnE5KvUTRGJMRHtCuoQKHVLnp9NQJOjCKj4JImhIaTdWfEykOlRqHnukMsR6qv14m/ud1Ex2cuSkTcaKpILNFQcKRjlD2N/KZpETzsSGYSGZuRWSIJSbapFOahnCe4eT75XnSOqo6tWrt+rhSv8jjKMIe7MMhOHAKdbiCBjSBwAAe4RleLG49Wa/W26y1YOUzu/AL1vsXbpOOCA==</latexit>

�x
<latexit sha1_base64="avOTh+uvXZmifVVDZYyIvUgyNfc=">AAAB73icbVDLSsNAFJ3UV62vqks3g0VwVRIrPnZFXbisYB/QhjKZTtqhk0mcuRFL6E+4caGIW3/HnX/jJA2i1gMXDufcy733eJHgGmz70yosLC4trxRXS2vrG5tb5e2dlg5jRVmThiJUHY9oJrhkTeAgWCdSjASeYG1vfJn67XumNA/lLUwi5gZkKLnPKQEjdXpXTADpP/TLFbtqZ8DzxMlJBeVo9MsfvUFI44BJoIJo3XXsCNyEKOBUsGmpF2sWETomQ9Y1VJKAaTfJ7p3iA6MMsB8qUxJwpv6cSEig9STwTGdAYKT/eqn4n9eNwT9zEy6jGJiks0V+LDCEOH0eD7hiFMTEEEIVN7diOiKKUDARlbIQzlOcfL88T1pHVadWrd0cV+oXeRxFtIf20SFy0Cmqo2vUQE1EkUCP6Bm9WHfWk/Vqvc1aC1Y+s4t+wXr/Ag4XkB4=</latexit>



Projection Strategy



Planning with TSRs as Goal Sets

• Motion Planning Problem
⌧ : q 2 Mci8q 2 ⌧(s), 8s 2 [0, 1], i 2 {1, ..., n}

<latexit sha1_base64="8LV8Hx6Hv2xTjT4x2YHVVszcZIo="></latexit>



Planning with TSRs as Goal Sets

• Motion Planning Problem

• We specify: 

⌧ : q 2 Mci8q 2 ⌧(s), 8s 2 [0, 1], i 2 {1, ..., n}
<latexit sha1_base64="8LV8Hx6Hv2xTjT4x2YHVVszcZIo="></latexit>



Planning with TSRs as Goal Sets

1. Sample directly the TSR

2. Pass directly the sampled pose to an IK solver 

3. Rank IK solutions, e.g., based on proximity to the robot

4. Run RRT with small goal precision for highest-ranked 
goal solution

5. If fail, go to step 4 with next candidate goal solution



Planning with TSRs as Pose Constraints



Planning with TSRs as Pose Constraints

1. Run standard RRT (or variant)

2. When ``steering’’ towards the newly sampled point, 
project to constrained manifold



Constrained Bi-Directional RRT 



Constrained Bi-Directional RRT 


