
Lecture 2: Matrix Algebra Refresher

Bruno Siciliano, Lorenzo Sciavicco, Luigi Villani, and Giuseppe 
Oriolo. Robotics: Modelling, Planning and Control, Appendix A 

CSCI 545 Introduction to Robotics 
Instructor: Stefanos Nikolaidis



Matrix 

• A matrix of dimensions (m x n), with m and n positive 
integers, is an array of elements aij arranged into m rows and 
n columns 



Matrix

• If m = n, the matrix is said to be square; if m < n, the matrix 
has more columns than rows (fat matrix); if m > n the matrix 
has more rows than columns (skinny matrix). Further, if n = 
1,  the matrix is reduced to a column vector a of dimensions 
(m x 1). The elements ai are said to be vector components. 



Matrix

• A square matrix A of dimensions (n x n) is said to be upper triangular if aij= 0 for i > j : 

• A square matrix A of dimensions (n x n) is said to be lower triangular if aij= 0 for i < j : 



Matrix

• An (n x n) square matrix A is said to be diagonal if aij = 0 for 
𝑖 ≠ 𝑗, i.e.: 

• Question: How is a matrix called if it has all unit elements 
in the diagonal: 



Matrix

• The transpose AT of a matrix A of dimensions (m x n) is the 
matrix of dimensions (n x m) which is obtained from the 
original matrix by interchanging its rows and columns. 



Question

• What is the transpose of the following matrix? 

A =


1 2
3 4

�

AT =?



Matrix

• An (n x n) square matrix A is said to be symmetric if AT =A
and thus aij = aji :



Questions

• Can you give an example of a symmetric matrix?



Questions

• Can you give an example of a symmetric matrix?

A =


1 2
2 1

�



Matrix

• An (n x n) square matrix A is said to be skew-symmetric if 
AT = -A and thus aij = -aji for 𝑖 ≠ 𝑗 and 𝑎%% = 0, leading to 



Matrix Algebra

C = A + B (for matrices that have the same shape)

A + B = B + A

(A + B) + C = A + (B + C)



Matrix Algebra

If As = 𝟏𝟐(A + AT) and 

Aa = 𝟏𝟐(A – AT) then: 

A = As + Aa 



Example

As = 𝟏𝟐(A + AT) 

A =


1 2
3 4

�
AT =


1 3
2 4

�

As =


1 5

2
5
2 4

�
Aa =


0 � 1

2
1
2 0

�
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
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
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
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A = As + Aa 



Multiplication of Matrices

A (BC) = (AB) C 

A(B+C) = AB + AC 

(A+B)C = AC + BC

(AB)T = BTAT



Multiplication of Matrices

AB ? BA



Example

A =


1 2
3 4

�
B =


2 2
2 3

�



Example

A =


1 2
3 4

�
B =


2 2
2 3

�

AB =


6 8
14 18

�



Example

A =


1 2
3 4

�
B =


2 2
2 3

�

AB =


6 8
14 18

�

BA =


8 12
11 16

�



Multiplication of Matrices

AB ≠ BA



Linear Independence

• Rank: This corresponds to the maximal number of linearly 
independent columns of A.

• A set of vectors is said to be linearly dependent if at least 
one of the vectors in the set can be defined as a linear 
combination of the others.

• If no vector in the set can be written in this way, then the 
vectors are said to be linearly independent.

https://en.wikipedia.org/wiki/Linearly_independent
https://en.wikipedia.org/wiki/Linear_combination


Interpretation of Matrices

What is the rank of this matrix? 



Interpretation of Matrices

det(A) = 0

What is the rank of this matrix? 

A =

2

4
1 0 0
0 0 0
0 0 1

3

5



Inverse Matrices



Matrix Transformations

Vector w is transformed to a 
new space

Vector w is transformed back 
to the old space

But what if A is matrix 
deficient?



Orthogonal Matrices
If A is a square matrix, and: 

then the matrix is called orthogonal.



Properties of Inverse Matrices
If A and B are square invertible matrices: 



Matrix Derivatives
The derivative of an (m x n) matrix A(t), whose elements aij(t) 
are differentiable functions, is the matrix



Example

A =


t t2

7t 1

�
Ȧ(t) =?



Example

A =


t t2

7t 1

�
Ȧ(t) =?



Example

Ȧ(t) =


1 2t
7 0

�



Gradient of a Function



Example

f(x1, x2) = x1 ⇤ x2 + x2
1

rxf(x) =?



Example

f(x1, x2) = x1 ⇤ x2 + x2
1

rxf(x) = [
@f(x)

@x1
,
@f(x)

@x2
]T

= [x2 + 2x1, x1]
T



Gradient of a Function

ḟ(x) =
d

dt
f(x) =

@f

@x
ẋ = 5T

x f(x)ẋ
<latexit sha1_base64="D5awIs7N8GmCX+Lpjmt0nUQ4yts="></latexit>



Jacobian Matrix

Jg(x) =
g(x)

@x
=

2

66664

@g1(x)
@x

@g2(x)
@x
...

@gm(x)
@x

3

77775

<latexit sha1_base64="JmREjrwsrGZjrQc/SLtfMrrC2jI="></latexit>



Example

g = [g1, g2]

g1(x1, x2) = x1 ⇤ x2 + x2
1

g2(x1, x2) = x4
1

@g1
@x

= [x2 + 2x1, x1]

@g2
@x

= [4 ⇤ x3
1, 0]



Example

g = [g1, g2]

g1(x1, x2) = x1 ⇤ x2 + x2
1

g2(x1, x2) = x4
1

@g1
@x

= [x2 + 2x1, x1]

@g2
@x

= [4 ⇤ x3
1, 0]



Example

g = [g1, g2]

g1(x1, x2) = x1 ⇤ x2 + x2
1

g2(x1, x2) = x4
1

@g1
@x

= [x2 + 2x1, x1]

@g2
@x

= [4 ⇤ x3
1, 0]

J =


x2 + 2x1 x1

4x3
1 0

�



Time Derivative of Vector Function

ġ(x) =
d

dt
g(x(t)) =

@g

@x
ẋ = Jg(x)ẋ

<latexit sha1_base64="mIFIiWZbUS6EfqMsSw78jqKINVM="></latexit>



Inner Product

< x, y >= x1y1 + x2y2 + ...+ xmym = xT y = yTx
<latexit sha1_base64="phf/gaYPYHmoTxxPbI1gBBh95QI="></latexit>

Given n vectors xi of dimensions (m x 1), the dot product is 
defined as : 



Inner Product: Geometric Interpretation

y

x

xT y = ||x||||y||cos(✓)
<latexit sha1_base64="WI8OsJhYmkgTvH3SLCZcr1JBPus=">AAACC3icbVDJSgNBEO1xjXEb9eilSRDiJUyMuByEoBePEbJBMoaeTidp0rPQXSMZZnL34q948aCIV3/Am39jZ0HU+KCax3tVVNdzAsEVWNansbC4tLyymlpLr29sbm2bO7s15YeSsir1hS8bDlFMcI9VgYNgjUAy4jqC1Z3B1div3zGpuO9VIAqY7ZKex7ucEtBS28wMb+PKCEf4AifJMEn0G+nC1Fe5FvQZkMO2mbXy1gR4nhRmJItmKLfNj1bHp6HLPKCCKNUsWAHYMZHAqWCjdCtULCB0QHqsqalHXKbseHLLCB9opYO7vtTlAZ6oPydi4ioVuY7udAn01V9vLP7nNUPontkx94IQmEeni7qhwODjcTC4wyWjICJNCJVc/xXTPpGEgo4vPQnhfIyT75PnSe0oXyjmizfH2dLlLI4U2kcZlEMFdIpK6BqVURVRdI8e0TN6MR6MJ+PVeJu2LhizmT30C8b7FzQImqc=</latexit>

✓
<latexit sha1_base64="knGdMn0xReZYWGO9VkaYl80PCnY=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZJKMmZ1ZZnqFsOQfvHhQxKv/482/cXaziBoLGoqqbrq7gkhwA6776RSWlldW14rrpY3Nre2d8u5ey6hYU9akSijdCYhhgkvWBA6CdSLNSBgI1g4m16nffmDacCXvYBoxPyQjyYecErBSqwdjBqRfrrhVNwNeJF5OKihHo1/+6A0UjUMmgQpiTNdzI/ATooFTwWalXmxYROiEjFjXUklCZvwku3aGj6wywEOlbUnAmfpzIiGhMdMwsJ0hgbH566Xif143huGFn3AZxcAknS8axgKDwunreMA1oyCmlhCqub0V0zHRhIINqJSFcJni7PvlRdI6qXq1au32tFK/yuMoogN0iI6Rh85RHd2gBmoiiu7RI3pGL45ynpxX523eWnDymX30C877F7y/j18=</latexit>

What is the geometric interpretation of the dot product if the vector 
y has length = 1? 



Orthogonal vectors

• Two vectors are said to be orthogonal when their scalar 
product is 0: 

xT y = 0
<latexit sha1_base64="4xyL73vdZLVotFYsOLjNQ3inTfk=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRIrPhZC0Y3LCq0tpLFMppN26GQmzEzEEPoZblwo4tavceffOEmDqPXAhcM593LvPX7EqNK2/WmVFhaXllfKq5W19Y3Nrer2zq0SscSkgwUTsucjRRjlpKOpZqQXSYJCn5GuP7nK/O49kYoK3tZJRLwQjTgNKEbaSO7DXdqewgReQHtQrdl1OwecJ05BaqBAa1D96A8FjkPCNWZIKdexI+2lSGqKGZlW+rEiEcITNCKuoRyFRHlpfvIUHhhlCAMhTXENc/XnRIpCpZLQN50h0mP118vE/zw31sGZl1IexZpwPFsUxAxqAbP/4ZBKgjVLDEFYUnMrxGMkEdYmpUoewnmGk++X58ntUd1p1Bs3x7XmZRFHGeyBfXAIHHAKmuAatEAHYCDAI3gGL5a2nqxX623WWrKKmV3wC9b7F/jrkIc=</latexit>



Cross Product



Cross Product

x

y

x⇥ y
<latexit sha1_base64="4mwG6hQZ7P5lhsrWCTDsO3RyG7Y=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQqPnZFNy4r2Ae2oUymk3boZBJmJmII/Qs3LhRx69+482+cpEHUeuDC4Zx7ufceL+JMadv+tEoLi0vLK+XVytr6xuZWdXunrcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1vcpX5nXsqFQvFrU4i6gZ4JJjPCNZGuntAfc0CqlAyqNbsup0DzROnIDUo0BxUP/rDkMQBFZpwrFTPsSPtplhqRjidVvqxohEmEzyiPUMFNmvcNL94ig6MMkR+KE0JjXL150SKA6WSwDOdAdZj9dfLxP+8Xqz9czdlIoo1FWS2yI850iHK3kdDJinRPDEEE8nMrYiMscREm5AqeQgXGU6/X54n7aO6c1w/vjmpNS6LOMqwB/twCA6cQQOuoQktICDgEZ7hxVLWk/Vqvc1aS1Yxswu/YL1/ATt8kMQ=</latexit>

Question: How do you get the cross-product of 
two vectors to be 0?



Cross Product Operator 

S(x) =

2

4
0 �x3 x2

x3 0 �x1

�x2 x1 0

3

5

<latexit sha1_base64="pqCpmEft4MMdesCT/BpZHYZlNPU="></latexit>



Cross Product Operator

x⇥ y = S(x)y =

2

4
0 �x3 x2

x3 0 �x1

�x2 x1 0

3

5 y



• Column Space: It consists of all linear combinations  of the 
columns of A

• The system Ax = y is solvable iff y is in the column space of 
A.

Column Space



Eigenvalues and Eigenvectors

• There are some vector u, that if you multiply with A they 
either stretch or become shorter, but they state in the same 
direction of motion. 

Au = �u
<latexit sha1_base64="EG31YOXpwAK0h6Iw1UqDVTktOU0=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5Ko+FgIVTcuK9gHtKFMJpN26GQS5iHU0C9x40IRt36KO//GSRpErQcGDufcw71z/IRRqRzn0yotLC4tr5RXK2vrG5tVe2u7LWMtMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vs78zj0Rksb8Tk0S4kVoyGlIMVJGGtjVS6jhBewzEwkQ1AO75tSdHHCeuAWpgQLNgf3RD2KsI8IVZkjKnuskykuRUBQzMq30tSQJwmM0JD1DOYqI9NL88CncN0oAw1iYxxXM1Z+JFEVSTiLfTEZIjeRfLxP/83pahWdeSnmiFeF4tijUDKoYZi3AgAqCFZsYgrCg5laIR0ggrExXlbyE8wwn31+eJ+3DuntUP7o9rjWuijrKYBfsgQPgglPQADegCVoAAw0ewTN4sR6sJ+vVepuNlqwiswN+wXr/Au38kh0=</latexit>

det(�I �A) = 0
<latexit sha1_base64="epYORTtdJoEt3lNRRzdenDMHkl4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6sKSWPGxEKpudFfBPqANZTKZtkMnkzAzEUrswl9x40IRt/6GO//GSRpErQcGDufcw71z3JBRqSzr08jNzM7NL+QXC0vLK6tr5vpGQwaRwKSOAxaIloskYZSTuqKKkVYoCPJdRpru8DLxm3dESBrwWzUKieOjPqc9ipHSUtfc8ogqdZgOeAhew314vgfPoNU1i1bZSgGniZ2RIshQ65ofHS/AkU+4wgxJ2batUDkxEopiRsaFTiRJiPAQ9UlbU458Ip04vX8Md7XiwV4g9OMKpurPRIx8KUe+qyd9pAbyr5eI/3ntSPVOnJjyMFKE48miXsSgCmBSBvSoIFixkSYIC6pvhXiABMJKV1ZISzhNcPT95WnSOCjblXLl5rBYvcjqyINtsANKwAbHoAquQA3UAQb34BE8gxfjwXgyXo23yWjOyDKb4BeM9y9FD5PN</latexit>



Example

A =


0 1
�2 �3

�



Example
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�

det(�I �A) = det(


� 0
0 �

�
�

0 1
�2 �3

�
)

= det(


� �1
2 �+ 3

�
)

= �2 + 3�+ 2 = 0

�1 = �2,�2 = �1
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Example
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�
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
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� �1
2 �+ 3

�
)

= �2 + 3�+ 2 = 0

�1 = �2,�2 = �1



Positive Definiteness

• The matrix A is positive definite iff:

xTAx > 0, 8x 6= 0
<latexit sha1_base64="Ul/S0h6qaLWDDuOROxjrlAXwgY0=">AAACCHicbVC7TsMwFHXKq5RXgZEBiwqJAVUJRTwWVGBhLFJfUhMqx3Vaq44TbAe1ijqy8CssDCDEyiew8Te4aYSAciRLx+fcq3vvcUNGpTLNTyMzMzs3v5BdzC0tr6yu5dc36jKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJw+5djv3FHhKQBr6phSBwfdTn1KEZKS+389uAmro7gORzAM2juQ9sLBGJMf21ObqHZzhfMopkAThMrJQWQotLOf9idAEc+4QozJGXLMkPlxEgoihkZ5exIkhDhPuqSlqYc+UQ6cXLICO5qpQP1CvpxBRP1Z0eMfCmHvqsrfaR68q83Fv/zWpHyTpyY8jBShOPJIC9iUAVwnArsUEGwYkNNEBZU7wpxDwmElc4ul4RwOsbR98nTpH5QtErF0vVhoXyRxpEFW2AH7AELHIMyuAIVUAMY3INH8AxejAfjyXg13ialGSPt2QS/YLx/ATcXl7E=</latexit>

xTAx = 0, 8x = 0
<latexit sha1_base64="6EmTKNeOUg1mpsrP9bB1B8VJEOo=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEms+FgIVTcuK/QFbSyT6aQdOpmEmYm0hK7c+CtuXCji1m9w5984SYOo9cDAmXPu5d573JBRqSzr05iZnZtfWMwt5ZdXVtfWzY3NugwigUkNBywQTRdJwignNUUVI81QEOS7jDTcwVXiN+6IkDTgVTUKieOjHqcexUhpqWPuDG/j6hhewCE8h9YBbHuBQIxNvrBjFqyilQJOEzsjBZCh0jE/2t0ARz7hCjMkZcu2QuXESCiKGRnn25EkIcID1CMtTTnyiXTi9Iwx3NNKF+oF9OMKpurPjhj5Uo58V1f6SPXlXy8R//NakfJOnZjyMFKE48kgL2JQBTDJBHapIFixkSYIC6p3hbiPBMJKJ5dPQzhLcPx98jSpHxbtUrF0c1QoX2Zx5MA22AX7wAYnoAyuQQXUAAb34BE8gxfjwXgyXo23SemMkfVsgV8w3r8A7XCWWQ==</latexit>



Example

A =


1 0
0 2

�



Example

A =


1 0
0 2

�

[x1, x2]


1 0
0 2

�
[x1, x2]

T = [x1, 2x2][x1, x2]
T

= x2
1 + 2x2

2



Pseudoinverse

• The inverse of a matrix can be defined only when the 
matrix is square and non-singular. What about non-square 
matrices?


