USC Viterbi

School of Engineering

Dynamics

CSCI 545 Introduction to Robotics
Instructor: Stefanos Nikolaidis

Resources: CMU 16-811: Math Fundamentals for Robotics
by Prof. Michael Erdmann



Introduction

* Newton’s equations are typically specified for point masses

* But what about generalized coordinates, i.e., coordinates
beyond Cartesian?

» Example: joint configurations {1, ---y 4n



Generalized Forces

* Joint configurations 41 ---5 Gn
* Generalized forces Ql; ey Qn

* A generalized force measures the amount of work done in
the (,; direction due to an infinitesimal displacement of the
system:

Work Done = Z (2;0q;

1=1
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Example

* Suppose we have N particles (point masses in 3D space)

* If the particles don’t have any constraints, we may describe the
state of the system with 3N coordinates

* We let the coordinates be the positions 7°1, ..., T’y of the
particles

* The forces applied are the Newtonian forces acting on the
particles

* What if there are k (possibly time-varying) holonomic
constraints?



Example

* For example, we let the rigid connection of the particles is
L 2 _ g2 _
expressed by the constraint: |r; — r;|* — d;; =0

* We can then express the old coordinates of the particles
with respect to 3N-k new (generalized) coordinates:

r1 =71(q1, -, @3N—K, t)

rN =7nN(q1, -, @3N—K, )



Example

» Let F; the force acting on particle i

» The total work done by the forces ; is

N
1=1
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Lagrange Equations

We can then derive Lagrange’s equations from Newton’s equations

d(ﬁT) o1
dt (‘9(1] 8Qj
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Lagrange Equations

We can then derive Lagrange’s equations from Newton’s equations

d(ﬁT) o1
dt (‘9(1] 8Qj

— Qjaj — 1,...,7“

If the forces are derived from a potential V,

d  OL oL

2 =Qi=1,..
dt(aqj) aqj Q]?] ’ ,T

Where L =T -V the Lagrangian of the system



Example

* For an 1D particle, the Kinetic energy is:



Example

* For an 1D particle, the Kinetic energy is:

1 1
T = —mv® = Zmd?
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Example

* For an 1D particle, the Kinetic energy is:

1 1
T = —mv? = —mz?
2 2
dl’ ,
— =M
dq
d dT .
— M

dt dg



Robot Manipulator

* To apply Lagrange’s equations to a robotic manipulator, we
calculate the kinetic and potential energy of the robot’s link
as a function of the robot’s generalized coordinates (joint
angles and velocities)

* In turn, this requires modeling the mass distribution of the
links



Rigid Body Motion

VeR? p(r),reV

m = / o(r)dV

 For the center of mass:

1
S / o(r)pdV
44

Dc




Rigid Body Motion

p:pc——WXT

— pc 1T S(UJ)T
| 0 —Ww3 W9 ]
_—wg w1 0 il




Kinetic Energy

1 T
T = / Sp(r)p pdv

Assuming homogeneous material, we have:
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Kinetic Energy

1 T
T = / Sp(r)p pdv

Assuming homogeneous material, we have:

L .r.
T:p/§prdV

1
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Kinetic Energy

1 T
T = / Sp(r)p pdv

Assuming homogeneous material, we have:

T—p [ 55"V
% /(]bc + S(w)r) (pe + S(w)r)||dV

5 [ Wl + 27 Sy + (S(w)r)T S(wr)av

Translational Kinetic Energy

= p

=P




Kinetic Energy

1 T
T = / Sp(r)p pdv

Assuming homogeneous material, we have:

L.r.
T:p/§prdV

—py [ e+ @) (e + S(w)r)]|av
—py [ el + 267 S (w)r + (S(w)) " S(w)r)av




Kinetic Energy

1
p— /ZpZS(w)rdV

2
— pS(w)it [ rav

= pS(w)pT / (b — po)dV

Dc




Kinetic Energy

1
p— /ZpZS(w)rdV

2
— pS(w)it [ rav
/

= pS(w)pe [ (p—pe)dV

1
Pe = —/ppdV
m

Dc




Kinetic Energy

1
p— /ZpZS(w)rdV

2
— pS(w)it [ rav
/

= pS(w)pe [ (p—pe)dV

1
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m
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Kinetic Energy

1
p— /ZpZS(w)rdV

2
— pS(w)it [ rav
/

= pS(w)pe [ (p—pe)dV

1
Pe = —/ppdV
m

_ JppdV
[ pdv

/(pc —p)pdV =0
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Kinetic Energy

1 T .
T = / Sp(r)p pdv
Assuming homogeneous material, we have:

L.+
T:p/iprdV

1

—py [ e+ @) (e + S(w)]|av

1

—py [l + 267 S(w)r + (S(w)) T S(w)r)ay




Kinetic Energy

WXTr=-—"T"Xuw
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Kinetic Energy

WXTr=-—"T"Xuw

S(w)r =—=8(r)w

1

P35 / W' S(r) TS (rwdV =



Kinetic Energy

WXTr=-—"T"Xuw

S(w)r =—=8(r)w

Pl/wTS(r)TS(r)de =

2
ST [ oSS (Ve =



Kinetic Energy

WXTr=-—"T"Xuw

S(w)r =—=8(r)w

py [ (=S (=S(rw)av -

1

p§/wTS(r)TS(r)de =
1

in/pS(r)TS(r)de =
leIw
2 —

Inertia Tensor



Kinetic Energy

1 T .
7~ [ 5o idv
1 1

= imecHQ + §WT]°"

Translational component



Kinetic Energy

1 T
T = / SP(r)p" pdv
1 1

= §mecH2 + §WTIW

Rotational component




Example: Planar Robot (Zero Gravity)

«L=T

* We can model each link with a homogeneous rectangular
bar, with mass m; and inertia tensor:

I, 0 0
L=|0 I, 0
0 0 I.




Example: Planar Robotic Arm (Zero Gravity)

«L=T

* We can model each link with a homogeneous rectangular
bar, with mass m; and inertia tensor I,

e For each link:

1 1
T; = —miv,? + —wf[iwi
2 2



Kinetic Energy for 2-R Arm

1 1 1 1
[ = §mlv% + §w1T11w1 + imgvg + —wglgwg




Kinetic Energy for 2-R Arm

1 1 1 1
T = 57711?)% -+ 5&){[1&)1 -+ 57712?}% + 5&);[2(,02
1 . . 1 . . 1 : : 1 : . : .
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Kinetic Energy for 2-R Arm
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Kinetic Energy for 2-R Arm

T = %mlv% + %w?hwl + %mgvg + %wglgc@
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Kinetic Energy for 2-R Arm

1 1 1 1
T = 57711?)% -+ 5&){[1&)1 -+ 57712?]% + 56&);[2(,02

1 . . 1 . . 1 . : 1 . . . .
= §m1($% +97) + 5[07 0,41]1110,0,¢1]" + 577”&2(373 +95) + 5[07 0,d1 + ¢2]12[0,0, 1 + ¢o]"
r1 = ric1(= ricosqy) =

|

Yip = Tisi |
. . | (x2,y2)
r1 = —Tri1s1q1
. . r2 ‘ q2
Y1 = riciqi [ Ly 4

L V'f-"o"'(x1.y1)

v Q1




Kinetic Energy for 2-R Arm

1 1 1 1
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Kinetic Energy for 2-R Arm

d  OT oT

—Q..i=1...
dt(aqj) aqj Q]?.] 9 7/r

d(ﬁT) o1

dt 6’q] 8qj

d(ﬁT) o1

dt @q] (9q]'

B(q,q) || + Clar, g2, 1, 42) = |1
42 T2 |




For General Manipulators (with Gravity)

L=T-U
d  OL 0L
dt((‘?q]) 8qj _Qj
d oL oL

1]

dt ( 6(]] ) 6(]]' B



For General Manipulators (with Gravity)

L=T-U
d  OL 0L
dt((‘?q]) (9qj N Qj
d  OL oL

1]

dt ( (9(13 ) 6(]]' -

B(q)i+C(q,q) +G(q) =7

positive definite inertia matrix




For General Manipulators (with Gravity)

L=T-U
d  OL 0L
dt((‘?q]) (9(]]' N Qj

d 9Ly 0L _
dt (9(13 6(]]' B

1]

B(q)i+C(q,q) +G(q) =7

Centrifugal and Coriolis Forces




g8 ScienceClic

https://youtu.be/kCbMKSZZO9w




For General Manipulators (with Gravity)

L=T-U
d  OL 0L
dt((‘?q]) (9(]]' N Qj

d 9Ly 0L _
dt (9(13 6(]]' B

1]

B(q)i+C(q,q) +G(q) =T

Gravitational Forces



Direct Dynamics

B(q)i+ Cl(q,q) +G(q) =7

We can determine ( given 7

§=B(q)" (1 - C(q,9) — G(q))



Direct Dynamics

B(q)i+ Cl(q,q) +G(q) =7

We can determine ( given 7

We can then compute q , using Euler integration

q(k + 1) = q(k) +q(k) * dt
Ggk+1)=qk)+ §=dt



Forward Dynamics

B(q)i+ Cl(q,q) +G(q) =7

Why would we want to do forward dynamics?



Forward Dynamics

B(q)i+ Cl(q,q) +G(q) =7

We want to simulate the robot!



Inverse Dynamics

B(q)i+ Cl(q,q) +G(q) =7

Given. C] ] (j, (J compute the torques.

We can use a motion planner to specify a trajectory, then
compute the torques that enable the robot to track the
trajectory.
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Dynamics Equations

B(q)i+ Cl(q,q) +G(q) =7

These equations are non-linear.



Non-linear Control

Joint-Space Control: Create motor commands in joint space

Operational Space Control: Create motor commands in end-
effector space



Non-linear Control

Joint-Space Control: Create motor commands in joint
space

Operational Space Control: Create motor commands in end-
effector space



Joint-Space Control

* Independent (Decentralized) Joint-Space Control

* Appropriate when coupling terms are negligible, e.g., robot is
decoupled (two 1DOF robots)

* I focus on the diagonal elements of B,C and I treat the rest as
disturbances

* I create a PD / PID controller for each joint-space independently



Joint-Space Control

* Independent (Decentralized) Joint-Space Control

* Appropriate when coupling terms are negligible, e.g., robot is
decoupled (two 1DOF robots)

* I focus on the diagonal elements of B,C and I treat the rest as
disturbances

* I create a PD / PID controller for each joint-space independently

* Dependent Joint-Space Control

* I cannot ignore the coupling terms



