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Introduction

• Newton’s equations are typically specified for point masses

• But what about generalized coordinates, i.e., coordinates 
beyond Cartesian? 

• Example: joint configurations q1, ..., qn
<latexit sha1_base64="Ke4z00L6kc0MUGaOta9jE2oYl2w=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclJBY8bErunFZwT6gjWEynbRDJ5N0ZqKU0v9w40IRt/6LO//GJA2i1gMXDufcy733eBFnSlvWp7GwuLS8slpYK65vbG5tl3Z2myqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryhlep37qnUrFQ3OpxRJ0A9wXzGcE6ke5Grl1BpmmiChq5wi2VLdPKgOaJnZMy5Ki7pY9uLyRxQIUmHCvVsa1IOxMsNSOcTovdWNEIkyHu005CBQ6ocibZ1VN0mCg95IcyKaFRpv6cmOBAqXHgJZ0B1gP110vF/7xOrP1zZ8JEFGsqyGyRH3OkQ5RGgHpMUqL5OCGYSJbcisgAS0x0ElQxC+Eixen3y/OkeWzaVbN6c1KuXeZxFGAfDuAIbDiDGlxDHRpAQMIjPMOL8WA8Ga/G26x1wchn9uAXjPcvjxmQvg==</latexit>



Generalized Forces

• Joint configurations

• Generalized forces

• A generalized force measures the amount of work done in 
the        direction due to an infinitesimal displacement of the 
system:

q1, ..., qn
<latexit sha1_base64="Ke4z00L6kc0MUGaOta9jE2oYl2w=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclJBY8bErunFZwT6gjWEynbRDJ5N0ZqKU0v9w40IRt/6LO//GJA2i1gMXDufcy733eBFnSlvWp7GwuLS8slpYK65vbG5tl3Z2myqMJaENEvJQtj2sKGeCNjTTnLYjSXHgcdryhlep37qnUrFQ3OpxRJ0A9wXzGcE6ke5Grl1BpmmiChq5wi2VLdPKgOaJnZMy5Ki7pY9uLyRxQIUmHCvVsa1IOxMsNSOcTovdWNEIkyHu005CBQ6ocibZ1VN0mCg95IcyKaFRpv6cmOBAqXHgJZ0B1gP110vF/7xOrP1zZ8JEFGsqyGyRH3OkQ5RGgHpMUqL5OCGYSJbcisgAS0x0ElQxC+Eixen3y/OkeWzaVbN6c1KuXeZxFGAfDuAIbDiDGlxDHRpAQMIjPMOL8WA8Ga/G26x1wchn9uAXjPcvjxmQvg==</latexit>

Q1, ..., Qn
<latexit sha1_base64="P0m9IVRFSLEs1YksmRT/AV1f3P8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgooTEio9d0Y3LFuwD2hgm00k7dDIJMxOlhP6HGxeKuPVf3Pk3Jm0QtR64cDjnXu69x4s4U9qyPo3C0vLK6lpxvbSxubW9U97da6swloS2SMhD2fWwopwJ2tJMc9qNJMWBx2nHG19nfueeSsVCcasnEXUCPBTMZwTrVLprunYVmaaJqqjpCrdcsUxrBrRI7JxUIEfDLX/0ByGJAyo04Vipnm1F2kmw1IxwOi31Y0UjTMZ4SHspFTigyklmV0/RUaoMkB/KtIRGM/XnRIIDpSaBl3YGWI/UXy8T//N6sfYvnISJKNZUkPkiP+ZIhyiLAA2YpETzSUowkSy9FZERlpjoNKjSLITLDGffLy+S9olp18xa87RSv8rjKMIBHMIx2HAOdbiBBrSAgIRHeIYX48F4Ml6Nt3lrwchn9uEXjPcvLDmQfg==</latexit>

qi
<latexit sha1_base64="AJMKEnc/mHi3k8YYAv9g+cJ00Nk=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39gA3KFbtqZ0CLxMlJBXI0B+WP/jAkcUCFJhwr1XPsSLsJlpoRTmelfqxohMkEj2jPUIEDqtwkO3WGjowyRH4oTQmNMvXnRIIDpaaBZzoDrMfqr5eK/3m9WPvnbsJEFGsqyHyRH3OkQ5T+jYZMUqL51BBMJDO3IjLGEhNt0illIVykOP1+eZG0T6pOrVq7qVcal3kcRTiAQzgGB86gAdfQhBYQGMEjPMOLxa0n69V6m7cWrHxmH37Bev8Cbq6OCA==</latexit>

Work Done =
rX

i=1

Qi�qi
<latexit sha1_base64="14awomlzDo56+Oq1BhE083iD/4I=">AAACGXicbVDJSgNBEO1xN25Rj14ag+ApzKi4HAKiHjwqGCNk4tDTqWiTXsbuGjEM+Q0v/ooXD4p41JN/4yQGcXtQ8Hiviqp6cSKFQ99/94aGR0bHxicmC1PTM7NzxfmFU2dSy6HKjTT2LGYOpNBQRYESzhILTMUSanF7v+fXrsE6YfQJdhJoKHahRUtwhrkUFf0Q4QatymrGtumB0dClFRq6VEWZqATdc0uPI0HDJkhk9CoSUbHkl/0+6F8SDEiJDHAUFV/DpuGpAo1cMufqgZ9gI2MWBZfQLYSpg4TxNruAek41U+AaWf+zLl3JlSZtGZuXRtpXv09kTDnXUXHeqRheut9eT/zPq6fY2m5kQicpguafi1qppGhoLybaFBY4yk5OGLciv5XyS2YZxzzMQj+EnR42v17+S07XysF6ef14o7S7N4hjgiyRZbJKArJFdskhOSJVwsktuSeP5Mm78x68Z+/ls3XIG8wskh/w3j4AysagRw==</latexit>



Example

• Suppose we have N particles (point masses in 3D space)

• If the particles don’t have any constraints, we may describe 
the state of the system with ?? coordinates



Example

• Suppose we have N particles (point masses in 3D space)

• If the particles don’t have any constraints, we may describe 
the state of the system with 3N coordinates

• We let the coordinates be the positions                          of the 
particles

• The forces applied are the Newtonian forces acting on the 
particles 

r1, ..., rn
<latexit sha1_base64="BYpwwdJbN74wU/JnStNcPRLGwO8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBQwmJFT9uRS8eK1hbaGPYbDft0s0m7G6UEvo/vHhQxKv/xZv/xiQNotYHA4/3ZpiZ50WcKW1Zn0ZpYXFpeaW8Wllb39jcqm7v3KowloS2SchD2fWwopwJ2tZMc9qNJMWBx2nHG19mfueeSsVCcaMnEXUCPBTMZwTrVLqTrl1HpmmiOpKucKs1y7RyoHliF6QGBVpu9aM/CEkcUKEJx0r1bCvSToKlZoTTaaUfKxphMsZD2kupwAFVTpJfPUUHqTJAfijTEhrl6s+JBAdKTQIv7QywHqm/Xib+5/Vi7Z85CRNRrKkgs0V+zJEOURYBGjBJieaTlGAiWXorIiMsMdFpUJU8hPMMJ98vz5PbI9NumI3r41rzooijDHuwD4dgwyk04Qpa0AYCEh7hGV6MB+PJeDXeZq0lo5jZhV8w3r8AkjCQwA==</latexit>

F1, ..., Fn
<latexit sha1_base64="woTZeYKfjgAXXvJgq4/IVj6w4wg=">AAAB9XicbVDLSsNAFL3xWeur6tLNYBFclJBY8bErCsVlBfuANobJdNIOnUzCzEQppf/hxoUibv0Xd/6NSRpErQcuHM65l3vv8SLOlLasT2NhcWl5ZbWwVlzf2NzaLu3stlQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47Ttja5Sv31PpWKhuNXjiDoBHgjmM4J1It3VXbuCTNNEFVR3hVsqW6aVAc0TOydlyNFwSx+9fkjigApNOFaqa1uRdiZYakY4nRZ7saIRJiM8oN2EChxQ5Uyyq6foMFH6yA9lUkKjTP05McGBUuPASzoDrIfqr5eK/3ndWPvnzoSJKNZUkNkiP+ZIhyiNAPWZpETzcUIwkSy5FZEhlpjoJKhiFsJFitPvl+dJ69i0q2b15qRcu8zjKMA+HMAR2HAGNbiGBjSBgIRHeIYX48F4Ml6Nt1nrgpHP7MEvGO9fCjyQaA==</latexit>



Example

• Suppose we have N particles (point masses in 3D space)

• If the particles don’t have any constraints, we may describe the 
state of the system with 3N coordinates

• We let the coordinates be the positions                          of the 
particles

• The forces applied are the Newtonian forces acting on the 
particles 

• What if there are k (possibly time-varying) holonomic 
constraints?

r1, ..., rn
<latexit sha1_base64="BYpwwdJbN74wU/JnStNcPRLGwO8=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBQwmJFT9uRS8eK1hbaGPYbDft0s0m7G6UEvo/vHhQxKv/xZv/xiQNotYHA4/3ZpiZ50WcKW1Zn0ZpYXFpeaW8Wllb39jcqm7v3KowloS2SchD2fWwopwJ2tZMc9qNJMWBx2nHG19mfueeSsVCcaMnEXUCPBTMZwTrVLqTrl1HpmmiOpKucKs1y7RyoHliF6QGBVpu9aM/CEkcUKEJx0r1bCvSToKlZoTTaaUfKxphMsZD2kupwAFVTpJfPUUHqTJAfijTEhrl6s+JBAdKTQIv7QywHqm/Xib+5/Vi7Z85CRNRrKkgs0V+zJEOURYBGjBJieaTlGAiWXorIiMsMdFpUJU8hPMMJ98vz5PbI9NumI3r41rzooijDHuwD4dgwyk04Qpa0AYCEh7hGV6MB+PJeDXeZq0lo5jZhV8w3r8AkjCQwA==</latexit>



Example

• For example, we let the rigid connection of the particles is 
expressed by the constraint:  

• We can then express the old coordinates of the particles 
with respect to 3N-k new (generalized) coordinates:

|ri � rj |2 � d2ij = 0
<latexit sha1_base64="oH8yeHjIWDKcgToKHtGL1FtZids=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiuGlJWvGyEIpuXFawF6gxTCaTdtrJhZmJUNIu3Pgqblwo4taHcOfbOEmLqPWHgY//nMOZ8zsRo0IaxqeWW1hcWl7JrxbW1jc2t/TtnZYIY45JE4cs5B0HCcJoQJqSSkY6ESfIdxhpO8OLtN6+I1zQMLiWo4hYPuoF1KMYSWXZenHMbQrLkNuD8W0Vll07oYOJojNo2HrJqBiZ4DyYMyiBmRq2/nHjhjj2SSAxQ0J0TSOSVoK4pJiRSeEmFiRCeIh6pKswQD4RVpIdMYH7ynGhF3L1Agkz9+dEgnwhRr6jOn0k++JvLTX/q3Vj6Z1YCQ2iWJIATxd5MYMyhGki0KWcYMlGChDmVP0V4j7iCEuVWyEL4TTV0ffJ89CqVsxapXZ1WKqfz+LIgyLYAwfABMegDi5BAzQBBvfgETyDF+1Be9Jetbdpa06bzeyCX9LevwDf9pZy</latexit>

r1 = r1(q1, ..., q3N�K , t)

...

rN = rN (q1, ..., q3N�K , t)
<latexit sha1_base64="o0uPBHs0TdZzItegPrTeKIXNtXs="></latexit>



Example

• Let        the force acting on particle i

• The total work done by the forces         is   

Fi
<latexit sha1_base64="eR7FcmNrCaFslyw9FUMSI1xQMko=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgVBXFZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWl5ZXSuulzY2t7Z3yrt7bRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k6vU7zxQqVgo7vU0om6AR4L5jGBtpLvrARuUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2W680LvM4inAAh3AMDpxBA26gCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FLSyN3Q==</latexit>

Fi
<latexit sha1_base64="eR7FcmNrCaFslyw9FUMSI1xQMko=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgVBXFZ0T6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jJA2i1gMXDufcy733eBFnStv2p1VYWl5ZXSuulzY2t7Z3yrt7bRXGktAWCXkoux5WlDNBW5ppTruRpDjwOO14k6vU7zxQqVgo7vU0om6AR4L5jGBtpLvrARuUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2W680LvM4inAAh3AMDpxBA26gCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FLSyN3Q==</latexit>

W =
NX

i=1

Fi�ri
<latexit sha1_base64="lttPhQbEb8/9uKizeVkOK0Ws20Q=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4KokVH4tCURBXUsE+oIlhMpm0QyeTMDMRSujSjb/ixoUibv0Ed/6NSRpErQcuHM65l3vvcSNGpTKMT21mdm5+YbG0VF5eWV1b1zc22zKMBSYtHLJQdF0kCaOctBRVjHQjQVDgMtJxh+eZ37kjQtKQ36hRROwA9Tn1KUYqlRx9pwPr0JJx4CS0bo5vr+CFQ6HlEaYQFA519IpRNXLAaWIWpAIKNB39w/JCHAeEK8yQlD3TiJSdIKEoZmRctmJJIoSHqE96KeUoINJO8kfGcC9VPOiHIi2uYK7+nEhQIOUocNPOAKmB/Otl4n9eL1b+iZ1QHsWKcDxZ5McMqhBmqUCPCoIVG6UEYUHTWyEeIIGwSrMr5yGcZjj6fnmatA+qZq1auz6sNM6KOEpgG+yCfWCCY9AAl6AJWgCDe/AInsGL9qA9aa/a26R1RitmtsAvaO9ffkuYhQ==</latexit>



Example
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<latexit sha1_base64="J1ZFqIMexUq0Vhy6Wg0MfBLR/KI="></latexit>
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Generalized Force



Lagrange Equations

We can then derive Lagrange’s equations from Newton’s equations

d

dt
(
@T

@q̇j
)� @T

@qj
= Qj , j = 1, ..., r

<latexit sha1_base64="yqOJCjyV1ztS2Zy0GVCmZCQlz1M="></latexit>



Lagrange Equations

We can then derive Lagrange’s equations from Newton’s equations

d

dt
(
@T

@q̇j
)� @T

@qj
= Qj , j = 1, ..., r

<latexit sha1_base64="yqOJCjyV1ztS2Zy0GVCmZCQlz1M="></latexit>

If the forces are derived from a potential V, 

d

dt
(
@L

@q̇j
)� @L

@qj
= Qj , j = 1, ..., r

<latexit sha1_base64="TmOW5QJg97VU/xMnujKGAKlVXvY="></latexit>

Where L = T – V the Lagrangian of the system



Example

• For an 1D particle, the Kinetic energy is: 



Example

• For an 1D particle, the Kinetic energy is: 

T =
1

2
mv2 =

1

2
mẋ2

<latexit sha1_base64="qBortznoMVs3TU/5npw0M3t6X/k=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuapKKj4VQdOOyQl/QpmUynbRDJw9mJsUS8hlu/BU3LhRx251/4yQNotYDA4dz7uHOPU7IqJCG8aktLa+srq0XNoqbW9s7u/reflMEEcekgQMW8LaDBGHUJw1JJSPtkBPkOYy0nPFt6rcmhAsa+HU5DYntoaFPXYqRVFJfP63Da9h1OcKxmcRWAj046VkLWncQyPgh6Vl9vWSUjQxwkZg5KYEctb4+U1kcecSXmCEhOqYRSjtGXFLMSFLsRoKECI/RkHQU9ZFHhB1nhyXwWCkD6AZcPV/CTP2ZiJEnxNRz1KSH5Ej89VLxP68TSffSjqkfRpL4eL7IjRiUAUxbggPKCZZsqgjCnKq/QjxCqhGpuixmJVylOP8+eZE0rbJZKVfuz0rVm7yOAjgER+AEmOACVMEdqIEGwOARPINX8KY9aS/au/YxH13S8swB+AVt9gXoBp6f</latexit>



Example

• For an 1D particle, the Kinetic energy is: 

T =
1

2
mv2 =

1

2
mẋ2

<latexit sha1_base64="qBortznoMVs3TU/5npw0M3t6X/k=">AAACGHicbVDLSsNAFJ34rPUVdelmsAiuapKKj4VQdOOyQl/QpmUynbRDJw9mJsUS8hlu/BU3LhRx251/4yQNotYDA4dz7uHOPU7IqJCG8aktLa+srq0XNoqbW9s7u/reflMEEcekgQMW8LaDBGHUJw1JJSPtkBPkOYy0nPFt6rcmhAsa+HU5DYntoaFPXYqRVFJfP63Da9h1OcKxmcRWAj046VkLWncQyPgh6Vl9vWSUjQxwkZg5KYEctb4+U1kcecSXmCEhOqYRSjtGXFLMSFLsRoKECI/RkHQU9ZFHhB1nhyXwWCkD6AZcPV/CTP2ZiJEnxNRz1KSH5Ej89VLxP68TSffSjqkfRpL4eL7IjRiUAUxbggPKCZZsqgjCnKq/QjxCqhGpuixmJVylOP8+eZE0rbJZKVfuz0rVm7yOAjgER+AEmOACVMEdqIEGwOARPINX8KY9aS/au/YxH13S8swB+AVt9gXoBp6f</latexit>

dT

dq̇
= mẋ

<latexit sha1_base64="BfHgUwzZauuPs/N5owfUpzEdBWM=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmt+FgIRTcuK/QFbSiTyaQdOpPEmYlYQpZu/BU3LhRx6ye482+cpEHUemDgcM493LnHCRmVyrI+jcLc/MLiUnG5tLK6tr5hbm61ZRAJTFo4YIHoOkgSRn3SUlQx0g0FQdxhpOOML1O/c0uEpIHfVJOQ2BwNfepRjJSWBuZu3xMIx24ziV3YdwMFbxJ4DnnG47tkYJatipUBzpJqTsogR2NgfugkjjjxFWZIyl7VCpUdI6EoZiQp9SNJQoTHaEh6mvqIE2nH2SEJ3NeKC71A6OcrmKk/EzHiUk64oyc5UiP510vF/7xepLxTO6Z+GCni4+kiL2JQBTBtBbpUEKzYRBOEBdV/hXiEdDNKd1fKSjhLcfx98ixpH1aqtUrt+qhcv8jrKIIdsAcOQBWcgDq4Ag3QAhjcg0fwDF6MB+PJeDXepqMFI89sg18w3r8AJJmZjQ==</latexit>

d

dt

dT

dq̇
= mẍ

<latexit sha1_base64="rwsARvUM2sn684gmJTqx1ICnGIE=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4sUyt+FgIRTcuK/QF7VAymUwbmnmY3BHLMF/hxl9x40IRt+LOvzGdDqLWA4Fzz7k3yT12KLgC0/w0cnPzC4tL+eXCyura+kZxc6ulgkhS1qSBCGTHJooJ7rMmcBCsE0pGPFuwtj26nPjtWyYVD/wGjENmeWTgc5dTAlrqFw96riQ0dpLYgQRnRUNXuOcEgG8SfI49zXUR3yX9Ysksmy nwLKlkpIQy1PvFD30NjTzmAxVEqW7FDMGKiQROBUsKvUixkNARGbCupj7xmLLidK0E72nFwW4g9fEBp+rPiZh4So09W3d6BIbqrzcR//O6EbinVsz9MALm0+lDbiQwBHiSEXa4ZBTEWBNCJdd/xXRIdDSgkyykIZxNcPy98ixpHZYr1XL1+qhUu8jiyKMdtIv2UQWdoBq6QnXURBTdo0f0jF6MB+PJeDXepq05I5vZRr9gvH8BleafwQ==</latexit>



Robot Manipulator

• To apply Lagrange’s equations to a robotic manipulator, we 
calculate the kinetic and potential energy of the robot’s link 
as a function of the robot’s generalized coordinates (joint 
angles and velocities)

• In turn, this requires modeling the mass distribution of the 
links



Rigid Body Motion

• For the center of mass: 

V 2 R3, ⇢(r), r 2 V
<latexit sha1_base64="pdaPX4Ry9iKfR4tSjL1DzODLZ/A=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoUEpixceu6MZlFZsWmlgm00k7dDIJMxOhhP6AG3/FjQtF3Lp359+YpEHUeuDC4Zx7ufceN2RUKsP41Apz8wuLS8Xl0srq2vqGvrllySASmLRwwALRcZEkjHLSUlQx0gkFQb7LSNsdXaR++44ISQN+o8YhcXw04NSjGKlE6ul7lk05tH2khq4bX09u61Voi2FQEQdVKGBqWrCnl42akQHOEjMnZZCj2dM/7H6AI59whRmSsmsaoXJiJBTFjExKdiRJiPAIDUg3oRz5RDpx9s0E7idKH3qBSIormKk/J2LkSzn23aQzPVv+9VLxP68bKe/UiSkPI0U4ni7yIgZVANNoYJ8KghUbJwRhQZNbIR4igbBKAixlIZylOP5+eZZYhzWzXqtfHZUb53kcRbADdkEFmOAENMAlaIIWwOAePIJn8KI9aE/aq/Y2bS1o+cw2+AXt/Qtbu5nz</latexit>

m =

Z
⇢(r)dV

<latexit sha1_base64="S3NGFWbq+kV9aQDWaoD9MtwcuyA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyW14mMhFN24rGAf0IQymUzaoZNMmJkIIdRfceNCEbd+iDv/xkkaRK0HBg7n3Ms9c9yIUaks69MoLS2vrK6V1ysbm1vbO+buXk/yWGDSxZxxMXCRJIyGpKuoYmQQCYICl5G+O73O/P49EZLy8E4lEXECNA6pTzFSWhqZ1QBeQpuGCtpiwuviCHq9kVmzGlYOuEiaBamBAp2R+WF7HMcBCRVmSMph04qUkyKhKGZkVrFjSSKEp2hMhpqGKCDSSfPwM3ioFQ/6XOinY+Tqz40UBVImgasnA6Qm8q+Xif95w1j5505KwyhWJMTzQ37MoOIwawJ6VBCsWKIJwoLqrBBPkEBY6b4qeQkXGU6/v7xIeseNZqvRuj2pta+KOspgHxyAOmiCM9AGN6ADugCDBDyCZ/BiPBhPxqvxNh8tGcVOFfyC8f4FlLSTkw==</latexit>

pc
<latexit sha1_base64="whSUYofzXJpX7XALQFMnxg7x2tE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdBcPyMCuOjUnB1okbkGqUKA5sD/6w4gkIRWacKxUz3Vi7aVYakY4nVX6iaIxJhM8oj1DBQ6p8tL81Bk6MsoQBZE0JTTK1Z8TKQ6Vmoa+6QyxHqu/Xib+5/USHVx4KRNxoqkg80VBwpGOUPY3GjJJieZTQzCRzNyKyBhLTLRJp5KHcJnh7PvlRdI+qbn1Wv32tNq4KuIowwEcwjG4cA4NuIEmtIDACB7hGV4sbj1Zr9bbvLVkFTP78AvW+xdkEI4B</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

p
<latexit sha1_base64="JiODETqvgZIAPoeIkHzlP0YV7oI=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UiPvlil21M5BF4uSkAjnq/fJHbxCxJMBQM0GV6jp2rN0plZozgbNSL1EYUzamQ+waGtIAlTvNDp2RI6MMiB9JU6EmmfpzYkoDpSaBZzoDqkfqr5eK/3ndRPuX7pSHcaIxZPNFfiKIjkj6NRlwiUyLiSGUSW5uJWxEJWXaZFPKQrhKcf798iJpnVSd0+pp46xSu87jKMIBHMIxOHABNbiFOjSBAcIjPMOLdW89Wa/W27y1YOUz+/AL1vsX8uGNKw==</latexit>

pc =
1

m

Z
⇢(r)pdV

<latexit sha1_base64="xmvqzBcMdM5WjPnaRo8/9P3ZC+g=">AAACDHicbVDLSsNAFJ3UV62vqks3g0Wom5JY8bEQim5cVrAPaEKZTCbt0EkyzEyEEvIBbvwVNy4UcesHuPNvnKRB1Hpg4HDOucy9x+WMSmWan0ZpYXFpeaW8Wllb39jcqm7vdGUUC0w6OGKR6LtIEkZD0lFUMdLngqDAZaTnTq4yv3dHhKRReKumnDgBGoXUpxgpLQ2rNT7E8ALavkA4sdIkSKFNQwVtMY7q4hBy6HV1ymyYOe A8sQpSAwXaw+qH7UU4DkioMENSDiyTKydBQlHMSFqxY0k4whM0IgNNQxQQ6ST5MSk80IoH/UjopxfJ1Z8TCQqknAauTgZIjeVfLxP/8wax8s+chIY8ViTEs4/8mEEVwawZ6FFBsGJTTRAWVO8K8RjpXpTur5KXcJ7h5PvkedI9aljNRvPmuNa6LOoogz2wD+rAAqegBa5BG3QABvfgETyDF+PBeDJejbdZtGQUM7vgF4z3L5NVmi4=</latexit>



Rigid Body Motion

pc
<latexit sha1_base64="whSUYofzXJpX7XALQFMnxg7x2tE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdBcPyMCuOjUnB1okbkGqUKA5sD/6w4gkIRWacKxUz3Vi7aVYakY4nVX6iaIxJhM8oj1DBQ6p8tL81Bk6MsoQBZE0JTTK1Z8TKQ6Vmoa+6QyxHqu/Xib+5/USHVx4KRNxoqkg80VBwpGOUPY3GjJJieZTQzCRzNyKyBhLTLRJp5KHcJnh7PvlRdI+qbn1Wv32tNq4KuIowwEcwjG4cA4NuIEmtIDACB7hGV4sbj1Zr9bbvLVkFTP78AvW+xdkEI4B</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

p
<latexit sha1_base64="JiODETqvgZIAPoeIkHzlP0YV7oI=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UiPvlil21M5BF4uSkAjnq/fJHbxCxJMBQM0GV6jp2rN0plZozgbNSL1EYUzamQ+waGtIAlTvNDp2RI6MMiB9JU6EmmfpzYkoDpSaBZzoDqkfqr5eK/3ndRPuX7pSHcaIxZPNFfiKIjkj6NRlwiUyLiSGUSW5uJWxEJWXaZFPKQrhKcf798iJpnVSd0+pp46xSu87jKMIBHMIxOHABNbiFOjSBAcIjPMOLdW89Wa/W27y1YOUz+/AL1vsX8uGNKw==</latexit>

!
<latexit sha1_base64="kvEB3tmavHZXaL+Zf9RJW7Q/0fM=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLspJOMmdlZZmaFsOQfvHhQxKv/482/cXaziBoLGoqqbrq7gogzbVz30yksLa+srhXXSxubW9s75d29lpaxotCkkkvVCYgGzkJoGmY4dCIFRAQc2sHkOvXbD6A0k+GdmUbgCzIK2ZBRYqzU6kkBI9IvV9yqmwEvEi8nFZSj0S9/9AaSxgJCQznRuuu5kfETogyjHGalXqwhInRCRtC1NCQCtJ9k187wkVUGeCiVrdDgTP05kRCh9VQEtlMQM9Z/vVT8z+vGZnjhJyyMYgMhnS8axhwbidPX8YApoIZPLSFUMXsrpmOiCDU2oFIWwmWKs++XF0nrpOrVqrXb00r9Ko+jiA7QITpGHjpHdXSDGqiJKLpHj+gZvTjSeXJenbd5a8HJZ/bRLzjvX6j5j1I=</latexit>

ṗ = ṗc + ! ⇥ r

= ṗc + S(w)r
<latexit sha1_base64="W5ZaHEaQ3RMXsRhJNtnIIxak6Ls="></latexit>

S(w) =

2

4
0 �!3 !2

!3 0 �!1

�!2 !1 0

3

5

<latexit sha1_base64="Kc9FhHJx+I3ucqHyE+SckAz0OJE="></latexit>



Kinetic Energy

T =

Z
1

2
⇢(r)ṗT ṗdV

<latexit sha1_base64="qVRs+Yt+QgpEPE2tiSgnUhk9JVk=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0Wom5K04mMhFN24rNAXNLFMppN26OTBzEQoId/hxl9x40IRd+LGv3GSRlHrgYHDOfcw9x4nZFRIw/jQCguLS8srxdXS2vrG5pa+vdMRQcQxaeOABbznIEEY9UlbUslIL+QEeQ4jXWdymfrdW8IFDfyWnIbE9tDIpy7FSCppoJsteA4t6ktouRzh2EziWgItPg4q/BBaw0DGYXLT+mJw2BnoZaNqZIDzxMxJGeRoDvQ3FcaRR3yJGRKibxqhtGPEJcWMJCUrEiREeIJGpK+ojzwi7Dg7LYEHShlCN+DqqSUz9WciRp4QU89Rkx6SY/HXS8X/vH4k3VM7pn4YSeLj2UduxKAMYNoTHFJOsGRTRRDmVO0K8RipiqRqs5SVcJbi+PvkedKpVc16tX59VG5c5HUUwR7YBxVgghPQAFegCdoAgzvwAJ7As3avPWov2utstKDlmV3wC9r7J4LzoBk=</latexit>

Assuming homogeneous material, we have:

T = ⇢

Z
1

2
ṗT ṗdV

= ⇢
1

2

Z
(ṗc + S(w)r)T (ṗc + S(w)r)||dV

= ⇢
1

2

Z
(||ṗ||2 + 2ṗTc S(w)r + rTS(w)TS(w)r)dV

<latexit sha1_base64="9GyToDDdA3oCF2F/eJQabispJxs="></latexit>



Kinetic Energy

T =

Z
1

2
⇢(r)ṗT ṗdV

<latexit sha1_base64="qVRs+Yt+QgpEPE2tiSgnUhk9JVk=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0Wom5K04mMhFN24rNAXNLFMppN26OTBzEQoId/hxl9x40IRd+LGv3GSRlHrgYHDOfcw9x4nZFRIw/jQCguLS8srxdXS2vrG5pa+vdMRQcQxaeOABbznIEEY9UlbUslIL+QEeQ4jXWdymfrdW8IFDfyWnIbE9tDIpy7FSCppoJsteA4t6ktouRzh2EziWgItPg4q/BBaw0DGYXLT+mJw2BnoZaNqZIDzxMxJGeRoDvQ3FcaRR3yJGRKibxqhtGPEJcWMJCUrEiREeIJGpK+ojzwi7Dg7LYEHShlCN+DqqSUz9WciRp4QU89Rkx6SY/HXS8X/vH4k3VM7pn4YSeLj2UduxKAMYNoTHFJOsGRTRRDmVO0K8RipiqRqs5SVcJbi+PvkedKpVc16tX59VG5c5HUUwR7YBxVgghPQAFegCdoAgzvwAJ7As3avPWov2utstKDlmV3wC9r7J4LzoBk=</latexit>

Assuming homogeneous material, we have:

T = ⇢

Z
1

2
ṗT ṗdV

= ⇢
1

2

Z
(ṗc + S(w)r)T (ṗc + S(w)r)||dV

= ⇢
1

2

Z
(||ṗc||2 + 2ṗTc S(w)r + (S(w)r)TS(w)r)dV

<latexit sha1_base64="cIR9cK5tt9rZv+eOtubb5QO8IKg="></latexit>



Kinetic Energy

T =

Z
1

2
⇢(r)ṗT ṗdV

<latexit sha1_base64="qVRs+Yt+QgpEPE2tiSgnUhk9JVk=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0Wom5K04mMhFN24rNAXNLFMppN26OTBzEQoId/hxl9x40IRd+LGv3GSRlHrgYHDOfcw9x4nZFRIw/jQCguLS8srxdXS2vrG5pa+vdMRQcQxaeOABbznIEEY9UlbUslIL+QEeQ4jXWdymfrdW8IFDfyWnIbE9tDIpy7FSCppoJsteA4t6ktouRzh2EziWgItPg4q/BBaw0DGYXLT+mJw2BnoZaNqZIDzxMxJGeRoDvQ3FcaRR3yJGRKibxqhtGPEJcWMJCUrEiREeIJGpK+ojzwi7Dg7LYEHShlCN+DqqSUz9WciRp4QU89Rkx6SY/HXS8X/vH4k3VM7pn4YSeLj2UduxKAMYNoTHFJOsGRTRRDmVO0K8RipiqRqs5SVcJbi+PvkedKpVc16tX59VG5c5HUUwR7YBxVgghPQAFegCdoAgzvwAJ7As3avPWov2utstKDlmV3wC9r7J4LzoBk=</latexit>

Assuming homogeneous material, we have:

T = ⇢

Z
1

2
ṗT ṗdV

= ⇢
1

2

Z
(ṗc + S(w)r)T (ṗc + S(w)r)||dV

= ⇢
1

2

Z
(||ṗc||2 + 2ṗTc S(w)r + (S(w)r)TS(w)r)dV

<latexit sha1_base64="cIR9cK5tt9rZv+eOtubb5QO8IKg="></latexit>



T = ⇢

Z
1

2
ṗT ṗdV

= ⇢
1

2

Z
(ṗc + S(w)r)T (ṗc + S(w)r)||dV

= ⇢
1

2

Z
(||ṗc||2 + 2ṗTc S(w)r + (S(w)r)TS(w)r)dV

<latexit sha1_base64="cIR9cK5tt9rZv+eOtubb5QO8IKg="></latexit>

Kinetic Energy

T =

Z
1

2
⇢(r)ṗT ṗdV

<latexit sha1_base64="qVRs+Yt+QgpEPE2tiSgnUhk9JVk=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0Wom5K04mMhFN24rNAXNLFMppN26OTBzEQoId/hxl9x40IRd+LGv3GSRlHrgYHDOfcw9x4nZFRIw/jQCguLS8srxdXS2vrG5pa+vdMRQcQxaeOABbznIEEY9UlbUslIL+QEeQ4jXWdymfrdW8IFDfyWnIbE9tDIpy7FSCppoJsteA4t6ktouRzh2EziWgItPg4q/BBaw0DGYXLT+mJw2BnoZaNqZIDzxMxJGeRoDvQ3FcaRR3yJGRKibxqhtGPEJcWMJCUrEiREeIJGpK+ojzwi7Dg7LYEHShlCN+DqqSUz9WciRp4QU89Rkx6SY/HXS8X/vH4k3VM7pn4YSeLj2UduxKAMYNoTHFJOsGRTRRDmVO0K8RipiqRqs5SVcJbi+PvkedKpVc16tX59VG5c5HUUwR7YBxVgghPQAFegCdoAgzvwAJ7As3avPWov2utstKDlmV3wC9r7J4LzoBk=</latexit>

Assuming homogeneous material, we have:

Translational Kinetic Energy



T = ⇢

Z
1

2
ṗT ṗdV

= ⇢
1

2

Z
(ṗc + S(w)r)T (ṗc + S(w)r)||dV

= ⇢
1

2

Z
(||ṗc||2 + 2ṗTc S(w)r + (S(w)r)TS(w)r)dV

<latexit sha1_base64="cIR9cK5tt9rZv+eOtubb5QO8IKg="></latexit>

Kinetic Energy

T =

Z
1

2
⇢(r)ṗT ṗdV

<latexit sha1_base64="qVRs+Yt+QgpEPE2tiSgnUhk9JVk=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0Wom5K04mMhFN24rNAXNLFMppN26OTBzEQoId/hxl9x40IRd+LGv3GSRlHrgYHDOfcw9x4nZFRIw/jQCguLS8srxdXS2vrG5pa+vdMRQcQxaeOABbznIEEY9UlbUslIL+QEeQ4jXWdymfrdW8IFDfyWnIbE9tDIpy7FSCppoJsteA4t6ktouRzh2EziWgItPg4q/BBaw0DGYXLT+mJw2BnoZaNqZIDzxMxJGeRoDvQ3FcaRR3yJGRKibxqhtGPEJcWMJCUrEiREeIJGpK+ojzwi7Dg7LYEHShlCN+DqqSUz9WciRp4QU89Rkx6SY/HXS8X/vH4k3VM7pn4YSeLj2UduxKAMYNoTHFJOsGRTRRDmVO0K8RipiqRqs5SVcJbi+PvkedKpVc16tX59VG5c5HUUwR7YBxVgghPQAFegCdoAgzvwAJ7As3avPWov2utstKDlmV3wC9r7J4LzoBk=</latexit>

Assuming homogeneous material, we have:



Kinetic Energy

pc
<latexit sha1_base64="whSUYofzXJpX7XALQFMnxg7x2tE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdBcPyMCuOjUnB1okbkGqUKA5sD/6w4gkIRWacKxUz3Vi7aVYakY4nVX6iaIxJhM8oj1DBQ6p8tL81Bk6MsoQBZE0JTTK1Z8TKQ6Vmoa+6QyxHqu/Xib+5/USHVx4KRNxoqkg80VBwpGOUPY3GjJJieZTQzCRzNyKyBhLTLRJp5KHcJnh7PvlRdI+qbn1Wv32tNq4KuIowwEcwjG4cA4NuIEmtIDACB7hGV4sbj1Zr9bbvLVkFTP78AvW+xdkEI4B</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

p
<latexit sha1_base64="JiODETqvgZIAPoeIkHzlP0YV7oI=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UiPvlil21M5BF4uSkAjnq/fJHbxCxJMBQM0GV6jp2rN0plZozgbNSL1EYUzamQ+waGtIAlTvNDp2RI6MMiB9JU6EmmfpzYkoDpSaBZzoDqkfqr5eK/3ndRPuX7pSHcaIxZPNFfiKIjkj6NRlwiUyLiSGUSW5uJWxEJWXaZFPKQrhKcf798iJpnVSd0+pp46xSu87jKMIBHMIxOHABNbiFOjSBAcIjPMOLdW89Wa/W27y1YOUz+/AL1vsX8uGNKw==</latexit>

!
<latexit sha1_base64="kvEB3tmavHZXaL+Zf9RJW7Q/0fM=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLspJOMmdlZZmaFsOQfvHhQxKv/482/cXaziBoLGoqqbrq7gogzbVz30yksLa+srhXXSxubW9s75d29lpaxotCkkkvVCYgGzkJoGmY4dCIFRAQc2sHkOvXbD6A0k+GdmUbgCzIK2ZBRYqzU6kkBI9IvV9yqmwEvEi8nFZSj0S9/9AaSxgJCQznRuuu5kfETogyjHGalXqwhInRCRtC1NCQCtJ9k187wkVUGeCiVrdDgTP05kRCh9VQEtlMQM9Z/vVT8z+vGZnjhJyyMYgMhnS8axhwbidPX8YApoIZPLSFUMXsrpmOiCDU2oFIWwmWKs++XF0nrpOrVqrXb00r9Ko+jiA7QITpGHjpHdXSDGqiJKLpHj+gZvTjSeXJenbd5a8HJZ/bRLzjvX6j5j1I=</latexit>

⇢
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Z
2ṗTc S(w)rdV

= ⇢S(w)ṗTc

Z
rdV

= ⇢S(w)ṗTc

Z
(p� pc)dV

<latexit sha1_base64="+UOnm72+49N4x4XwvkX2WDc8UQI="></latexit>



Kinetic Energy

pc
<latexit sha1_base64="whSUYofzXJpX7XALQFMnxg7x2tE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdBcPyMCuOjUnB1okbkGqUKA5sD/6w4gkIRWacKxUz3Vi7aVYakY4nVX6iaIxJhM8oj1DBQ6p8tL81Bk6MsoQBZE0JTTK1Z8TKQ6Vmoa+6QyxHqu/Xib+5/USHVx4KRNxoqkg80VBwpGOUPY3GjJJieZTQzCRzNyKyBhLTLRJp5KHcJnh7PvlRdI+qbn1Wv32tNq4KuIowwEcwjG4cA4NuIEmtIDACB7hGV4sbj1Zr9bbvLVkFTP78AvW+xdkEI4B</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

p
<latexit sha1_base64="JiODETqvgZIAPoeIkHzlP0YV7oI=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UiPvlil21M5BF4uSkAjnq/fJHbxCxJMBQM0GV6jp2rN0plZozgbNSL1EYUzamQ+waGtIAlTvNDp2RI6MMiB9JU6EmmfpzYkoDpSaBZzoDqkfqr5eK/3ndRPuX7pSHcaIxZPNFfiKIjkj6NRlwiUyLiSGUSW5uJWxEJWXaZFPKQrhKcf798iJpnVSd0+pp46xSu87jKMIBHMIxOHABNbiFOjSBAcIjPMOLdW89Wa/W27y1YOUz+/AL1vsX8uGNKw==</latexit>

!
<latexit sha1_base64="kvEB3tmavHZXaL+Zf9RJW7Q/0fM=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLspJOMmdlZZmaFsOQfvHhQxKv/482/cXaziBoLGoqqbrq7gogzbVz30yksLa+srhXXSxubW9s75d29lpaxotCkkkvVCYgGzkJoGmY4dCIFRAQc2sHkOvXbD6A0k+GdmUbgCzIK2ZBRYqzU6kkBI9IvV9yqmwEvEi8nFZSj0S9/9AaSxgJCQznRuuu5kfETogyjHGalXqwhInRCRtC1NCQCtJ9k187wkVUGeCiVrdDgTP05kRCh9VQEtlMQM9Z/vVT8z+vGZnjhJyyMYgMhnS8axhwbidPX8YApoIZPLSFUMXsrpmOiCDU2oFIWwmWKs++XF0nrpOrVqrXb00r9Ko+jiA7QITpGHjpHdXSDGqiJKLpHj+gZvTjSeXJenbd5a8HJZ/bRLzjvX6j5j1I=</latexit>

pc =
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Z
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=

R
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Z
(pc � p)⇢dV = 0

<latexit sha1_base64="NtT0Utqp7za6FVkldjyvyhI+adA="></latexit>

⇢
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Z
rdV
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Z
(p� pc)dV

<latexit sha1_base64="+UOnm72+49N4x4XwvkX2WDc8UQI="></latexit>



Kinetic Energy

pc
<latexit sha1_base64="whSUYofzXJpX7XALQFMnxg7x2tE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdBcPyMCuOjUnB1okbkGqUKA5sD/6w4gkIRWacKxUz3Vi7aVYakY4nVX6iaIxJhM8oj1DBQ6p8tL81Bk6MsoQBZE0JTTK1Z8TKQ6Vmoa+6QyxHqu/Xib+5/USHVx4KRNxoqkg80VBwpGOUPY3GjJJieZTQzCRzNyKyBhLTLRJp5KHcJnh7PvlRdI+qbn1Wv32tNq4KuIowwEcwjG4cA4NuIEmtIDACB7hGV4sbj1Zr9bbvLVkFTP78AvW+xdkEI4B</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

p
<latexit sha1_base64="JiODETqvgZIAPoeIkHzlP0YV7oI=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UiPvlil21M5BF4uSkAjnq/fJHbxCxJMBQM0GV6jp2rN0plZozgbNSL1EYUzamQ+waGtIAlTvNDp2RI6MMiB9JU6EmmfpzYkoDpSaBZzoDqkfqr5eK/3ndRPuX7pSHcaIxZPNFfiKIjkj6NRlwiUyLiSGUSW5uJWxEJWXaZFPKQrhKcf798iJpnVSd0+pp46xSu87jKMIBHMIxOHABNbiFOjSBAcIjPMOLdW89Wa/W27y1YOUz+/AL1vsX8uGNKw==</latexit>

!
<latexit sha1_base64="kvEB3tmavHZXaL+Zf9RJW7Q/0fM=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLspJOMmdlZZmaFsOQfvHhQxKv/482/cXaziBoLGoqqbrq7gogzbVz30yksLa+srhXXSxubW9s75d29lpaxotCkkkvVCYgGzkJoGmY4dCIFRAQc2sHkOvXbD6A0k+GdmUbgCzIK2ZBRYqzU6kkBI9IvV9yqmwEvEi8nFZSj0S9/9AaSxgJCQznRuuu5kfETogyjHGalXqwhInRCRtC1NCQCtJ9k187wkVUGeCiVrdDgTP05kRCh9VQEtlMQM9Z/vVT8z+vGZnjhJyyMYgMhnS8axhwbidPX8YApoIZPLSFUMXsrpmOiCDU2oFIWwmWKs++XF0nrpOrVqrXb00r9Ko+jiA7QITpGHjpHdXSDGqiJKLpHj+gZvTjSeXJenbd5a8HJZ/bRLzjvX6j5j1I=</latexit>
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<latexit sha1_base64="NtT0Utqp7za6FVkldjyvyhI+adA="></latexit>
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Z
(p� pc)dV

<latexit sha1_base64="+UOnm72+49N4x4XwvkX2WDc8UQI="></latexit>



Kinetic Energy

pc
<latexit sha1_base64="whSUYofzXJpX7XALQFMnxg7x2tE=">AAAB6nicbVDLSsNAFL2pr1pfUZduBovgqiRWfOyKblxWtA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984SYOo9cCFwzn3cu89fsyZ0o7zaZWWlldW18rrlY3Nre0de3evraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cp35nQcqFYvEvZ7G1AvxSLCAEayNdBcPyMCuOjUnB1okbkGqUKA5sD/6w4gkIRWacKxUz3Vi7aVYakY4nVX6iaIxJhM8oj1DBQ6p8tL81Bk6MsoQBZE0JTTK1Z8TKQ6Vmoa+6QyxHqu/Xib+5/USHVx4KRNxoqkg80VBwpGOUPY3GjJJieZTQzCRzNyKyBhLTLRJp5KHcJnh7PvlRdI+qbn1Wv32tNq4KuIowwEcwjG4cA4NuIEmtIDACB7hGV4sbj1Zr9bbvLVkFTP78AvW+xdkEI4B</latexit>

r
<latexit sha1_base64="/y7nDLYqjVZAaLdoyEye5gcVfEQ=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UkP1yxa7aGcgicXJSgRz1fvmjN4hYEmComaBKdR071u6USs2ZwFmplyiMKRvTIXYNDWmAyp1mh87IkVEGxI+kqVCTTP05MaWBUpPAM50B1SP110vF/7xuov1Ld8rDONEYsvkiPxFERyT9mgy4RKbFxBDKJDe3EjaikjJtsillIVylOP9+eZG0TqrOafW0cVapXedxFOEADuEYHLiAGtxCHZrAAOERnuHFureerFfrbd5asPKZffgF6/0L9emNLQ==</latexit>

p
<latexit sha1_base64="JiODETqvgZIAPoeIkHzlP0YV7oI=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMqLregF48JmAWSIfR0apI2PQvdPUII+QIvHhTx6id582/smQyixgcFj/eqqKrnxYIrbdufVmFpeWV1rbhe2tjc2t4p7+61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98k/rtB5SKR+GdnsToBnQYcp8zqo3UiPvlil21M5BF4uSkAjnq/fJHbxCxJMBQM0GV6jp2rN0plZozgbNSL1EYUzamQ+waGtIAlTvNDp2RI6MMiB9JU6EmmfpzYkoDpSaBZzoDqkfqr5eK/3ndRPuX7pSHcaIxZPNFfiKIjkj6NRlwiUyLiSGUSW5uJWxEJWXaZFPKQrhKcf798iJpnVSd0+pp46xSu87jKMIBHMIxOHABNbiFOjSBAcIjPMOLdW89Wa/W27y1YOUz+/AL1vsX8uGNKw==</latexit>

!
<latexit sha1_base64="kvEB3tmavHZXaL+Zf9RJW7Q/0fM=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLspJOMmdlZZmaFsOQfvHhQxKv/482/cXaziBoLGoqqbrq7gogzbVz30yksLa+srhXXSxubW9s75d29lpaxotCkkkvVCYgGzkJoGmY4dCIFRAQc2sHkOvXbD6A0k+GdmUbgCzIK2ZBRYqzU6kkBI9IvV9yqmwEvEi8nFZSj0S9/9AaSxgJCQznRuuu5kfETogyjHGalXqwhInRCRtC1NCQCtJ9k187wkVUGeCiVrdDgTP05kRCh9VQEtlMQM9Z/vVT8z+vGZnjhJyyMYgMhnS8axhwbidPX8YApoIZPLSFUMXsrpmOiCDU2oFIWwmWKs++XF0nrpOrVqrXb00r9Ko+jiA7QITpGHjpHdXSDGqiJKLpHj+gZvTjSeXJenbd5a8HJZ/bRLzjvX6j5j1I=</latexit>
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<latexit sha1_base64="NtT0Utqp7za6FVkldjyvyhI+adA="></latexit>

⇢
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<latexit sha1_base64="+UOnm72+49N4x4XwvkX2WDc8UQI="></latexit>



Kinetic Energy

T =

Z
1

2
⇢(r)ṗT ṗdV

<latexit sha1_base64="qVRs+Yt+QgpEPE2tiSgnUhk9JVk=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0Wom5K04mMhFN24rNAXNLFMppN26OTBzEQoId/hxl9x40IRd+LGv3GSRlHrgYHDOfcw9x4nZFRIw/jQCguLS8srxdXS2vrG5pa+vdMRQcQxaeOABbznIEEY9UlbUslIL+QEeQ4jXWdymfrdW8IFDfyWnIbE9tDIpy7FSCppoJsteA4t6ktouRzh2EziWgItPg4q/BBaw0DGYXLT+mJw2BnoZaNqZIDzxMxJGeRoDvQ3FcaRR3yJGRKibxqhtGPEJcWMJCUrEiREeIJGpK+ojzwi7Dg7LYEHShlCN+DqqSUz9WciRp4QU89Rkx6SY/HXS8X/vH4k3VM7pn4YSeLj2UduxKAMYNoTHFJOsGRTRRDmVO0K8RipiqRqs5SVcJbi+PvkedKpVc16tX59VG5c5HUUwR7YBxVgghPQAFegCdoAgzvwAJ7As3avPWov2utstKDlmV3wC9r7J4LzoBk=</latexit>

Assuming homogeneous material, we have:

T = ⇢

Z
1

2
ṗT ṗdV

= ⇢
1

2

Z
(ṗc + S(w)r)T (ṗc + S(w)r)||dV

= ⇢
1

2

Z
(||ṗc||2 + 2ṗTc S(w)r + (S(w)r)TS(w)r)dV

<latexit sha1_base64="cIR9cK5tt9rZv+eOtubb5QO8IKg="></latexit>



Kinetic Energy
! ⇥ r = �r ⇥ !

S(!)r = �S(r)!
<latexit sha1_base64="hy2i5qxyy1Ag4TpyZudvvVZB/sA=">AAACLXicbVDLSgMxFM3UV62vUZdugkVpF5YZKz4WQlEXLiu1D+iUkknTNjQzGZKMUEp/yI2/IoKLirj1N8xMp6LWAyEn59xL7j1uwKhUljUxUguLS8sr6dXM2vrG5pa5vVOTPBSYVDFnXDRcJAmjPqkqqhhpBIIgz2Wk7g6uI7/+QISk3L9Xw4C0PNTzaZdipLTUNm8c7pEego6iHpFQwMNLeKSv5D1znUwlN+X5WU0lJ/KJ3zazVsGKAeeJnZAsSFBumy9Oh+PQI77CDEnZtK1AtUZIKIoZGWecUJIA4QHqkaamPtKztEbxtmN4oJUO7HKhj69grP7sGCFPyqHn6koPqb7860Xif14zVN3z1oj6QaiIj6cfdUMGFYdRdLBDBcGKDTVBWFA9K8R9JBBWOuBMHMJFhNPvledJ7bhgFwvFu5Ns6SqJIw32wD7IARucgRK4BWVQBRg8gmcwAW/Gk/FqvBsf09KUkfTsgl8wPr8AZ6WkrA==</latexit>



Kinetic Energy
! ⇥ r = �r ⇥ !

S(!)r = �S(r)!
<latexit sha1_base64="hy2i5qxyy1Ag4TpyZudvvVZB/sA=">AAACLXicbVDLSgMxFM3UV62vUZdugkVpF5YZKz4WQlEXLiu1D+iUkknTNjQzGZKMUEp/yI2/IoKLirj1N8xMp6LWAyEn59xL7j1uwKhUljUxUguLS8sr6dXM2vrG5pa5vVOTPBSYVDFnXDRcJAmjPqkqqhhpBIIgz2Wk7g6uI7/+QISk3L9Xw4C0PNTzaZdipLTUNm8c7pEego6iHpFQwMNLeKSv5D1znUwlN+X5WU0lJ/KJ3zazVsGKAeeJnZAsSFBumy9Oh+PQI77CDEnZtK1AtUZIKIoZGWecUJIA4QHqkaamPtKztEbxtmN4oJUO7HKhj69grP7sGCFPyqHn6koPqb7860Xif14zVN3z1oj6QaiIj6cfdUMGFYdRdLBDBcGKDTVBWFA9K8R9JBBWOuBMHMJFhNPvledJ7bhgFwvFu5Ns6SqJIw32wD7IARucgRK4BWVQBRg8gmcwAW/Gk/FqvBsf09KUkfTsgl8wPr8AZ6WkrA==</latexit>

⇢
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Z
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⇢
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Z
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<latexit sha1_base64="8N69xxtqpdI1SR/6j+zyEC38LxU="></latexit>



Kinetic Energy
! ⇥ r = �r ⇥ !

S(!)r = �S(r)!
<latexit sha1_base64="hy2i5qxyy1Ag4TpyZudvvVZB/sA=">AAACLXicbVDLSgMxFM3UV62vUZdugkVpF5YZKz4WQlEXLiu1D+iUkknTNjQzGZKMUEp/yI2/IoKLirj1N8xMp6LWAyEn59xL7j1uwKhUljUxUguLS8sr6dXM2vrG5pa5vVOTPBSYVDFnXDRcJAmjPqkqqhhpBIIgz2Wk7g6uI7/+QISk3L9Xw4C0PNTzaZdipLTUNm8c7pEego6iHpFQwMNLeKSv5D1znUwlN+X5WU0lJ/KJ3zazVsGKAeeJnZAsSFBumy9Oh+PQI77CDEnZtK1AtUZIKIoZGWecUJIA4QHqkaamPtKztEbxtmN4oJUO7HKhj69grP7sGCFPyqHn6koPqb7860Xif14zVN3z1oj6QaiIj6cfdUMGFYdRdLBDBcGKDTVBWFA9K8R9JBBWOuBMHMJFhNPvledJ7bhgFwvFu5Ns6SqJIw32wD7IARucgRK4BWVQBRg8gmcwAW/Gk/FqvBsf09KUkfTsgl8wPr8AZ6WkrA==</latexit>

⇢
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<latexit sha1_base64="8N69xxtqpdI1SR/6j+zyEC38LxU="></latexit>



Kinetic Energy
! ⇥ r = �r ⇥ !

S(!)r = �S(r)!
<latexit sha1_base64="hy2i5qxyy1Ag4TpyZudvvVZB/sA=">AAACLXicbVDLSgMxFM3UV62vUZdugkVpF5YZKz4WQlEXLiu1D+iUkknTNjQzGZKMUEp/yI2/IoKLirj1N8xMp6LWAyEn59xL7j1uwKhUljUxUguLS8sr6dXM2vrG5pa5vVOTPBSYVDFnXDRcJAmjPqkqqhhpBIIgz2Wk7g6uI7/+QISk3L9Xw4C0PNTzaZdipLTUNm8c7pEego6iHpFQwMNLeKSv5D1znUwlN+X5WU0lJ/KJ3zazVsGKAeeJnZAsSFBumy9Oh+PQI77CDEnZtK1AtUZIKIoZGWecUJIA4QHqkaamPtKztEbxtmN4oJUO7HKhj69grP7sGCFPyqHn6koPqb7860Xif14zVN3z1oj6QaiIj6cfdUMGFYdRdLBDBcGKDTVBWFA9K8R9JBBWOuBMHMJFhNPvledJ7bhgFwvFu5Ns6SqJIw32wD7IARucgRK4BWVQBRg8gmcwAW/Gk/FqvBsf09KUkfTsgl8wPr8AZ6WkrA==</latexit>

⇢
1

2

Z
(�S(r)!)T (�S(r)!)dV =

⇢
1

2

Z
!TS(r)TS(r)!dV =

1

2
!T

Z
⇢S(r)TS(r)dV ! =

1

2
!T I!

<latexit sha1_base64="8N69xxtqpdI1SR/6j+zyEC38LxU="></latexit>



Kinetic Energy
! ⇥ r = �r ⇥ !

S(!)r = �S(r)!
<latexit sha1_base64="hy2i5qxyy1Ag4TpyZudvvVZB/sA=">AAACLXicbVDLSgMxFM3UV62vUZdugkVpF5YZKz4WQlEXLiu1D+iUkknTNjQzGZKMUEp/yI2/IoKLirj1N8xMp6LWAyEn59xL7j1uwKhUljUxUguLS8sr6dXM2vrG5pa5vVOTPBSYVDFnXDRcJAmjPqkqqhhpBIIgz2Wk7g6uI7/+QISk3L9Xw4C0PNTzaZdipLTUNm8c7pEego6iHpFQwMNLeKSv5D1znUwlN+X5WU0lJ/KJ3zazVsGKAeeJnZAsSFBumy9Oh+PQI77CDEnZtK1AtUZIKIoZGWecUJIA4QHqkaamPtKztEbxtmN4oJUO7HKhj69grP7sGCFPyqHn6koPqb7860Xif14zVN3z1oj6QaiIj6cfdUMGFYdRdLBDBcGKDTVBWFA9K8R9JBBWOuBMHMJFhNPvledJ7bhgFwvFu5Ns6SqJIw32wD7IARucgRK4BWVQBRg8gmcwAW/Gk/FqvBsf09KUkfTsgl8wPr8AZ6WkrA==</latexit>

⇢
1

2

Z
(�S(r)!)T (�S(r)!)dV =

⇢
1

2

Z
!TS(r)TS(r)!dV =

1

2
!T

Z
⇢S(r)TS(r)dV ! =

1

2
!T I!

<latexit sha1_base64="8N69xxtqpdI1SR/6j+zyEC38LxU="></latexit>

Inertia Tensor



Kinetic Energy

T =

Z
1

2
⇢(r)ṗT ṗdV

=
1

2
m||pc||2 +

1

2
!T I!

<latexit sha1_base64="R12WnP7+HelFfSOYDHj75ag4lJ0="></latexit>

Translational component



Kinetic Energy

T =

Z
1

2
⇢(r)ṗT ṗdV

=
1

2
m||pc||2 +

1

2
!T I!

<latexit sha1_base64="R12WnP7+HelFfSOYDHj75ag4lJ0="></latexit>

Rotational component



Example: Planar Robot (Zero Gravity)

• L = T 

• We can model each link with a homogeneous rectangular 
bar, with mass mi and inertia tensor: 

Ii =

2

4
Ix 0 0
0 Iy 0
0 0 Iz

3

5

<latexit sha1_base64="mjsjvJdl4RkhdehH9SSP7IAjYLY="></latexit>



Example: Planar Robotic Arm (Zero Gravity)

• L = T 

• We can model each link with a homogeneous rectangular 
bar, with mass mi and inertia tensor Ii

• For each link:  

Ti =
1

2
miv

2
i +

1

2
!T
i Ii!i

<latexit sha1_base64="uXSb3zVD/JwIK6lp83DJLLytFSU="></latexit>



Kinetic Energy for 2-R Arm

T =
1

2
m1v

2
1 +

1

2
!T
1 I1!1 +

1

2
m2v

2
2 +

1

2
!T
2 I2!2

=
1

2
m1(ẋ

2
1 + ẏ21) +

1

2
[0, 0, q̇1]I1[0, 0, q̇1]

T +
1

2
m2(ẋ

2
2 + ẏ22) +

1

2
[0, 0, q̇2]I2[0, 0, q̇2]

T

<latexit sha1_base64="89aG1KnCQnXe6NH+DSJoM612ies="></latexit>



Kinetic Energy for 2-R Arm

T =
1

2
m1v

2
1 +

1

2
!T
1 I1!1 +

1

2
m2v

2
2 +

1

2
!T
2 I2!2

=
1

2
m1(ẋ

2
1 + ẏ21) +

1

2
[0, 0, q̇1]I1[0, 0, q̇1]

T +
1

2
m2(ẋ

2
2 + ẏ22) +

1

2
[0, 0, q̇1 + q̇2]I2[0, 0, q̇1 + q̇2]

T

<latexit sha1_base64="c19FOa3gPaFFf4IyDSuE961mBVg="></latexit>



Kinetic Energy for 2-R Arm

T =
1

2
m1v

2
1 +

1

2
!T
1 I1!1 +

1

2
m2v

2
2 +

1

2
!T
2 I2!2

=
1

2
m1(ẋ

2
1 + ẏ21) +

1

2
[0, 0, q̇1]I1[0, 0, q̇1]

T +
1

2
m2(ẋ

2
2 + ẏ22) +

1

2
[0, 0, q̇1 + q̇2]I2[0, 0, q̇1 + q̇2]

T

<latexit sha1_base64="c19FOa3gPaFFf4IyDSuE961mBVg="></latexit>

x1 = r1c1(= r1cosq1)

y1 = r1s1

ẋ1 = �r1s1q̇1

ẏ1 = r1c1q̇1

x2 = l1c1 + r2c12

y2 = l1s1 + r2s12

ẋ2 = �(l1s1 � r2s12)q̇1 � r2s12q̇2

ẏ2 = (l1c1 + r2c12)q̇1 + r2c12q̇2
<latexit sha1_base64="ZIKonrJZG/s/Y9fjPgbllT36E5E="></latexit>



Kinetic Energy for 2-R Arm

T =
1

2
m1v

2
1 +

1

2
!T
1 I1!1 +

1

2
m2v

2
2 +

1

2
!T
2 I2!2

=
1

2
m1(ẋ

2
1 + ẏ21) +

1

2
[0, 0, q̇1]I1[0, 0, q̇1]

T +
1

2
m2(ẋ

2
2 + ẏ22) +

1

2
[0, 0, q̇1 + q̇2]I2[0, 0, q̇1 + q̇2]

T

<latexit sha1_base64="c19FOa3gPaFFf4IyDSuE961mBVg="></latexit>

x1 = r1c1(= r1cosq1)

y1 = r1s1

ẋ1 = �r1s1q̇1

ẏ1 = r1c1q̇1

x2 = l1c1 + r2c12

y2 = l1s1 + r2s12

ẋ2 = �(l1s1 � r2s12)q̇1 � r2s12q̇2

ẏ2 = (l1c1 + r2c12)q̇1 + r2c12q̇2
<latexit sha1_base64="ZIKonrJZG/s/Y9fjPgbllT36E5E="></latexit>



Kinetic Energy for 2-R Arm

T =
1

2
m1v

2
1 +

1

2
!T
1 I1!1 +

1

2
m2v

2
2 +

1

2
!T
2 I2!2

=
1

2
m1(ẋ

2
1 + ẏ21) +

1

2
[0, 0, q̇1]I1[0, 0, q̇1]

T +
1

2
m2(ẋ

2
2 + ẏ22) +

1

2
[0, 0, q̇1 + q̇2]I2[0, 0, q̇1 + q̇2]

T

<latexit sha1_base64="c19FOa3gPaFFf4IyDSuE961mBVg="></latexit>

x1 = r1c1(= r1cosq1)

y1 = r1s1

ẋ1 = �r1s1q̇1

ẏ1 = r1c1q̇1

x2 = l1c1 + r2c12

y2 = l1s1 + r2s12

ẋ2 = �(l1s1 � r2s12)q̇1 � r2s12q̇2

ẏ2 = (l1c1 + r2c12)q̇1 + r2c12q̇2
<latexit sha1_base64="ZIKonrJZG/s/Y9fjPgbllT36E5E="></latexit>



Kinetic Energy for 2-R Arm

T =
1

2
m1v

2
1 +

1

2
!T
1 I1!1 +

1

2
m2v

2
2 +

1

2
!T
2 I2!2

=
1

2
m1(ẋ

2
1 + ẏ21) +

1

2
[0, 0, q̇1]I1[0, 0, q̇1]

T +
1

2
m2(ẋ

2
2 + ẏ22) +

1

2
[0, 0, q̇1 + q̇2]I2[0, 0, q̇1 + q̇2]

T

<latexit sha1_base64="c19FOa3gPaFFf4IyDSuE961mBVg="></latexit>

x1 = r1c1(= r1cosq1)

y1 = r1s1

ẋ1 = �r1s1q̇1

ẏ1 = r1c1q̇1

x2 = l1c1 + r2c12

y2 = l1s1 + r2s12

ẋ2 = �(l1s1 � r2s12)q̇1 � r2s12q̇2

ẏ2 = (l1c1 + r2c12)q̇1 + r2c12q̇2
<latexit sha1_base64="ZIKonrJZG/s/Y9fjPgbllT36E5E="></latexit>



Kinetic Energy for 2-R Arm

d

dt
(
@T

@q̇j
)� @T

@qj
= Qj , j = 1, ..., r

<latexit sha1_base64="yqOJCjyV1ztS2Zy0GVCmZCQlz1M="></latexit>

d

dt
(
@T

@q̇j
)� @T

@qj
= Qj

d

dt
(
@T

@q̇j
)� @T

@qj
= ⌧j

B(q1, q2)


q̈1
q̈2

�
+ C(q1, q2, q̇1, q̇2) =


⌧1
⌧2

�

<latexit sha1_base64="LDDxsH/hx8+9ZKm++fQ4EDyCYZA="></latexit>



For General Manipulators (with Gravity)

L = T � U

d

dt
(
@L

@q̇j
)� @L

@qj
= Qj

d

dt
(
@L

@q̇j
)� @L

@qj
= ⌧j

<latexit sha1_base64="gBkDRBRIfbZxEGSCJlt4BX+Enm4="></latexit>



For General Manipulators (with Gravity)

L = T � U

d

dt
(
@L

@q̇j
)� @L

@qj
= Qj

d

dt
(
@L

@q̇j
)� @L

@qj
= ⌧j

<latexit sha1_base64="gBkDRBRIfbZxEGSCJlt4BX+Enm4="></latexit>

B(q)q̈ + C(q, q̇) +G(q) = ⌧
<latexit sha1_base64="wvXpwGFf1odfnz3ni2aIYeQS3z0=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWpcxY8bEQSrvQZQX7gLaUTJq2oZlHkztCGfoPbvwVNy4UcevGnX9jph1ErQcC555zb5J7bF9wBab5aczNLywuLSdWkqtr6xubqa3tqvICSVmFesKTdZsoJrjLKsBBsLovGXFswWr2oBT5tTsmFffcWxj5rOWQnsu7nBLQUjt1UMwMs81Ox4NwOMaHuJQZHuHmtMzq+krbl7gJJMDtVNrMmRPgWWLFJI1ilNupD30RDRzmAhVEqYZl+tAKiQROBRsnm4FiPqED0mMNTV3iMNUKJzuN8b5WOrjrSX1cwBP150RIHKVGjq07HQJ99deLxP+8RgDd81bIXT8A5tLpQ91AYPBwFBDucMkoiJEmhEqu/4ppn0hCQceYnIRwEeH0e+VZUj3OWflc/uYkXSjGcSTQLtpDGWShM1RA16iMKoiie/SIntGL8WA8Ga/G27R1zohndtAvGO9fMyObWQ==</latexit>

positive definite inertia matrix



For General Manipulators (with Gravity)

L = T � U

d

dt
(
@L

@q̇j
)� @L

@qj
= Qj

d

dt
(
@L

@q̇j
)� @L

@qj
= ⌧j

<latexit sha1_base64="gBkDRBRIfbZxEGSCJlt4BX+Enm4="></latexit>

B(q)q̈ + C(q, q̇) +G(q) = ⌧
<latexit sha1_base64="wvXpwGFf1odfnz3ni2aIYeQS3z0=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWpcxY8bEQSrvQZQX7gLaUTJq2oZlHkztCGfoPbvwVNy4UcevGnX9jph1ErQcC555zb5J7bF9wBab5aczNLywuLSdWkqtr6xubqa3tqvICSVmFesKTdZsoJrjLKsBBsLovGXFswWr2oBT5tTsmFffcWxj5rOWQnsu7nBLQUjt1UMwMs81Ox4NwOMaHuJQZHuHmtMzq+krbl7gJJMDtVNrMmRPgWWLFJI1ilNupD30RDRzmAhVEqYZl+tAKiQROBRsnm4FiPqED0mMNTV3iMNUKJzuN8b5WOrjrSX1cwBP150RIHKVGjq07HQJ99deLxP+8RgDd81bIXT8A5tLpQ91AYPBwFBDucMkoiJEmhEqu/4ppn0hCQceYnIRwEeH0e+VZUj3OWflc/uYkXSjGcSTQLtpDGWShM1RA16iMKoiie/SIntGL8WA8Ga/G27R1zohndtAvGO9fMyObWQ==</latexit>

Centrifugal and Coriolis Forces



https://youtu.be/kCbMKSZZO9w



For General Manipulators (with Gravity)

L = T � U

d

dt
(
@L

@q̇j
)� @L

@qj
= Qj

d

dt
(
@L

@q̇j
)� @L

@qj
= ⌧j

<latexit sha1_base64="gBkDRBRIfbZxEGSCJlt4BX+Enm4="></latexit>

B(q)q̈ + C(q, q̇) +G(q) = ⌧
<latexit sha1_base64="wvXpwGFf1odfnz3ni2aIYeQS3z0=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWpcxY8bEQSrvQZQX7gLaUTJq2oZlHkztCGfoPbvwVNy4UcevGnX9jph1ErQcC555zb5J7bF9wBab5aczNLywuLSdWkqtr6xubqa3tqvICSVmFesKTdZsoJrjLKsBBsLovGXFswWr2oBT5tTsmFffcWxj5rOWQnsu7nBLQUjt1UMwMs81Ox4NwOMaHuJQZHuHmtMzq+krbl7gJJMDtVNrMmRPgWWLFJI1ilNupD30RDRzmAhVEqYZl+tAKiQROBRsnm4FiPqED0mMNTV3iMNUKJzuN8b5WOrjrSX1cwBP150RIHKVGjq07HQJ99deLxP+8RgDd81bIXT8A5tLpQ91AYPBwFBDucMkoiJEmhEqu/4ppn0hCQceYnIRwEeH0e+VZUj3OWflc/uYkXSjGcSTQLtpDGWShM1RA16iMKoiie/SIntGL8WA8Ga/G27R1zohndtAvGO9fMyObWQ==</latexit>

Gravitational Forces



Direct Dynamics

B(q)q̈ + C(q, q̇) +G(q) = ⌧
<latexit sha1_base64="wvXpwGFf1odfnz3ni2aIYeQS3z0=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWpcxY8bEQSrvQZQX7gLaUTJq2oZlHkztCGfoPbvwVNy4UcevGnX9jph1ErQcC555zb5J7bF9wBab5aczNLywuLSdWkqtr6xubqa3tqvICSVmFesKTdZsoJrjLKsBBsLovGXFswWr2oBT5tTsmFffcWxj5rOWQnsu7nBLQUjt1UMwMs81Ox4NwOMaHuJQZHuHmtMzq+krbl7gJJMDtVNrMmRPgWWLFJI1ilNupD30RDRzmAhVEqYZl+tAKiQROBRsnm4FiPqED0mMNTV3iMNUKJzuN8b5WOrjrSX1cwBP150RIHKVGjq07HQJ99deLxP+8RgDd81bIXT8A5tLpQ91AYPBwFBDucMkoiJEmhEqu/4ppn0hCQceYnIRwEeH0e+VZUj3OWflc/uYkXSjGcSTQLtpDGWShM1RA16iMKoiie/SIntGL8WA8Ga/G27R1zohndtAvGO9fMyObWQ==</latexit>

We can determine     given τq̈
<latexit sha1_base64="KJ3k7/lK3hMCHjqshBkdTNtbZP0=">AAAB73icbVDLSsNAFJ3UV62vqks3wSK4KomKj13RjcsK9gFtKJPJpB06mUlnboQS+hNuXCji1t9x5984SYOo9cCFwzn3cu89fsyZBsf5tEpLyyura+X1ysbm1vZOdXevrWWiCG0RyaXq+lhTzgRtAQNOu7GiOPI57fjjm8zvPFClmRT3MI2pF+GhYCEjGIzU7QeBhHQyG1RrTt3JYS8StyA1VKA5qH70A0mSiAogHGvdc50YvBQrYITTWaWfaBpjMsZD2jNU4IhqL83vndlHRgnsUCpTAuxc/TmR4kjraeSbzgjDSP/1MvE/r5dAeOmlTMQJUEHmi8KE2yDt7Hk7YIoS4FNDMFHM3GqTEVaYgImokodwleH8++VF0j6pu6f107uzWuO6iKOMDtAhOkYuukANdIuaqIUI4ugRPaMXa2I9Wa/W27y1ZBUz++gXrPcvjPCQcQ==</latexit>

q̈ = B(q)�1(⌧ � C(q, q̇)�G(q))
<latexit sha1_base64="qTZeCuMGJ4SJ3gnv3ixsaBDDuuI="></latexit>



Direct Dynamics

B(q)q̈ + C(q, q̇) +G(q) = ⌧
<latexit sha1_base64="wvXpwGFf1odfnz3ni2aIYeQS3z0=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWpcxY8bEQSrvQZQX7gLaUTJq2oZlHkztCGfoPbvwVNy4UcevGnX9jph1ErQcC555zb5J7bF9wBab5aczNLywuLSdWkqtr6xubqa3tqvICSVmFesKTdZsoJrjLKsBBsLovGXFswWr2oBT5tTsmFffcWxj5rOWQnsu7nBLQUjt1UMwMs81Ox4NwOMaHuJQZHuHmtMzq+krbl7gJJMDtVNrMmRPgWWLFJI1ilNupD30RDRzmAhVEqYZl+tAKiQROBRsnm4FiPqED0mMNTV3iMNUKJzuN8b5WOrjrSX1cwBP150RIHKVGjq07HQJ99deLxP+8RgDd81bIXT8A5tLpQ91AYPBwFBDucMkoiJEmhEqu/4ppn0hCQceYnIRwEeH0e+VZUj3OWflc/uYkXSjGcSTQLtpDGWShM1RA16iMKoiie/SIntGL8WA8Ga/G27R1zohndtAvGO9fMyObWQ==</latexit>

We can determine     given τ

We can then compute          using Euler integration

q̈
<latexit sha1_base64="KJ3k7/lK3hMCHjqshBkdTNtbZP0=">AAAB73icbVDLSsNAFJ3UV62vqks3wSK4KomKj13RjcsK9gFtKJPJpB06mUlnboQS+hNuXCji1t9x5984SYOo9cCFwzn3cu89fsyZBsf5tEpLyyura+X1ysbm1vZOdXevrWWiCG0RyaXq+lhTzgRtAQNOu7GiOPI57fjjm8zvPFClmRT3MI2pF+GhYCEjGIzU7QeBhHQyG1RrTt3JYS8StyA1VKA5qH70A0mSiAogHGvdc50YvBQrYITTWaWfaBpjMsZD2jNU4IhqL83vndlHRgnsUCpTAuxc/TmR4kjraeSbzgjDSP/1MvE/r5dAeOmlTMQJUEHmi8KE2yDt7Hk7YIoS4FNDMFHM3GqTEVaYgImokodwleH8++VF0j6pu6f107uzWuO6iKOMDtAhOkYuukANdIuaqIUI4ugRPaMXa2I9Wa/W27y1ZBUz++gXrPcvjPCQcQ==</latexit>

q̇, q
<latexit sha1_base64="rB57QkNT6H7UWQ7OO8ZUV0eFoZ0=">AAAB8XicbVDLSsNAFJ34rPVVdelmsAgupCRWfOyKblxWsA9sQ5lMJ+3QySSduRFK6F+4caGIW//GnX/jJA2i1gMDh3PuYe49XiS4Btv+tBYWl5ZXVgtrxfWNza3t0s5uU4exoqxBQxGqtkc0E1yyBnAQrB0pRgJPsJY3uk791gNTmofyDiYRcwMykNznlICR7rv9EJLx9BiPe6WyXbEz4Hni5KSMctR7pQ8TpnHAJFBBtO44dgRuQhRwKti02I01iwgdkQHrGCpJwLSbZBtP8aFR+tgPlXkScKb+TCQk0HoSeGYyIDDUf71U/M/rxOBfuAmXUQxM0tlHfiwwhDg9H/e5YhTExBBCFTe7YjokilAwJRWzEi5TnH2fPE+aJxWnWqnenpZrV3kdBbSPDtARctA5qqEbVEcNRJFEj+gZvVjaerJerbfZ6IKVZ/bQL1jvX2SxkN4=</latexit>

q(k + 1) = q(k) + q̇(k) ⇤ dt
q̇(k + 1) = q̇(k) + q̈ ⇤ dt

<latexit sha1_base64="OghfkU5oxSbNUpCqubwLVc5IuGs="></latexit>



Forward Dynamics

B(q)q̈ + C(q, q̇) +G(q) = ⌧
<latexit sha1_base64="wvXpwGFf1odfnz3ni2aIYeQS3z0=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWpcxY8bEQSrvQZQX7gLaUTJq2oZlHkztCGfoPbvwVNy4UcevGnX9jph1ErQcC555zb5J7bF9wBab5aczNLywuLSdWkqtr6xubqa3tqvICSVmFesKTdZsoJrjLKsBBsLovGXFswWr2oBT5tTsmFffcWxj5rOWQnsu7nBLQUjt1UMwMs81Ox4NwOMaHuJQZHuHmtMzq+krbl7gJJMDtVNrMmRPgWWLFJI1ilNupD30RDRzmAhVEqYZl+tAKiQROBRsnm4FiPqED0mMNTV3iMNUKJzuN8b5WOrjrSX1cwBP150RIHKVGjq07HQJ99deLxP+8RgDd81bIXT8A5tLpQ91AYPBwFBDucMkoiJEmhEqu/4ppn0hCQceYnIRwEeH0e+VZUj3OWflc/uYkXSjGcSTQLtpDGWShM1RA16iMKoiie/SIntGL8WA8Ga/G27R1zohndtAvGO9fMyObWQ==</latexit>

Why would we want to do forward dynamics?



Forward Dynamics

B(q)q̈ + C(q, q̇) +G(q) = ⌧
<latexit sha1_base64="wvXpwGFf1odfnz3ni2aIYeQS3z0=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWpcxY8bEQSrvQZQX7gLaUTJq2oZlHkztCGfoPbvwVNy4UcevGnX9jph1ErQcC555zb5J7bF9wBab5aczNLywuLSdWkqtr6xubqa3tqvICSVmFesKTdZsoJrjLKsBBsLovGXFswWr2oBT5tTsmFffcWxj5rOWQnsu7nBLQUjt1UMwMs81Ox4NwOMaHuJQZHuHmtMzq+krbl7gJJMDtVNrMmRPgWWLFJI1ilNupD30RDRzmAhVEqYZl+tAKiQROBRsnm4FiPqED0mMNTV3iMNUKJzuN8b5WOrjrSX1cwBP150RIHKVGjq07HQJ99deLxP+8RgDd81bIXT8A5tLpQ91AYPBwFBDucMkoiJEmhEqu/4ppn0hCQceYnIRwEeH0e+VZUj3OWflc/uYkXSjGcSTQLtpDGWShM1RA16iMKoiie/SIntGL8WA8Ga/G27R1zohndtAvGO9fMyObWQ==</latexit>

We want to simulate the robot! 



Inverse Dynamics

B(q)q̈ + C(q, q̇) +G(q) = ⌧
<latexit sha1_base64="wvXpwGFf1odfnz3ni2aIYeQS3z0=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWpcxY8bEQSrvQZQX7gLaUTJq2oZlHkztCGfoPbvwVNy4UcevGnX9jph1ErQcC555zb5J7bF9wBab5aczNLywuLSdWkqtr6xubqa3tqvICSVmFesKTdZsoJrjLKsBBsLovGXFswWr2oBT5tTsmFffcWxj5rOWQnsu7nBLQUjt1UMwMs81Ox4NwOMaHuJQZHuHmtMzq+krbl7gJJMDtVNrMmRPgWWLFJI1ilNupD30RDRzmAhVEqYZl+tAKiQROBRsnm4FiPqED0mMNTV3iMNUKJzuN8b5WOrjrSX1cwBP150RIHKVGjq07HQJ99deLxP+8RgDd81bIXT8A5tLpQ91AYPBwFBDucMkoiJEmhEqu/4ppn0hCQceYnIRwEeH0e+VZUj3OWflc/uYkXSjGcSTQLtpDGWShM1RA16iMKoiie/SIntGL8WA8Ga/G27R1zohndtAvGO9fMyObWQ==</latexit>

Given.                 compute the torques. 

We can use a motion planner to specify a trajectory, then
compute the torques that enable the robot to track the
trajectory. 

q̈, q̇, q
<latexit sha1_base64="YYDYiGZI2hng5ub4LjMz4TSTYmA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCymJFR+7ohuXFewD2lAmk0k7dDJJZyZCDcVfceNCEbf+hzv/xkkaRa0HBg7n3MO9c9yIUaks68MozM0vLC4Vl0srq2vrG+bmVlOGscCkgUMWiraLJGGUk4aiipF2JAgKXEZa7vAy9Vu3REga8hs1jogToD6nPsVIaaln7nQ9L1TJaHIIu19k1DPLVsXKAGeJnZMyyFHvme86jOOAcIUZkrJjW5FyEiQUxYxMSt1YkgjhIeqTjqYcBUQ6SXb9BO5rxYN+KPTjCmbqz0SCAinHgasnA6QG8q+Xiv95nVj5Z05CeRQrwvF0kR8zqEKYVgE9KghWbKwJwoLqWyEeIIGw0oWVshLOU5x8f3mWNI8qdrVSvT4u1y7yOopgF+yBA2CDU1ADV6AOGgCDO/AAnsCzcW88Gi/G63S0YOSZbfALxtsnMBKVLw==</latexit>



Non-linear Control

CSCI 545 Introduction to Robotics 
Instructor: Stefanos Nikolaidis

Resources: CSCI 545 Lecture Notes by Prof. Stefan Scha



Dynamics Equations

B(q)q̈ + C(q, q̇) +G(q) = ⌧
<latexit sha1_base64="wvXpwGFf1odfnz3ni2aIYeQS3z0=">AAACE3icbVDLSgMxFM34rPVVdekmWIRWpcxY8bEQSrvQZQX7gLaUTJq2oZlHkztCGfoPbvwVNy4UcevGnX9jph1ErQcC555zb5J7bF9wBab5aczNLywuLSdWkqtr6xubqa3tqvICSVmFesKTdZsoJrjLKsBBsLovGXFswWr2oBT5tTsmFffcWxj5rOWQnsu7nBLQUjt1UMwMs81Ox4NwOMaHuJQZHuHmtMzq+krbl7gJJMDtVNrMmRPgWWLFJI1ilNupD30RDRzmAhVEqYZl+tAKiQROBRsnm4FiPqED0mMNTV3iMNUKJzuN8b5WOrjrSX1cwBP150RIHKVGjq07HQJ99deLxP+8RgDd81bIXT8A5tLpQ91AYPBwFBDucMkoiJEmhEqu/4ppn0hCQceYnIRwEeH0e+VZUj3OWflc/uYkXSjGcSTQLtpDGWShM1RA16iMKoiie/SIntGL8WA8Ga/G27R1zohndtAvGO9fMyObWQ==</latexit>

These equations are non-linear. 



Non-linear Control

Joint-Space Control: Create motor commands in joint space

Operational Space Control: Create motor commands in end-
effector space



Non-linear Control

Joint-Space Control: Create motor commands in joint 
space

Operational Space Control: Create motor commands in end-
effector space



Joint-Space Control

• Independent (Decentralized) Joint-Space Control
• Appropriate when coupling terms are negligible, e.g., robot is 

decoupled (two 1DOF robots)

• I focus on the diagonal elements of B,C and I treat the rest as 
disturbances

• I create a PD / PID controller for each joint-space independently



Joint-Space Control

• Independent (Decentralized) Joint-Space Control
• Appropriate when coupling terms are negligible, e.g., robot is 

decoupled (two 1DOF robots)

• I focus on the diagonal elements of B,C and I treat the rest as 
disturbances

• I create a PD / PID controller for each joint-space independently

• Dependent Joint-Space Control
• I cannot ignore the coupling terms 


