
Class Overview

CSCI 545 Introduction to Robotics 
Instructor: Stefanos Nikolaidis
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Non-linear Control

CSCI 545 Introduction to Robotics 
Instructor: Stefanos Nikolaidis

Resources: CSCI 545 Lecture Notes by Prof. Stefan Schaal



Dynamics Equations

These equations are non-linear. 

B(q)q̈ + C(q, q̇)q̇ +G(q) = ⌧
<latexit sha1_base64="hIxmHARWAKP+mhvM3hBjXNdMMqs=">AAACGnicbVDLSgMxFM3UV62vqks3wSK0KGXGio+FUNqFLivYB3RKyaRpG5p5NLkjlKHf4cZfceNCEXfixr8x05bi60Dg5Jx7b3KPEwiuwDQ/jcTC4tLySnI1tba+sbmV3t6pKT+UlFWpL3zZcIhignusChwEawSSEdcRrO4MyrFfv2NScd+7hVHAWi7pebzLKQEttdNWKTvM2Z2OD9FwjA9xOTs8wvb0mrPn8pWuusQ2kBC30xkzb06A/xJrRjJohko7/a7n0NBlHlBBlGpaZgCtiEjgVLBxyg4VCwgdkB5rauoRl6lWNFltjA+00sFdX+rjAZ6o3zsi4io1ch1d6RLoq99eLP7nNUPonrci7gUhMI9OH+qGAoOP45xwh0tGQYw0IVRy/VdM+0QSCjrN1CSEixin85X/ktpx3irkCzcnmWJpFkcS7aF9lEUWOkNFdI0qqIooukeP6Bm9GA/Gk/FqvE1LE8asZxf9gPHxBUsRnqs=</latexit>



Non-linear Control

Joint-Space Control: Create motor commands in joint space

Operational Space Control: Create motor commands in end-
effector space
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Joint-Space Control

• Independent (Decentralized) Joint-Space Control
• Appropriate when coupling terms are negligible, e.g., robot is 

decoupled (two 1DOF robots)

• I focus on the diagonal elements of B,C and I treat the rest as 
disturbances

• I create a PD / PID controller for each joint-space independently



Joint-Space Control

• Independent (Decentralized) Joint-Space Control
• Appropriate when coupling terms are negligible, e.g., robot is 

decoupled (two 1DOF robots)

• I focus on the diagonal elements of B,C and I treat the rest as 
disturbances

• I create a PD / PID controller for each joint-space independently

• Dependent Joint-Space Control
• I cannot ignore the coupling terms 



Negative Feedback  & Feedforward Control

Σ Feedback 
Controller Robot

ufb
<latexit sha1_base64="aMnmXF49xDej+m9qT+1V2V2rkPE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GgbTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wLwmY+B</latexit>

x
<latexit sha1_base64="WBQ6po/p5LK1PKuvRDf0H0/wKrM=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbly2YB/QhjKZTtqxk0mYmYgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yXXqd+6pVCwUt3oaUTfAI8F8RrA2UvNhUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/K4yjCARzCMThwDnW4gQa0gACFR3iGF+vOerJerbd5a8HKZ/bhF6z3L/8BjTM=</latexit>

xdesired
<latexit sha1_base64="fB0SIj0p78hDHHHxRDGlj2MwuNo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVVIrPnZFNy4r2AekoUwmk3boZCbMTMQS+hluXCji1q9x5984SYOo9cDA4Zx7mXuOHzOqtON8WqWl5ZXVtfJ6ZWNza3unurvXVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vMn15nfuydSUcHv9DQmXoRGnIYUI20k92GYBkRRSYLZsFpz6k4Oe5E0ClKDAu1h9WMQCJxEhGvMkFJuw4m1lyKpKWZkVhkkisQIT9CIuIZyFBHlpfnJM/vIKIEdCmke13au/txIUaTUNPLNZIT0WP31MvE/z010eOGllMeJJhzPPwoTZmthZ/ntwITFmk0NQVhSc6uNx0girE1LlbyEywxn35EXSfek3mjWm7entdZVUUcZDuAQjqEB59CCG2hDBzAIeIRneLG09WS9Wm/z0ZJV7OzDL1jvX+t3kc4=</latexit> -

+

Feedforward 
Controller

Σ+
+

uff
<latexit sha1_base64="VVGHPdMYn2X2JZGJUVfSJOzCvKQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GobTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wL2rY+F</latexit>



Negative Feedback  & Feedforward Control

Σ Feedback 
Controller Robot

ufb
<latexit sha1_base64="aMnmXF49xDej+m9qT+1V2V2rkPE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GgbTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wLwmY+B</latexit>

x
<latexit sha1_base64="WBQ6po/p5LK1PKuvRDf0H0/wKrM=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbly2YB/QhjKZTtqxk0mYmYgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yXXqd+6pVCwUt3oaUTfAI8F8RrA2UvNhUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/K4yjCARzCMThwDnW4gQa0gACFR3iGF+vOerJerbd5a8HKZ/bhF6z3L/8BjTM=</latexit>

xdesired
<latexit sha1_base64="fB0SIj0p78hDHHHxRDGlj2MwuNo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVVIrPnZFNy4r2AekoUwmk3boZCbMTMQS+hluXCji1q9x5984SYOo9cDA4Zx7mXuOHzOqtON8WqWl5ZXVtfJ6ZWNza3unurvXVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vMn15nfuydSUcHv9DQmXoRGnIYUI20k92GYBkRRSYLZsFpz6k4Oe5E0ClKDAu1h9WMQCJxEhGvMkFJuw4m1lyKpKWZkVhkkisQIT9CIuIZyFBHlpfnJM/vIKIEdCmke13au/txIUaTUNPLNZIT0WP31MvE/z010eOGllMeJJhzPPwoTZmthZ/ntwITFmk0NQVhSc6uNx0girE1LlbyEywxn35EXSfek3mjWm7entdZVUUcZDuAQjqEB59CCG2hDBzAIeIRneLG09WS9Wm/z0ZJV7OzDL1jvX+t3kc4=</latexit> -

+

Feedforward 
Controller

Σ+
+

uff
<latexit sha1_base64="VVGHPdMYn2X2JZGJUVfSJOzCvKQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GobTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wL2rY+F</latexit>



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)

• Derivative Control (“Damping”)

• Integral Control (“Steady State Error”) 

uP = ⇡(x� xdes,↵, t) = KP (xdes(t)� x(t))
<latexit sha1_base64="PN4Padwm+ehxFNq38TujRN5UT7E="></latexit>

uI(t) = KI

Z ⌧=t

⌧=0
(xdes(t)� x(t))dt

<latexit sha1_base64="FTYkQLXvI+8gu6QOwQpQt0FSl7I="></latexit>

uD = ⇡(x� xdes,↵, t) = KD(ẋdes(t)� ẋ(t))
<latexit sha1_base64="f9U4QHpXqmZeczDwXtsRhYSJptQ="></latexit>



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)
uP = KP (xdes(t)� x(t))

<latexit sha1_base64="wcMeKLV77vmf5a9F9GirYlJenDI=">AAACB3icbVDLSgMxFM3UV62vqktBgkVoF5YZKz4WQtGN4GYE+4C2DJk0bUMzmSHJSMvQnRt/xY0LRdz6C+78GzPTQdR64HIP59xLco8bMCqVaX4ambn5hcWl7HJuZXVtfSO/uVWXfigwqWGf+aLpIkkY5aSmqGKkGQiCPJeRhju8jP3GHRGS+vxWjQPS8VCf0x7FSGnJye+GTmRP4Dm8duziyIm6RE6KqgQP4Ei3kpMvmGUzAZwlVkoKIIXt5D/aXR+HHuEKMyRlyzID1YmQUBQzMsm1Q0kChIeoT1qacuQR2YmSOyZwXytd2POFLq5gov7ciJAn5dhz9aSH1ED+9WLxP68Vqt5pJ6I8CBXhePpQL2RQ+TAOBXapIFixsSYIC6r/CvEACYSVji6XhHAW4/j75FlSPyxblXLl5qhQvUjjyIIdsAeKwAInoAqugA1qAIN78AiewYvxYDwZr8bbdDRjpDvb4BeM9y+5GZds</latexit>



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)

• Derivative Control (“Damping”)

uP = KP (xdes(t)� x(t))
<latexit sha1_base64="wcMeKLV77vmf5a9F9GirYlJenDI=">AAACB3icbVDLSgMxFM3UV62vqktBgkVoF5YZKz4WQtGN4GYE+4C2DJk0bUMzmSHJSMvQnRt/xY0LRdz6C+78GzPTQdR64HIP59xLco8bMCqVaX4ambn5hcWl7HJuZXVtfSO/uVWXfigwqWGf+aLpIkkY5aSmqGKkGQiCPJeRhju8jP3GHRGS+vxWjQPS8VCf0x7FSGnJye+GTmRP4Dm8duziyIm6RE6KqgQP4Ei3kpMvmGUzAZwlVkoKIIXt5D/aXR+HHuEKMyRlyzID1YmQUBQzMsm1Q0kChIeoT1qacuQR2YmSOyZwXytd2POFLq5gov7ciJAn5dhz9aSH1ED+9WLxP68Vqt5pJ6I8CBXhePpQL2RQ+TAOBXapIFixsSYIC6r/CvEACYSVji6XhHAW4/j75FlSPyxblXLl5qhQvUjjyIIdsAeKwAInoAqugA1qAIN78AiewYvxYDwZr8bbdDRjpDvb4BeM9y+5GZds</latexit>

uD = KD(ẋdes(t)� ẋ(t))
<latexit sha1_base64="vHRjguKfsWFytH0rDHRkrBxBXqA=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0iGXGio+FULQLwU0F+4C2DJk0bUMzD5I7YhnmI9z4K25cKOLWhTv/xrQdxNeBwMk595Dc4wSCKzDNDyM1Mzs3v5BezCwtr6yuZdc36soPJWU16gtfNh2imOAeqwEHwZqBZMR1BGs4w/Ox37hhUnHfu4ZRwDou6Xu8xykBLdnZ3dCOKjE+xfjSruTbXR+i29iOukzFeSjgPZxI+lKwszmzaE6A/xIrITmUoGpn33Wahi7zgAqiVMsyA+hERAKngsWZdqhYQOiQ9FlLU4+4THWiyVIx3tFKF/d8qY8HeKJ+T0TEVWrkOnrSJTBQv72x+J/XCqF33Im4F4TAPDp9qBcKDD4eN4S7XDIKYqQJoZLrv2I6IJJQ0D1mJiWcjHH4tfJfUt8vWqVi6eogVz5L6kijLbSN8shCR6iMLlAV1RBFd+gBPaFn4954NF6M1+loykgym+gHjLdPMcudLA==</latexit>



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)

• Derivative Control (“Damping”)

• Integral Control (“Steady State Error”) 

uI(t) = KI

Z ⌧=t

⌧=0
(xdes(t)� x(t))dt

<latexit sha1_base64="FTYkQLXvI+8gu6QOwQpQt0FSl7I="></latexit>

uP = KP (xdes(t)� x(t))
<latexit sha1_base64="wcMeKLV77vmf5a9F9GirYlJenDI=">AAACB3icbVDLSgMxFM3UV62vqktBgkVoF5YZKz4WQtGN4GYE+4C2DJk0bUMzmSHJSMvQnRt/xY0LRdz6C+78GzPTQdR64HIP59xLco8bMCqVaX4ambn5hcWl7HJuZXVtfSO/uVWXfigwqWGf+aLpIkkY5aSmqGKkGQiCPJeRhju8jP3GHRGS+vxWjQPS8VCf0x7FSGnJye+GTmRP4Dm8duziyIm6RE6KqgQP4Ei3kpMvmGUzAZwlVkoKIIXt5D/aXR+HHuEKMyRlyzID1YmQUBQzMsm1Q0kChIeoT1qacuQR2YmSOyZwXytd2POFLq5gov7ciJAn5dhz9aSH1ED+9WLxP68Vqt5pJ6I8CBXhePpQL2RQ+TAOBXapIFixsSYIC6r/CvEACYSVji6XhHAW4/j75FlSPyxblXLl5qhQvUjjyIIdsAeKwAInoAqugA1qAIN78AiewYvxYDwZr8bbdDRjpDvb4BeM9y+5GZds</latexit>

uD = KD(ẋdes(t)� ẋ(t))
<latexit sha1_base64="vHRjguKfsWFytH0rDHRkrBxBXqA=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0iGXGio+FULQLwU0F+4C2DJk0bUMzD5I7YhnmI9z4K25cKOLWhTv/xrQdxNeBwMk595Dc4wSCKzDNDyM1Mzs3v5BezCwtr6yuZdc36soPJWU16gtfNh2imOAeqwEHwZqBZMR1BGs4w/Ox37hhUnHfu4ZRwDou6Xu8xykBLdnZ3dCOKjE+xfjSruTbXR+i29iOukzFeSjgPZxI+lKwszmzaE6A/xIrITmUoGpn33Wahi7zgAqiVMsyA+hERAKngsWZdqhYQOiQ9FlLU4+4THWiyVIx3tFKF/d8qY8HeKJ+T0TEVWrkOnrSJTBQv72x+J/XCqF33Im4F4TAPDp9qBcKDD4eN4S7XDIKYqQJoZLrv2I6IJJQ0D1mJiWcjHH4tfJfUt8vWqVi6eogVz5L6kijLbSN8shCR6iMLlAV1RBFd+gBPaFn4954NF6M1+loykgym+gHjLdPMcudLA==</latexit>



Negative Feedback  & Feedforward Control

Σ Feedback 
Controller Robot

ufb
<latexit sha1_base64="aMnmXF49xDej+m9qT+1V2V2rkPE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GgbTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wLwmY+B</latexit>

x
<latexit sha1_base64="WBQ6po/p5LK1PKuvRDf0H0/wKrM=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbly2YB/QhjKZTtqxk0mYmYgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yXXqd+6pVCwUt3oaUTfAI8F8RrA2UvNhUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/K4yjCARzCMThwDnW4gQa0gACFR3iGF+vOerJerbd5a8HKZ/bhF6z3L/8BjTM=</latexit>

xdesired
<latexit sha1_base64="fB0SIj0p78hDHHHxRDGlj2MwuNo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVVIrPnZFNy4r2AekoUwmk3boZCbMTMQS+hluXCji1q9x5984SYOo9cDA4Zx7mXuOHzOqtON8WqWl5ZXVtfJ6ZWNza3unurvXVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vMn15nfuydSUcHv9DQmXoRGnIYUI20k92GYBkRRSYLZsFpz6k4Oe5E0ClKDAu1h9WMQCJxEhGvMkFJuw4m1lyKpKWZkVhkkisQIT9CIuIZyFBHlpfnJM/vIKIEdCmke13au/txIUaTUNPLNZIT0WP31MvE/z010eOGllMeJJhzPPwoTZmthZ/ntwITFmk0NQVhSc6uNx0girE1LlbyEywxn35EXSfek3mjWm7entdZVUUcZDuAQjqEB59CCG2hDBzAIeIRneLG09WS9Wm/z0ZJV7OzDL1jvX+t3kc4=</latexit> -

+

Feedforward 
Controller

Σ+
+

uff
<latexit sha1_base64="VVGHPdMYn2X2JZGJUVfSJOzCvKQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GobTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wL2rY+F</latexit>

ufb = KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="3nbyahHjhyW4huaJVGhMhA4sS6k=">AAACG3icbVBJSwMxGM3Urdat6tFLsBRaxDLTistBKOpB8FLBLtAOQybNtKGZpUlGKMP8Dy/+FS8eFPEkePDfmE4HcXsQeHlfHl/eswNGhdT1Dy0zN7+wuJRdzq2srq1v5De3WsIPOSZN7DOfd2wkCKMeaUoqGekEnCDXZqRtj86n8/Yt4YL63o2cBMR00cCjDsVIKsnKV0MrcuwYnsIrqwFLY6sP9+G4DPfU/QKWen1fRuM4UVNetvIFvaIngH+JkZICSNGw8m/KikOXeBIzJETX0ANpRohLihmJc71QkADhERqQrqIecokwoyRbDItK6UPH5+p4Eibqd0eEXCEmropQdJEcit+zqfjfrBtK59iMqBeEknh4tsgJGZQ+nBYF+5QTLNlEEYQ5VX+FeIg4wlLVmUtKOJni8CvyX9KqVoxapXZ9UKifpXVkwQ7YBSVggCNQB5egAZoAgzvwAJ7As3avPWov2uvsaUZLPdvgB7T3TwDonnY=</latexit>



Negative Feedback  & Feedforward Control

Σ Feedback 
Controller Robot

ufb
<latexit sha1_base64="aMnmXF49xDej+m9qT+1V2V2rkPE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GgbTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wLwmY+B</latexit>

x
<latexit sha1_base64="WBQ6po/p5LK1PKuvRDf0H0/wKrM=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbly2YB/QhjKZTtqxk0mYmYgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yXXqd+6pVCwUt3oaUTfAI8F8RrA2UvNhUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/K4yjCARzCMThwDnW4gQa0gACFR3iGF+vOerJerbd5a8HKZ/bhF6z3L/8BjTM=</latexit>

xdesired
<latexit sha1_base64="fB0SIj0p78hDHHHxRDGlj2MwuNo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVVIrPnZFNy4r2AekoUwmk3boZCbMTMQS+hluXCji1q9x5984SYOo9cDA4Zx7mXuOHzOqtON8WqWl5ZXVtfJ6ZWNza3unurvXVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vMn15nfuydSUcHv9DQmXoRGnIYUI20k92GYBkRRSYLZsFpz6k4Oe5E0ClKDAu1h9WMQCJxEhGvMkFJuw4m1lyKpKWZkVhkkisQIT9CIuIZyFBHlpfnJM/vIKIEdCmke13au/txIUaTUNPLNZIT0WP31MvE/z010eOGllMeJJhzPPwoTZmthZ/ntwITFmk0NQVhSc6uNx0girE1LlbyEywxn35EXSfek3mjWm7entdZVUUcZDuAQjqEB59CCG2hDBzAIeIRneLG09WS9Wm/z0ZJV7OzDL1jvX+t3kc4=</latexit> -

+

Feedforward 
Controller

Σ+
+

uff
<latexit sha1_base64="VVGHPdMYn2X2JZGJUVfSJOzCvKQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GobTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wL2rY+F</latexit>

ufb = KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="3nbyahHjhyW4huaJVGhMhA4sS6k=">AAACG3icbVBJSwMxGM3Urdat6tFLsBRaxDLTistBKOpB8FLBLtAOQybNtKGZpUlGKMP8Dy/+FS8eFPEkePDfmE4HcXsQeHlfHl/eswNGhdT1Dy0zN7+wuJRdzq2srq1v5De3WsIPOSZN7DOfd2wkCKMeaUoqGekEnCDXZqRtj86n8/Yt4YL63o2cBMR00cCjDsVIKsnKV0MrcuwYnsIrqwFLY6sP9+G4DPfU/QKWen1fRuM4UVNetvIFvaIngH+JkZICSNGw8m/KikOXeBIzJETX0ANpRohLihmJc71QkADhERqQrqIecokwoyRbDItK6UPH5+p4Eibqd0eEXCEmropQdJEcit+zqfjfrBtK59iMqBeEknh4tsgJGZQ+nBYF+5QTLNlEEYQ5VX+FeIg4wlLVmUtKOJni8CvyX9KqVoxapXZ9UKifpXVkwQ7YBSVggCNQB5egAZoAgzvwAJ7As3avPWov2uvsaUZLPdvgB7T3TwDonnY=</latexit>



Negative Feedback  & Feedforward Control

Σ Feedback 
Controller Robot

ufb
<latexit sha1_base64="aMnmXF49xDej+m9qT+1V2V2rkPE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GgbTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wLwmY+B</latexit>

x
<latexit sha1_base64="WBQ6po/p5LK1PKuvRDf0H0/wKrM=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbly2YB/QhjKZTtqxk0mYmYgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yXXqd+6pVCwUt3oaUTfAI8F8RrA2UvNhUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/K4yjCARzCMThwDnW4gQa0gACFR3iGF+vOerJerbd5a8HKZ/bhF6z3L/8BjTM=</latexit>

xdesired
<latexit sha1_base64="fB0SIj0p78hDHHHxRDGlj2MwuNo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVVIrPnZFNy4r2AekoUwmk3boZCbMTMQS+hluXCji1q9x5984SYOo9cDA4Zx7mXuOHzOqtON8WqWl5ZXVtfJ6ZWNza3unurvXVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vMn15nfuydSUcHv9DQmXoRGnIYUI20k92GYBkRRSYLZsFpz6k4Oe5E0ClKDAu1h9WMQCJxEhGvMkFJuw4m1lyKpKWZkVhkkisQIT9CIuIZyFBHlpfnJM/vIKIEdCmke13au/txIUaTUNPLNZIT0WP31MvE/z010eOGllMeJJhzPPwoTZmthZ/ntwITFmk0NQVhSc6uNx0girE1LlbyEywxn35EXSfek3mjWm7entdZVUUcZDuAQjqEB59CCG2hDBzAIeIRneLG09WS9Wm/z0ZJV7OzDL1jvX+t3kc4=</latexit> -

+

Feedforward 
Controller

Σ+
+

ufb = KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="3nbyahHjhyW4huaJVGhMhA4sS6k=">AAACG3icbVBJSwMxGM3Urdat6tFLsBRaxDLTistBKOpB8FLBLtAOQybNtKGZpUlGKMP8Dy/+FS8eFPEkePDfmE4HcXsQeHlfHl/eswNGhdT1Dy0zN7+wuJRdzq2srq1v5De3WsIPOSZN7DOfd2wkCKMeaUoqGekEnCDXZqRtj86n8/Yt4YL63o2cBMR00cCjDsVIKsnKV0MrcuwYnsIrqwFLY6sP9+G4DPfU/QKWen1fRuM4UVNetvIFvaIngH+JkZICSNGw8m/KikOXeBIzJETX0ANpRohLihmJc71QkADhERqQrqIecokwoyRbDItK6UPH5+p4Eibqd0eEXCEmropQdJEcit+zqfjfrBtK59iMqBeEknh4tsgJGZQ+nBYF+5QTLNlEEYQ5VX+FeIg4wlLVmUtKOJni8CvyX9KqVoxapXZ9UKifpXVkwQ7YBSVggCNQB5egAZoAgzvwAJ7As3avPWov2uvsaUZLPdvgB7T3TwDonnY=</latexit>

uff = KAq̈d
<latexit sha1_base64="ICQ3DWOj9DmOSEDaamnHtm5F0Ic=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJXUio+FUHUjuKlgH9CGMJlM2qGTSZyZCCVk46+4caGIWz/DnX/jJA2i1gMXDufcy733uBGjUlnWpzEzOze/sFhaKi+vrK6tmxubbRnGApMWDlkoui6ShFFOWooqRrqRIChwGem4o8vM79wTIWnIb9U4InaABpz6FCOlJcfcjp3E91N4Bq+dc9j3vFAld6njOWbFqlo54DSpFaQCCjQd86PvhTgOCFeYISl7NStSdoKEopiRtNyPJYkQHqEB6WnKUUCkneQPpHBPKx70Q6GLK5irPycSFEg5DlzdGSA1lH+9TPzP68XKP7ETyqNYEY4ni/yYQRXCLA3oUUGwYmNNEBZU3wrxEAmElc6snIdwmuHo++Vp0j6o1urV+s1hpXFRxFECO2AX7IMaOAYNcAWaoAUwSMEjeAYvxoPxZLwab5PWGaOY2QK/YLx/Aeaflhs=</latexit>



Independent Joint-Space Control

B(q)q̈ + C(q, q̇)q̇ +G(q) = KAq̈d +KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="o0bJGXEjswKrGQxB3V7sXdubAPg="></latexit>



Independent Joint-Space Control

We compensate for the coupling terms by treating them as 
noise

B(q)q̈ + C(q, q̇)q̇ +G(q) = KAq̈d +KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="o0bJGXEjswKrGQxB3V7sXdubAPg="></latexit>



Hybrid Joint-Space Control

• We can take into account the dynamics of the system

B(q)q̈ + C(q, q̇) +G(q) = ⌧

B(q)q̈ + C(q, q̇)q̇ +G(q) = B(qd)q̈d + C(qd, q̇d)q̇d +G(qd) +KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="RYG+AFs4cBh95ScsD1ECwQ1+Xng="></latexit>



Hybrid Joint-Space Control

• We can take into account the dynamics of the system

B(q)q̈ + C(q, q̇) +G(q) = ⌧

B(q)q̈ + C(q, q̇)q̇ +G(q) = B(qd)q̈d + C(qd, q̇d)q̇d +G(qd) +KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="RYG+AFs4cBh95ScsD1ECwQ1+Xng="></latexit>



Hybrid Joint-Space Control

• We can take into account the dynamics of the system

B(q)q̈ + C(q, q̇) +G(q) = ⌧

B(q)q̈ + C(q, q̇)q̇ +G(q) = B(qd)q̈d + C(qd, q̇d)q̇d +G(qd) +KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="RYG+AFs4cBh95ScsD1ECwQ1+Xng="></latexit>

B(q)¨̃q + (C(q, q̇) +KD) ˙̃q +KP q̃ = 0
<latexit sha1_base64="YG04DA0bAToyzq2MfG/gLjXl5jU="></latexit>

B(q) ⇡ B(qd), C(q, q̇) ⇡ C(qd, q̇d)
<latexit sha1_base64="5omADIpjaw4ULTxEgLAuHCSeYf8=">AAACJXicbVBLawIxGMzal7WvbXvsJVQKCiJrLX1AD6KXHi3UB6hINpvVYHY3JtlSWfwzvfSv9NJDpRR66l9pVsU+7EBgMvMNyTc2Z1Qqy/owEiura+sbyc3U1vbO7p65f1CXQSgwqeGABaJpI0kY9UlNUcVIkwuCPJuRhj2oxH7jnghJA/9OjTjpeKjnU5dipLTUNa/LmWEWthHnIniA+tJ1sjlYyQxzsO0EKhqOv91K7C50Pdg101bemgIuk8KcpMEc1a450WEcesRXmCEpWwWLq06EhKKYkXGqHUrCER6gHmlp6iOPyE403XIMT7TiQDcQ+vgKTtWfiQh5Uo48W096SPXlXy8W//NaoXIvOxH1eaiIj2cPuSGDKoBxZdChgmDFRpogLKj+K8R9JBBWutjUtISrGOeLlZdJ/TRfKOaLt2fpUnleRxIcgWOQAQVwAUrgBlRBDWDwCJ7BK5gYT8aL8Wa8z0YTxjxzCH7B+PwCeQCi/Q==</latexit>



Hybrid Joint-Space Control

• Not accurate if the system deviates too much from the 
desired trajectory

• They can be computed offline 



Proper Inverse Dynamics Control

B(q)q̈ + C(q, q̇) +G(q) = ⌧

B(q)q̈ + C(q, q̇)q̇ +G(q) = B(q)[q̈d +KP (qd � q) +KD(q̇d � q̇)] + C(q, q̇)q̇ +G(q)
<latexit sha1_base64="9HghoxxQzQhoWKKOarKWCHv/3YU="></latexit>



Proper Inverse Dynamics Control

B(q)q̈ + C(q, q̇) +G(q) = ⌧

B(q)q̈ + C(q, q̇)q̇ +G(q) = B(q)[q̈d +KP (qd � q) +KD(q̇d � q̇)] + C(q, q̇)q̇ +G(q)
<latexit sha1_base64="9HghoxxQzQhoWKKOarKWCHv/3YU="></latexit>

¨̃q +KD
˙̃q +KP q̃ = 0

<latexit sha1_base64="xkvD5COHSN37vfjER2Rdpz/IfVI=">AAACInicbZDLSgMxFIYzXmu9VV26CRZBEMrUitqFUNSF4KaCvUBnGDKZtA3NXEzOCGXos7jxVdy4UNSV4MOYaUtR2x8CP985J8n53UhwBab5ZczNLywuLWdWsqtr6xubua3tugpjSVmNhiKUTZcoJnjAasBBsGYkGfFdwRpu7zKtNx6YVDwM7qAfMdsnnYC3OSWgkZMrW54XQmIBFx5L7gcDfIhvnCtrBqziCcDn2HRyebNgDoWnTXFs8misqpP70LfS2GcBUEGUahXNCOyESOBUsEHWihWLCO2RDmtpGxCfKTsZrjjA+5p4uB1KfQLAQ/p7IiG+Un3f1Z0+ga76X0vhrForhvaZnfAgioEFdPRQOxYYQpzmhT0uGQXR14ZQyfVfMe0SSSjoVLPDEMqpTiYrT5v6UaFYKpRuj/OVi3EcGbSL9tABKqJTVEHXqIpqiKJH9Ixe0ZvxZLwY78bnqHXOGM/soD8yvn8Alwujxg==</latexit>



Proper Inverse Dynamics Control

• Requires online computation of the dynamics

• Requires perfect knowledge of the system

B(q)q̈ + C(q, q̇) +G(q) = ⌧

B(q)q̈ + C(q, q̇)q̇ +G(q) = B(q)[q̈d +KP (qd � q) +KD(q̇d � q̇)] + C(q, q̇)q̇ +G(q)
<latexit sha1_base64="9HghoxxQzQhoWKKOarKWCHv/3YU="></latexit>

¨̃q +KD
˙̃q +KP q̃ = 0

<latexit sha1_base64="xkvD5COHSN37vfjER2Rdpz/IfVI=">AAACInicbZDLSgMxFIYzXmu9VV26CRZBEMrUitqFUNSF4KaCvUBnGDKZtA3NXEzOCGXos7jxVdy4UNSV4MOYaUtR2x8CP985J8n53UhwBab5ZczNLywuLWdWsqtr6xubua3tugpjSVmNhiKUTZcoJnjAasBBsGYkGfFdwRpu7zKtNx6YVDwM7qAfMdsnnYC3OSWgkZMrW54XQmIBFx5L7gcDfIhvnCtrBqziCcDn2HRyebNgDoWnTXFs8misqpP70LfS2GcBUEGUahXNCOyESOBUsEHWihWLCO2RDmtpGxCfKTsZrjjA+5p4uB1KfQLAQ/p7IiG+Un3f1Z0+ga76X0vhrForhvaZnfAgioEFdPRQOxYYQpzmhT0uGQXR14ZQyfVfMe0SSSjoVLPDEMqpTiYrT5v6UaFYKpRuj/OVi3EcGbSL9tABKqJTVEHXqIpqiKJH9Ixe0ZvxZLwY78bnqHXOGM/soD8yvn8Alwujxg==</latexit>



A simpler example: PD with Gravity 
Compensation

B(q)q̈ + C(q, q̇)q̇ +G(q) = ⌧

B(q)q̈ + C(q, q̇)q̇ +G(q) = G(q) +KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="OuTpNhUBjb1J2l/YxUXrN+eyS0s="></latexit>

q̇d = 0
<latexit sha1_base64="gps8RM4yF+NymBC9KRnb7ThQUik=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwVRIrPhZC0Y3LCtYW2lAmk0k7dDJJZ24KJfQ73LhQxK0f486/cZIWUeuBgcM593DvHC8WXINtf1qFpeWV1bXiemljc2t7p7y796CjRFHWpJGIVNsjmgkuWRM4CNaOFSOhJ1jLG95kfmvMlOaRvIdJzNyQ9CUPOCVgJLfrR5COpj0fX2G7V67YVTsHXiTOnFTQHI1e+cPkaRIyCVQQrTuOHYObEgWcCjYtdRPNYkKHpM86hkoSMu2m+dFTfGQUHweRMk8CztWfiZSEWk9Cz0yGBAb6r5eJ/3mdBIILN+UyToBJOlsUJAJDhLMGsM8VoyAmhhCquLkV0wFRhILpqZSXcJnh7PvLi+ThpOrUqrW700r9el5HER2gQ3SMHHSO6ugWNVATUTRCj+gZvVhj68l6td5mowVrntlHv2C9fwHwBZGv</latexit>

Assume 



Controller Stability

• We can use Lyapunov’s method for proving the stability of 
the system 

• It is a function of energy of the system.

• To prove stability, we need: 
• V(x) = 0 iff x = 0
• V(x) > 0 iff x ≠ 0
• V̇ (x) =

d

dt
V (x) =

nX

i=1

@V

@xi
fi(x) = rV · f(x)  0, 8x 6= 0

<latexit sha1_base64="OQvN1E0quHCnGQeFPSS1WpgF+9U="></latexit>



Controller Stability

• We can use Lyapunov’s method for proving the stability of 
the system 

• It is a function of energy of the system.

• To prove stability, we need: 
• V(x) = 0 iff x = 0
• V(x) > 0 iff x ≠ 0
• V̇ (x) =

d

dt
V (x) =

nX

i=1

@V

@xi
fi(x) = rV · f(x)  0, 8x 6= 0

<latexit sha1_base64="OQvN1E0quHCnGQeFPSS1WpgF+9U="></latexit>

q1
<latexit sha1_base64="L5AIlxyDk9VWpA7wmfFppKdQ/0o=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39wBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FGc6N0A==</latexit>

q2
<latexit sha1_base64="2mPfRFH0vj5D8YG5GTElBRmuamA=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39oDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LG1KN0Q==</latexit>



Controller Stability

• We can use Lyapunov’s method for proving the stability of 
the system 

• It is a function of energy of the system.

• To prove stability, we need: 
• V(x) = 0 iff x = 0
• V(x) > 0 iff x ≠ 0
• V̇ (x) =

d

dt
V (x) =

nX

i=1

@V

@xi
fi(x) = rV · f(x)  0, 8x 6= 0

<latexit sha1_base64="OQvN1E0quHCnGQeFPSS1WpgF+9U="></latexit>

q1
<latexit sha1_base64="L5AIlxyDk9VWpA7wmfFppKdQ/0o=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiS2+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39wBmUK3bVzoAWiZOTCuRoDsof/WFI4oAKTThWqufYkXYTLDUjnM5K/VjRCJMJHtGeoQIHVLlJduoMHRlliPxQmhIaZerPiQQHSk0Dz3QGWI/VXy8V//N6sfbP3YSJKNZUkPkiP+ZIhyj9Gw2ZpETzqSGYSGZuRWSMJSbapFPKQrhIcfr98iJpn1SdWrV2U680LvM4inAAh3AMDpxBA66hCS0gMIJHeIYXi1tP1qv1Nm8tWPnMPvyC9f4FGc6N0A==</latexit>

q2
<latexit sha1_base64="2mPfRFH0vj5D8YG5GTElBRmuamA=">AAAB6nicbVDLSsNAFL2pr1pfVZduBovgqiSt+NgV3bisaB/QhjKZTtqhk0mcmQgl9BPcuFDErV/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yVXqdx6oVCwUd3oaUTfAI8F8RrA20u39oDYoV+yqnQEtEicnFcjRHJQ/+sOQxAEVmnCsVM+xI+0mWGpGOJ2V+rGiESYTPKI9QwUOqHKT7NQZOjLKEPmhNCU0ytSfEwkOlJoGnukMsB6rv14q/uf1Yu2fuwkTUaypIPNFfsyRDlH6NxoySYnmU0MwkczcisgYS0y0SaeUhXCR4vT75UXSrlWderV+c1JpXOZxFOEADuEYHDiDBlxDE1pAYASP8AwvFreerFfrbd5asPKZffgF6/0LG1KN0Q==</latexit>

dV

dt
< 0

<latexit sha1_base64="X8WxP62rnIxXtWhtztDif230v+Y=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlUfICLohuXFewD2lAmk0k7dPJgZqKUmE9x40IRt36JO//GSRtErQcuHM65l3vvcWPOpLKsT6O0sLi0vFJeraytb2xumdXttowSQWiLRDwSXRdLyllIW4opTruxoDhwOe2446vc79xRIVkU3qpJTJ0AD0PmM4KVlgZmte8LTFKvnaWeytAFsgZmzapbU6B5YhekBgWaA/Oj70UkCWioCMdS9mwrVk6KhWKE06zSTySNMRnjIe1pGuKASiednp6hfa14yI+ErlChqfpzIsWBlJPA1Z0BViP518vF/7xeovwzJ2VhnCgaktkiP+FIRSjPAXlMUKL4RBNMBNO3IjLCOgul06pMQzjPcfL98jxpH9bto/rRzXGtcVnEUYZd2IMDsOEUGnANTWgBgXt4hGd4MR6MJ+PVeJu1loxiZgd+wXj/Apkbk7I=</latexit>



Stability of PD+Gravity Compensation 
Controller

• We consider the following Lyapunov function:

V (q̇, q̃) =
1

2
q̇TB(q)q̇ +

1

2
q̃TKP q̃ > 0, 8q̇, q̃ 6= 0, q̃ = qd � q

<latexit sha1_base64="zTQRz+BAeWY3ut3i8sAzrFPjvkE="></latexit>



Stability of PD+Gravity Compensation 
Controller

• We consider the following Lyapunov function:

V (q̇, q̃) =
1

2
q̇TB(q)q̇ +

1

2
q̃TKP q̃ > 0, 8q̇, q̃ 6= 0, q̃ = qd � q

<latexit sha1_base64="zTQRz+BAeWY3ut3i8sAzrFPjvkE="></latexit>

V̇ = q̇TB(q)q̈ +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="Siq8yJfA1R0Y2SRs7DtF0aqvT38="></latexit>



Stability of PD+Gravity Compensation 
Controller

• We consider the following Lyapunov function:

V (q̇, q̃) =
1

2
q̇TB(q)q̇ +

1

2
q̃TKP q̃ > 0, 8q̇, q̃ 6= 0, q̃ = qd � q

<latexit sha1_base64="zTQRz+BAeWY3ut3i8sAzrFPjvkE="></latexit>

V̇ = q̇TB(q)q̈ +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="Siq8yJfA1R0Y2SRs7DtF0aqvT38="></latexit>

( ˙̃q = �q̇)
<latexit sha1_base64="zB2nFzZ7RN24acPb6BP2mY6GxHk=">AAACBnicbVDLSgMxFM3UV62vUZciBItQF5apFR8LoejGZQX7gHYomTRtQzOPJneEMszKjb/ixoUibv0Gd/6N6XQQtR4IHM65h5t7nEBwBZb1aWTm5hcWl7LLuZXVtfUNc3OrrvxQUlajvvBl0yGKCe6xGnAQrBlIRlxHsIYzvJr4jTsmFfe9WxgHzHZJ3+M9TgloqWPuFtpdH6I2cNFl0SiO8QU+xIk2ig86Zt4qWgnwLCmlJI9SVDvmh47S0GUeUEGUapWsAOyISOBUsDjXDhULCB2SPmtp6hGXKTtKzojxvla6uOdL/TzAifozERFXqbHr6EmXwED99Sbif14rhN6ZHXEvCIF5dLqoFwoMPp50grtcMgpirAmhkuu/YjogklDQzeWSEs4nOPk+eZbUj4qlcrF8c5yvXKZ1ZNEO2kMFVEKnqIKuURXVEEX36BE9oxfjwXgyXo236WjGSDPb6BeM9y93BZid</latexit>



Stability of PD+Gravity Compensation 
Controller

• We consider the following Lyapunov function:

V (q̇, q̃) =
1

2
q̇TB(q)q̇ +

1

2
q̃TKP q̃ > 0, 8q̇, q̃ 6= 0, q̃ = qd � q

<latexit sha1_base64="zTQRz+BAeWY3ut3i8sAzrFPjvkE="></latexit>

V̇ = q̇TB(q)q̈ +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="Siq8yJfA1R0Y2SRs7DtF0aqvT38="></latexit>

We can substitute: B(q)q̈ = ⌧ � C(q, q̇)q̇ �G(q)
<latexit sha1_base64="1/RKLpkPvTVrdBocNj+pCllaSzE=">AAACGnicbVDLSgMxFM3UV62vqks3wSK0oGXGio+FUNqFLivYB7SlZNK0Dc08mtwRytDvcOOvuHGhiDtx49+YaQdR64GQwzn33uQe2xdcgWl+GomFxaXlleRqam19Y3Mrvb1TU14gKatST3iyYRPFBHdZFTgI1vAlI44tWN0eliO/fsek4p57C2OftR3Sd3mPUwJa6qStUnaUw61u14NwNMGXuAUkwEe4nB0dtmZiLr61eqWLO+mMmTenwPPEikkGxah00u96AA0c5gIVRKmmZfrQDokETgWbpFqBYj6hQ9JnTU1d4jDVDqerTfCBVrq450l9XMBT9WdHSBylxo6tKx0CA/XXi8T/vGYAvfN2yF0/AObS2UO9QGDwcJQT7nLJKIixJoRKrv+K6YBIQkGnmZqGcBHh9HvleVI7zluFfOHmJFMsxXEk0R7aR1lkoTNURNeogqqIonv0iJ7Ri/FgPBmvxtusNGHEPbvoF4yPL0r6nq8=</latexit>



Stability of PD+Gravity Compensation 
Controller

• We consider the following Lyapunov function:

V (q̇, q̃) =
1

2
q̇TB(q)q̇ +

1

2
q̃TKP q̃ > 0, 8q̇, q̃ 6= 0, q̃ = qd � q

<latexit sha1_base64="zTQRz+BAeWY3ut3i8sAzrFPjvkE="></latexit>

V̇ = q̇TB(q)q̈ +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="Siq8yJfA1R0Y2SRs7DtF0aqvT38="></latexit>

We can substitute: B(q)q̈ = ⌧ � C(q, q̇)q̇ �G(q)
<latexit sha1_base64="1/RKLpkPvTVrdBocNj+pCllaSzE=">AAACGnicbVDLSgMxFM3UV62vqks3wSK0oGXGio+FUNqFLivYB7SlZNK0Dc08mtwRytDvcOOvuHGhiDtx49+YaQdR64GQwzn33uQe2xdcgWl+GomFxaXlleRqam19Y3Mrvb1TU14gKatST3iyYRPFBHdZFTgI1vAlI44tWN0eliO/fsek4p57C2OftR3Sd3mPUwJa6qStUnaUw61u14NwNMGXuAUkwEe4nB0dtmZiLr61eqWLO+mMmTenwPPEikkGxah00u96AA0c5gIVRKmmZfrQDokETgWbpFqBYj6hQ9JnTU1d4jDVDqerTfCBVrq450l9XMBT9WdHSBylxo6tKx0CA/XXi8T/vGYAvfN2yF0/AObS2UO9QGDwcJQT7nLJKIixJoRKrv+K6YBIQkGnmZqGcBHh9HvleVI7zluFfOHmJFMsxXEk0R7aR1lkoTNURNeogqqIonv0iJ7Ri/FgPBmvxtusNGHEPbvoF4yPL0r6nq8=</latexit>

V̇ = q̇T ⌧ � q̇TC(q, q̇)q̇ � q̇TG(q) +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="4fYx8qCWLUS5LUVmcVL5HQRV0PE="></latexit>



Stability of PD+Gravity Compensation 
Controller

V̇ = q̇T ⌧ � q̇TC(q, q̇)q̇ � q̇TG(q) +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="4fYx8qCWLUS5LUVmcVL5HQRV0PE="></latexit>

(see SS, “7.2 Notable Properties of Dynamic Model”)
q̇T (Ḃ � 2C)q̇ = 0

<latexit sha1_base64="92TC6Vp8+tf3MAuRZ44SYgv0ok8=">AAACC3icbVDLSgMxFM3UV62vUZduQotQF5ZpKz4WQmk3Liv0Be1YMmmmDc08TDJCGWbvxl9x40IRt/6AO//GzHQQtR4IHM65h5t7LJ9RIQ3jU8ssLa+srmXXcxubW9s7+u5eR3gBx6SNPebxnoUEYdQlbUklIz2fE+RYjHStaSP2u3eEC+q5LTnziemgsUttipFU0lDPD0aeDG+jm1YxYfUIHsNK4yiV4SU0hnrBKBkJ4CIpp6QAUjSH+odK48AhrsQMCdEvG740Q8QlxYxEuUEgiI/wFI1JX1EXOUSYYXJLBA+VMoK2x9VzJUzUn4kQOULMHEtNOkhOxF8vFv/z+oG0z82Qun4giYvni+yAQenBuBg4opxgyWaKIMyp+ivEE8QRlqq+XFLCRYzT75MXSadSKldL1euTQq2e1pEFByAPiqAMzkANXIEmaAMM7sEjeAYv2oP2pL1qb/PRjJZm9sEvaO9fz62ZvQ==</latexit>



Stability of PD+Gravity Compensation 
Controller

V̇ = q̇T ⌧ � q̇TC(q, q̇)q̇ � q̇TG(q) +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="4fYx8qCWLUS5LUVmcVL5HQRV0PE="></latexit>

(see SS, “7.2 Notable Properties of Dynamic Model”)
q̇T (Ḃ � 2C)q̇ = 0

<latexit sha1_base64="92TC6Vp8+tf3MAuRZ44SYgv0ok8=">AAACC3icbVDLSgMxFM3UV62vUZduQotQF5ZpKz4WQmk3Liv0Be1YMmmmDc08TDJCGWbvxl9x40IRt/6AO//GzHQQtR4IHM65h5t7LJ9RIQ3jU8ssLa+srmXXcxubW9s7+u5eR3gBx6SNPebxnoUEYdQlbUklIz2fE+RYjHStaSP2u3eEC+q5LTnziemgsUttipFU0lDPD0aeDG+jm1YxYfUIHsNK4yiV4SU0hnrBKBkJ4CIpp6QAUjSH+odK48AhrsQMCdEvG740Q8QlxYxEuUEgiI/wFI1JX1EXOUSYYXJLBA+VMoK2x9VzJUzUn4kQOULMHEtNOkhOxF8vFv/z+oG0z82Qun4giYvni+yAQenBuBg4opxgyWaKIMyp+ivEE8QRlqq+XFLCRYzT75MXSadSKldL1euTQq2e1pEFByAPiqAMzkANXIEmaAMM7sEjeAYv2oP2pL1qb/PRjJZm9sEvaO9fz62ZvQ==</latexit>



Stability of PD+Gravity Compensation 
Controller

V̇ = q̇T ⌧ � q̇TC(q, q̇)q̇ � q̇TG(q) +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="4fYx8qCWLUS5LUVmcVL5HQRV0PE="></latexit>

Ḃ � 2C = 0
<latexit sha1_base64="c+XO0uJZSa1M3PcVVTx39cXwLoE=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWJJWfCyE0m5cVrAPaEOZTCft0MmDmUmhhP6JGxeKuPVP3Pk3TtIgaj1w4XDOvTP3HjfiTCrL+jRWVtfWNzYLW8Xtnd29ffPgsC3DWBDaIiEPRdfFknIW0JZiitNuJCj2XU477qSR+p0pFZKFwYOaRdTx8ShgHiNYaWlgmv1hqJL6HJ2jSgPdImtglqyylQEtEzsnJcjRHJgf+gkS+zRQhGMpe7YVKSfBQjHC6bzYjyWNMJngEe1pGmCfSifJNp+jU60MkRcKXYFCmfpzIsG+lDPf1Z0+VmP510vF/7xerLxrJ2FBFCsakMVHXsyRClEaAxoyQYniM00wEUzvisgYC0yUDquYhXCT4vL75GXSrpTtarl6f1Gq1fM4CnAMJ3AGNlxBDe6gCS0gMIVHeIYXIzGejFfjbdG6YuQzR/ALxvsXx4aR7g==</latexit>

(see SS, “7.2 Notable Properties of Dynamic Model”)

V̇ = q̇T ⌧ � q̇TG(q)� q̇TKpq̃
<latexit sha1_base64="eptNPj2mPas9bFN49NLy2dgET0o="></latexit>



Stability of PD+Gravity Compensation 
Controller

V̇ = q̇T ⌧ � q̇TC(q, q̇)q̇ � q̇TG(q) +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="4fYx8qCWLUS5LUVmcVL5HQRV0PE="></latexit>

Ḃ � 2C = 0
<latexit sha1_base64="c+XO0uJZSa1M3PcVVTx39cXwLoE=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWJJWfCyE0m5cVrAPaEOZTCft0MmDmUmhhP6JGxeKuPVP3Pk3TtIgaj1w4XDOvTP3HjfiTCrL+jRWVtfWNzYLW8Xtnd29ffPgsC3DWBDaIiEPRdfFknIW0JZiitNuJCj2XU477qSR+p0pFZKFwYOaRdTx8ShgHiNYaWlgmv1hqJL6HJ2jSgPdImtglqyylQEtEzsnJcjRHJgf+gkS+zRQhGMpe7YVKSfBQjHC6bzYjyWNMJngEe1pGmCfSifJNp+jU60MkRcKXYFCmfpzIsG+lDPf1Z0+VmP510vF/7xerLxrJ2FBFCsakMVHXsyRClEaAxoyQYniM00wEUzvisgYC0yUDquYhXCT4vL75GXSrpTtarl6f1Gq1fM4CnAMJ3AGNlxBDe6gCS0gMIVHeIYXIzGejFfjbdG6YuQzR/ALxvsXx4aR7g==</latexit>

(see SS, “7.2 Notable Properties of Dynamic Model”)

V̇ = q̇T ⌧ � q̇TG(q)� q̇TKpq̃
<latexit sha1_base64="eptNPj2mPas9bFN49NLy2dgET0o="></latexit>

When is 𝑉̇ < 0?



Stability of PD+Gravity Compensation 
Controller

V̇ = q̇T ⌧ � q̇TC(q, q̇)q̇ � q̇TG(q) +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="4fYx8qCWLUS5LUVmcVL5HQRV0PE="></latexit>

Ḃ � 2C = 0
<latexit sha1_base64="c+XO0uJZSa1M3PcVVTx39cXwLoE=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWJJWfCyE0m5cVrAPaEOZTCft0MmDmUmhhP6JGxeKuPVP3Pk3TtIgaj1w4XDOvTP3HjfiTCrL+jRWVtfWNzYLW8Xtnd29ffPgsC3DWBDaIiEPRdfFknIW0JZiitNuJCj2XU477qSR+p0pFZKFwYOaRdTx8ShgHiNYaWlgmv1hqJL6HJ2jSgPdImtglqyylQEtEzsnJcjRHJgf+gkS+zRQhGMpe7YVKSfBQjHC6bzYjyWNMJngEe1pGmCfSifJNp+jU60MkRcKXYFCmfpzIsG+lDPf1Z0+VmP510vF/7xerLxrJ2FBFCsakMVHXsyRClEaAxoyQYniM00wEUzvisgYC0yUDquYhXCT4vL75GXSrpTtarl6f1Gq1fM4CnAMJ3AGNlxBDe6gCS0gMIVHeIYXIzGejFfjbdG6YuQzR/ALxvsXx4aR7g==</latexit>

(see SS, “7.2 Notable Properties of Dynamic Model”)

V̇ = q̇T ⌧ � q̇TG(q)� q̇TKpq̃
<latexit sha1_base64="eptNPj2mPas9bFN49NLy2dgET0o="></latexit>

When is 𝑉̇ < 0?

We can let ⌧ = G(q) +Kpq̃ �Kdq̇
<latexit sha1_base64="elXojvSAa2cgpnOuM/+ESr/v4Uw=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUxDK14mMhFF0odFPBPqAtQyaTtqGZR5M7Qhn6C278FTcuFHHrzp1/Y2ZaxNeBwMk595DcYweCKzDNDyM1Mzs3v5BezCwtr6yuZdc36soPJWU16gtfNm2imOAeqwEHwZqBZMS1BWvYg4vYb9wyqbjv3cAoYB2X9Dze5ZSAlqxsvg0kxGf4Mj/cxXsVK8Bt4MJh0XCM93HFcnDb8UHfrGzOLJgJ8F9SnJIcmqJqZd91koYu84AKolSraAbQiYgETgUbZ9qhYgGhA9JjLU094jLViZKNxnhHKw7u+lIfD3Cifk9ExFVq5Np60iXQV7+9WPzPa4XQPelE3AtCYB6dPNQNBQYfx/Vgh0tGQYw0IVRy/VdM+0QSCrrETFLCaYyjr5X/kvpBoVgqlK4Pc+XzaR1ptIW2UR4V0TEqoytURTVE0R16QE/o2bg3Ho0X43UymjKmmU30A8bbJ1Xum6E=</latexit>



Stability of PD+Gravity Compensation 
Controller

V̇ = q̇T ⌧ � q̇TC(q, q̇)q̇ � q̇TG(q) +
1

2
q̇T Ḃ(q)q̇ � q̇TKpq̃

<latexit sha1_base64="4fYx8qCWLUS5LUVmcVL5HQRV0PE="></latexit>

Ḃ � 2C = 0
<latexit sha1_base64="c+XO0uJZSa1M3PcVVTx39cXwLoE=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHcWJJWfCyE0m5cVrAPaEOZTCft0MmDmUmhhP6JGxeKuPVP3Pk3TtIgaj1w4XDOvTP3HjfiTCrL+jRWVtfWNzYLW8Xtnd29ffPgsC3DWBDaIiEPRdfFknIW0JZiitNuJCj2XU477qSR+p0pFZKFwYOaRdTx8ShgHiNYaWlgmv1hqJL6HJ2jSgPdImtglqyylQEtEzsnJcjRHJgf+gkS+zRQhGMpe7YVKSfBQjHC6bzYjyWNMJngEe1pGmCfSifJNp+jU60MkRcKXYFCmfpzIsG+lDPf1Z0+VmP510vF/7xerLxrJ2FBFCsakMVHXsyRClEaAxoyQYniM00wEUzvisgYC0yUDquYhXCT4vL75GXSrpTtarl6f1Gq1fM4CnAMJ3AGNlxBDe6gCS0gMIVHeIYXIzGejFfjbdG6YuQzR/ALxvsXx4aR7g==</latexit>

(see SS, “7.2 Notable Properties of Dynamic Model”)

V̇ = q̇T ⌧ � q̇TG(q)� q̇TKpq̃
<latexit sha1_base64="eptNPj2mPas9bFN49NLy2dgET0o="></latexit>

When is 𝑉̇ < 0?

We can let ⌧ = G(q) +Kpq̃ �Kdq̇
<latexit sha1_base64="elXojvSAa2cgpnOuM/+ESr/v4Uw=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUxDK14mMhFF0odFPBPqAtQyaTtqGZR5M7Qhn6C278FTcuFHHrzp1/Y2ZaxNeBwMk595DcYweCKzDNDyM1Mzs3v5BezCwtr6yuZdc36soPJWU16gtfNm2imOAeqwEHwZqBZMS1BWvYg4vYb9wyqbjv3cAoYB2X9Dze5ZSAlqxsvg0kxGf4Mj/cxXsVK8Bt4MJh0XCM93HFcnDb8UHfrGzOLJgJ8F9SnJIcmqJqZd91koYu84AKolSraAbQiYgETgUbZ9qhYgGhA9JjLU094jLViZKNxnhHKw7u+lIfD3Cifk9ExFVq5Np60iXQV7+9WPzPa4XQPelE3AtCYB6dPNQNBQYfx/Vgh0tGQYw0IVRy/VdM+0QSCrrETFLCaYyjr5X/kvpBoVgqlK4Pc+XzaR1ptIW2UR4V0TEqoytURTVE0R16QE/o2bg3Ho0X43UymjKmmU30A8bbJ1Xum6E=</latexit>

Feedback Linearization



A simpler example: PD with Gravity 
Compensation

B(q)q̈ + C(q, q̇)q̇ +G(q) = ⌧

B(q)q̈ + C(q, q̇)q̇ +G(q) = G(q) +KP (qd � q) +KD(q̇d � q̇)
<latexit sha1_base64="OuTpNhUBjb1J2l/YxUXrN+eyS0s="></latexit>

q̇d = 0
<latexit sha1_base64="gps8RM4yF+NymBC9KRnb7ThQUik=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwVRIrPhZC0Y3LCtYW2lAmk0k7dDJJZ24KJfQ73LhQxK0f486/cZIWUeuBgcM593DvHC8WXINtf1qFpeWV1bXiemljc2t7p7y796CjRFHWpJGIVNsjmgkuWRM4CNaOFSOhJ1jLG95kfmvMlOaRvIdJzNyQ9CUPOCVgJLfrR5COpj0fX2G7V67YVTsHXiTOnFTQHI1e+cPkaRIyCVQQrTuOHYObEgWcCjYtdRPNYkKHpM86hkoSMu2m+dFTfGQUHweRMk8CztWfiZSEWk9Cz0yGBAb6r5eJ/3mdBIILN+UyToBJOlsUJAJDhLMGsM8VoyAmhhCquLkV0wFRhILpqZSXcJnh7PvLi+ThpOrUqrW700r9el5HER2gQ3SMHHSO6ugWNVATUTRCj+gZvVhj68l6td5mowVrntlHv2C9fwHwBZGv</latexit>

Assume 


