
Lecture 4: Bayesian Networks

CSCI 545 Introduction to Robotics 
Instructor: Stefanos Nikolaidis

[Resources: 6.825 Techniques in Artificial Intelligence, MIT OCW]



Motivation

• Why do we need Bayesian Networks?

• To represent the dependencies among variables.  
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Example:
A: Battery dead 
B: Robot won’t start
C: Robot won’t move

A B C

Propagation of Information: Serial Connection
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Propagation of Information: Serial Connection
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Propagation of Information: Diverging Connection

A B C

• Knowing about A  will tell us something about C. 
Knowing about C will tell us something about A.

• If we know B propagation is blocked



Propagation of Information: 
Converging Connection
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Propagation of Information: 
Converging Connection

A

B

C

Example:
A = wheels damaged
B = robot does not move
C=  battery off



Bayesian Networks

• Set of variables, set of directed arcs forming acyclic graphs.

• Every node A with parents B1, ... ,Bn has P(A|B1, ... ,Bn)

• Each variable is conditionally independent of its non-descendants, 
given its parents.  



Chain Rule

P (V1 = v1, V2 = v2, ..., Vn = vn) = ⇧iP (Vi = vi|parents(Vi))
<latexit sha1_base64="ZMoVfxk3mHrRMDoIjZ30B9tTeDA="></latexit>

We say that the joint probability distribution is the 
product of all the individual probability distributions 
that are stores in the nodes of the graph.  
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P (A)
<latexit sha1_base64="DiFo2oDOgqmQYid83lBNhW4o5ko=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNXdeOygn1AG8pkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8ULOtLHtT6uwtLyyulZcL21sbm3vlHf32jqIFKEtEvBAdT2sKWeStgwznHZDRbHwOO14k5vU7zxQpVkg7800pK7AI8l8RrBJpWb16nhQrtg1OwNaJE5OKpCjOSh/9IcBiQSVhnCsdc+xQ+PGWBlGOJ2V+pGmISYTPKK9hEosqHbj7NYZOkqUIfIDlZQ0KFN/TsRYaD0VXtIpsBnrv14q/uf1IuNfuDGTYWSoJPNFfsSRCVD6OBoyRYnh04RgolhyKyJjrDAxSTylLITLFGffLy+S9knNqdfqd6eVxnUeRxEO4BCq4MA5NOAWmtACAmN4hGd4sYT1ZL1ab/PWgpXP7MMvWO9fD/qNuw==</latexit>

P (B)
<latexit sha1_base64="ALRvXRhdzomemP1sqKR13hIm4sI=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNX6sZlBfuANpTJdNIOnZmEmYlQQn/BjQtF3PpD7vwbkzSIWg9cOJxzL/fe44WcaWPbn1ZhZXVtfaO4Wdra3tndK+8fdHQQKULbJOCB6nlYU84kbRtmOO2FimLhcdr1pjep332gSrNA3ptZSF2Bx5L5jGCTSq1q83RYrtg1OwNaJk5OKpCjNSx/DEYBiQSVhnCsdd+xQ+PGWBlGOJ2XBpGmISZTPKb9hEosqHbj7NY5OkmUEfIDlZQ0KFN/TsRYaD0TXtIpsJnov14q/uf1I+NfuTGTYWSoJItFfsSRCVD6OBoxRYnhs4RgolhyKyITrDAxSTylLITrFBffLy+TzlnNqdfqd+eVRjOPowhHcAxVcOASGnALLWgDgQk8wjO8WMJ6sl6tt0VrwcpnDuEXrPcvEX+NvA==</latexit>

P (C|A,B)
<latexit sha1_base64="FNvio/e9T744Fz8O8XeiDns5+Xg=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmaMuNxicvEYwSyQDKGn05M06Vns7hHCmJ/w4kERr/6ON//GnskganxQ8Hiviqp6TsiZVKb5aSwsLi2vrObW8usbm1vbhZ3dlgwiQWiTBDwQHQdLyplPm4opTjuhoNhzOG0743rit++pkCzwb9UkpLaHhz5zGcFKS51Gqf5wdVw76heKZtlMgeaJlZEiZGj0Cx+9QUAij/qKcCxl1zJDZcdYKEY4neZ7kaQhJmM8pF1NfexRacfpvVN0qJUBcgOhy1coVX9OxNiTcuI5utPDaiT/eon4n9eNlHthx8wPI0V9MlvkRhypACXPowETlCg+0QQTwfStiIywwETpiPJpCJcJzr5fnietk7JVKVduTovVWhZHDvbhAEpgwTlU4Roa0AQCHB7hGV6MO+PJeDXeZq0LRjazB79gvH8BcjuPEA==</latexit>

P (D|C)
<latexit sha1_base64="5KsoU/LrHjHxukda3oDO2xGtCLE=">AAAB7XicbVDLSsNAFL2pr1pfVZduBotQNyW14mNXrAuXFewD2lAm00k7djIJMxOhxP6DGxeKuPV/3Pk3TtIgvg5cOJxzL/fe44acKW3bH1ZuYXFpeSW/Wlhb39jcKm7vtFUQSUJbJOCB7LpYUc4EbWmmOe2GkmLf5bTjThqJ37mjUrFA3OhpSB0fjwTzGMHaSO1m+fK+cTgoluyKnQL9JdWMlCBDc1B87w8DEvlUaMKxUr2qHWonxlIzwums0I8UDTGZ4BHtGSqwT5UTp9fO0IFRhsgLpCmhUap+n4ixr9TUd02nj/VY/fYS8T+vF2nvzImZCCNNBZkv8iKOdICS19GQSUo0nxqCiWTmVkTGWGKiTUCFNITzBCdfL/8l7aNKtVapXR+X6hdZHHnYg30oQxVOoQ5X0IQWELiFB3iCZyuwHq0X63XemrOymV34AevtE4KdjpE=</latexit>
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<latexit sha1_base64="DiFo2oDOgqmQYid83lBNhW4o5ko=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNXdeOygn1AG8pkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8ULOtLHtT6uwtLyyulZcL21sbm3vlHf32jqIFKEtEvBAdT2sKWeStgwznHZDRbHwOO14k5vU7zxQpVkg7800pK7AI8l8RrBJpWb16nhQrtg1OwNaJE5OKpCjOSh/9IcBiQSVhnCsdc+xQ+PGWBlGOJ2V+pGmISYTPKK9hEosqHbj7NYZOkqUIfIDlZQ0KFN/TsRYaD0VXtIpsBnrv14q/uf1IuNfuDGTYWSoJPNFfsSRCVD6OBoyRYnh04RgolhyKyJjrDAxSTylLITLFGffLy+S9knNqdfqd6eVxnUeRxEO4BCq4MA5NOAWmtACAmN4hGd4sYT1ZL1ab/PWgpXP7MMvWO9fD/qNuw==</latexit>

P (B)
<latexit sha1_base64="ALRvXRhdzomemP1sqKR13hIm4sI=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNX6sZlBfuANpTJdNIOnZmEmYlQQn/BjQtF3PpD7vwbkzSIWg9cOJxzL/fe44WcaWPbn1ZhZXVtfaO4Wdra3tndK+8fdHQQKULbJOCB6nlYU84kbRtmOO2FimLhcdr1pjep332gSrNA3ptZSF2Bx5L5jGCTSq1q83RYrtg1OwNaJk5OKpCjNSx/DEYBiQSVhnCsdd+xQ+PGWBlGOJ2XBpGmISZTPKb9hEosqHbj7NY5OkmUEfIDlZQ0KFN/TsRYaD0TXtIpsJnov14q/uf1I+NfuTGTYWSoJItFfsSRCVD6OBoxRYnhs4RgolhyKyITrDAxSTylLITrFBffLy+TzlnNqdfqd+eVRjOPowhHcAxVcOASGnALLWgDgQk8wjO8WMJ6sl6tt0VrwcpnDuEXrPcvEX+NvA==</latexit>

P (C|A,B)
<latexit sha1_base64="FNvio/e9T744Fz8O8XeiDns5+Xg=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmaMuNxicvEYwSyQDKGn05M06Vns7hHCmJ/w4kERr/6ON//GnskganxQ8Hiviqp6TsiZVKb5aSwsLi2vrObW8usbm1vbhZ3dlgwiQWiTBDwQHQdLyplPm4opTjuhoNhzOG0743rit++pkCzwb9UkpLaHhz5zGcFKS51Gqf5wdVw76heKZtlMgeaJlZEiZGj0Cx+9QUAij/qKcCxl1zJDZcdYKEY4neZ7kaQhJmM8pF1NfexRacfpvVN0qJUBcgOhy1coVX9OxNiTcuI5utPDaiT/eon4n9eNlHthx8wPI0V9MlvkRhypACXPowETlCg+0QQTwfStiIywwETpiPJpCJcJzr5fnietk7JVKVduTovVWhZHDvbhAEpgwTlU4Roa0AQCHB7hGV6MO+PJeDXeZq0LRjazB79gvH8BcjuPEA==</latexit>

P (D|C)
<latexit sha1_base64="5KsoU/LrHjHxukda3oDO2xGtCLE=">AAAB7XicbVDLSsNAFL2pr1pfVZduBotQNyW14mNXrAuXFewD2lAm00k7djIJMxOhxP6DGxeKuPV/3Pk3TtIgvg5cOJxzL/fe44acKW3bH1ZuYXFpeSW/Wlhb39jcKm7vtFUQSUJbJOCB7LpYUc4EbWmmOe2GkmLf5bTjThqJ37mjUrFA3OhpSB0fjwTzGMHaSO1m+fK+cTgoluyKnQL9JdWMlCBDc1B87w8DEvlUaMKxUr2qHWonxlIzwums0I8UDTGZ4BHtGSqwT5UTp9fO0IFRhsgLpCmhUap+n4ixr9TUd02nj/VY/fYS8T+vF2nvzImZCCNNBZkv8iKOdICS19GQSUo0nxqCiWTmVkTGWGKiTUCFNITzBCdfL/8l7aNKtVapXR+X6hdZHHnYg30oQxVOoQ5X0IQWELiFB3iCZyuwHq0X63XemrOymV34AevtE4KdjpE=</latexit>

P (A,B,C,D) = P (A = True,B = True, C = True,D = True)

= P (D|A,B,C)P (A,B,C)

= P (D|C)P (A,B,C)

= P (D|C)P (C|A,B)P (A,B)

= P (D|C)P (C|A,B)P (A)P (B)
<latexit sha1_base64="wkwvXaPRb3gcvH4dLGxhzzW3YCM="></latexit>
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<latexit sha1_base64="DiFo2oDOgqmQYid83lBNhW4o5ko=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNXdeOygn1AG8pkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8ULOtLHtT6uwtLyyulZcL21sbm3vlHf32jqIFKEtEvBAdT2sKWeStgwznHZDRbHwOO14k5vU7zxQpVkg7800pK7AI8l8RrBJpWb16nhQrtg1OwNaJE5OKpCjOSh/9IcBiQSVhnCsdc+xQ+PGWBlGOJ2V+pGmISYTPKK9hEosqHbj7NYZOkqUIfIDlZQ0KFN/TsRYaD0VXtIpsBnrv14q/uf1IuNfuDGTYWSoJPNFfsSRCVD6OBoyRYnh04RgolhyKyJjrDAxSTylLITLFGffLy+S9knNqdfqd6eVxnUeRxEO4BCq4MA5NOAWmtACAmN4hGd4sYT1ZL1ab/PWgpXP7MMvWO9fD/qNuw==</latexit>

P (B)
<latexit sha1_base64="ALRvXRhdzomemP1sqKR13hIm4sI=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNX6sZlBfuANpTJdNIOnZmEmYlQQn/BjQtF3PpD7vwbkzSIWg9cOJxzL/fe44WcaWPbn1ZhZXVtfaO4Wdra3tndK+8fdHQQKULbJOCB6nlYU84kbRtmOO2FimLhcdr1pjep332gSrNA3ptZSF2Bx5L5jGCTSq1q83RYrtg1OwNaJk5OKpCjNSx/DEYBiQSVhnCsdd+xQ+PGWBlGOJ2XBpGmISZTPKb9hEosqHbj7NY5OkmUEfIDlZQ0KFN/TsRYaD0TXtIpsJnov14q/uf1I+NfuTGTYWSoJItFfsSRCVD6OBoxRYnhs4RgolhyKyITrDAxSTylLITrFBffLy+TzlnNqdfqd+eVRjOPowhHcAxVcOASGnALLWgDgQk8wjO8WMJ6sl6tt0VrwcpnDuEXrPcvEX+NvA==</latexit>

P (C|A,B)
<latexit sha1_base64="FNvio/e9T744Fz8O8XeiDns5+Xg=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmaMuNxicvEYwSyQDKGn05M06Vns7hHCmJ/w4kERr/6ON//GnskganxQ8Hiviqp6TsiZVKb5aSwsLi2vrObW8usbm1vbhZ3dlgwiQWiTBDwQHQdLyplPm4opTjuhoNhzOG0743rit++pkCzwb9UkpLaHhz5zGcFKS51Gqf5wdVw76heKZtlMgeaJlZEiZGj0Cx+9QUAij/qKcCxl1zJDZcdYKEY4neZ7kaQhJmM8pF1NfexRacfpvVN0qJUBcgOhy1coVX9OxNiTcuI5utPDaiT/eon4n9eNlHthx8wPI0V9MlvkRhypACXPowETlCg+0QQTwfStiIywwETpiPJpCJcJzr5fnietk7JVKVduTovVWhZHDvbhAEpgwTlU4Roa0AQCHB7hGV6MO+PJeDXeZq0LRjazB79gvH8BcjuPEA==</latexit>

P (D|C)
<latexit sha1_base64="5KsoU/LrHjHxukda3oDO2xGtCLE=">AAAB7XicbVDLSsNAFL2pr1pfVZduBotQNyW14mNXrAuXFewD2lAm00k7djIJMxOhxP6DGxeKuPV/3Pk3TtIgvg5cOJxzL/fe44acKW3bH1ZuYXFpeSW/Wlhb39jcKm7vtFUQSUJbJOCB7LpYUc4EbWmmOe2GkmLf5bTjThqJ37mjUrFA3OhpSB0fjwTzGMHaSO1m+fK+cTgoluyKnQL9JdWMlCBDc1B87w8DEvlUaMKxUr2qHWonxlIzwums0I8UDTGZ4BHtGSqwT5UTp9fO0IFRhsgLpCmhUap+n4ixr9TUd02nj/VY/fYS8T+vF2nvzImZCCNNBZkv8iKOdICS19GQSUo0nxqCiWTmVkTGWGKiTUCFNITzBCdfL/8l7aNKtVapXR+X6hdZHHnYg30oQxVOoQ5X0IQWELiFB3iCZyuwHq0X63XemrOymV34AevtE4KdjpE=</latexit>

P (A,B,C,D) = P (A = True,B = True, C = True,D = True)

= P (D|A,B,C)P (A,B,C)

= P (D|C)P (A,B,C)

= P (D|C)P (C|A,B)P (A,B)

= P (D|C)P (C|A,B)P (A)P (B)
<latexit sha1_base64="wkwvXaPRb3gcvH4dLGxhzzW3YCM="></latexit>
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<latexit sha1_base64="DiFo2oDOgqmQYid83lBNhW4o5ko=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNXdeOygn1AG8pkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8ULOtLHtT6uwtLyyulZcL21sbm3vlHf32jqIFKEtEvBAdT2sKWeStgwznHZDRbHwOO14k5vU7zxQpVkg7800pK7AI8l8RrBJpWb16nhQrtg1OwNaJE5OKpCjOSh/9IcBiQSVhnCsdc+xQ+PGWBlGOJ2V+pGmISYTPKK9hEosqHbj7NYZOkqUIfIDlZQ0KFN/TsRYaD0VXtIpsBnrv14q/uf1IuNfuDGTYWSoJPNFfsSRCVD6OBoyRYnh04RgolhyKyJjrDAxSTylLITLFGffLy+S9knNqdfqd6eVxnUeRxEO4BCq4MA5NOAWmtACAmN4hGd4sYT1ZL1ab/PWgpXP7MMvWO9fD/qNuw==</latexit>

P (B)
<latexit sha1_base64="ALRvXRhdzomemP1sqKR13hIm4sI=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNX6sZlBfuANpTJdNIOnZmEmYlQQn/BjQtF3PpD7vwbkzSIWg9cOJxzL/fe44WcaWPbn1ZhZXVtfaO4Wdra3tndK+8fdHQQKULbJOCB6nlYU84kbRtmOO2FimLhcdr1pjep332gSrNA3ptZSF2Bx5L5jGCTSq1q83RYrtg1OwNaJk5OKpCjNSx/DEYBiQSVhnCsdd+xQ+PGWBlGOJ2XBpGmISZTPKb9hEosqHbj7NY5OkmUEfIDlZQ0KFN/TsRYaD0TXtIpsJnov14q/uf1I+NfuTGTYWSoJItFfsSRCVD6OBoxRYnhs4RgolhyKyITrDAxSTylLITrFBffLy+TzlnNqdfqd+eVRjOPowhHcAxVcOASGnALLWgDgQk8wjO8WMJ6sl6tt0VrwcpnDuEXrPcvEX+NvA==</latexit>

P (C|A,B)
<latexit sha1_base64="FNvio/e9T744Fz8O8XeiDns5+Xg=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmaMuNxicvEYwSyQDKGn05M06Vns7hHCmJ/w4kERr/6ON//GnskganxQ8Hiviqp6TsiZVKb5aSwsLi2vrObW8usbm1vbhZ3dlgwiQWiTBDwQHQdLyplPm4opTjuhoNhzOG0743rit++pkCzwb9UkpLaHhz5zGcFKS51Gqf5wdVw76heKZtlMgeaJlZEiZGj0Cx+9QUAij/qKcCxl1zJDZcdYKEY4neZ7kaQhJmM8pF1NfexRacfpvVN0qJUBcgOhy1coVX9OxNiTcuI5utPDaiT/eon4n9eNlHthx8wPI0V9MlvkRhypACXPowETlCg+0QQTwfStiIywwETpiPJpCJcJzr5fnietk7JVKVduTovVWhZHDvbhAEpgwTlU4Roa0AQCHB7hGV6MO+PJeDXeZq0LRjazB79gvH8BcjuPEA==</latexit>

P (D|C)
<latexit sha1_base64="5KsoU/LrHjHxukda3oDO2xGtCLE=">AAAB7XicbVDLSsNAFL2pr1pfVZduBotQNyW14mNXrAuXFewD2lAm00k7djIJMxOhxP6DGxeKuPV/3Pk3TtIgvg5cOJxzL/fe44acKW3bH1ZuYXFpeSW/Wlhb39jcKm7vtFUQSUJbJOCB7LpYUc4EbWmmOe2GkmLf5bTjThqJ37mjUrFA3OhpSB0fjwTzGMHaSO1m+fK+cTgoluyKnQL9JdWMlCBDc1B87w8DEvlUaMKxUr2qHWonxlIzwums0I8UDTGZ4BHtGSqwT5UTp9fO0IFRhsgLpCmhUap+n4ixr9TUd02nj/VY/fYS8T+vF2nvzImZCCNNBZkv8iKOdICS19GQSUo0nxqCiWTmVkTGWGKiTUCFNITzBCdfL/8l7aNKtVapXR+X6hdZHHnYg30oQxVOoQ5X0IQWELiFB3iCZyuwHq0X63XemrOymV34AevtE4KdjpE=</latexit>

P (A,B,C,D) = P (A = True,B = True, C = True,D = True)

= P (D|A,B,C)P (A,B,C)

= P (D|C)P (A,B,C)

= P (D|C)P (C|A,B)P (A,B)

= P (D|C)P (C|A,B)P (A)P (B)
<latexit sha1_base64="wkwvXaPRb3gcvH4dLGxhzzW3YCM="></latexit>



Example

A

C

B

D

P (A)
<latexit sha1_base64="DiFo2oDOgqmQYid83lBNhW4o5ko=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNXdeOygn1AG8pkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8ULOtLHtT6uwtLyyulZcL21sbm3vlHf32jqIFKEtEvBAdT2sKWeStgwznHZDRbHwOO14k5vU7zxQpVkg7800pK7AI8l8RrBJpWb16nhQrtg1OwNaJE5OKpCjOSh/9IcBiQSVhnCsdc+xQ+PGWBlGOJ2V+pGmISYTPKK9hEosqHbj7NYZOkqUIfIDlZQ0KFN/TsRYaD0VXtIpsBnrv14q/uf1IuNfuDGTYWSoJPNFfsSRCVD6OBoyRYnh04RgolhyKyJjrDAxSTylLITLFGffLy+S9knNqdfqd6eVxnUeRxEO4BCq4MA5NOAWmtACAmN4hGd4sYT1ZL1ab/PWgpXP7MMvWO9fD/qNuw==</latexit>

P (B)
<latexit sha1_base64="ALRvXRhdzomemP1sqKR13hIm4sI=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNX6sZlBfuANpTJdNIOnZmEmYlQQn/BjQtF3PpD7vwbkzSIWg9cOJxzL/fe44WcaWPbn1ZhZXVtfaO4Wdra3tndK+8fdHQQKULbJOCB6nlYU84kbRtmOO2FimLhcdr1pjep332gSrNA3ptZSF2Bx5L5jGCTSq1q83RYrtg1OwNaJk5OKpCjNSx/DEYBiQSVhnCsdd+xQ+PGWBlGOJ2XBpGmISZTPKb9hEosqHbj7NY5OkmUEfIDlZQ0KFN/TsRYaD0TXtIpsJnov14q/uf1I+NfuTGTYWSoJItFfsSRCVD6OBoxRYnhs4RgolhyKyITrDAxSTylLITrFBffLy+TzlnNqdfqd+eVRjOPowhHcAxVcOASGnALLWgDgQk8wjO8WMJ6sl6tt0VrwcpnDuEXrPcvEX+NvA==</latexit>

P (C|A,B)
<latexit sha1_base64="FNvio/e9T744Fz8O8XeiDns5+Xg=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmaMuNxicvEYwSyQDKGn05M06Vns7hHCmJ/w4kERr/6ON//GnskganxQ8Hiviqp6TsiZVKb5aSwsLi2vrObW8usbm1vbhZ3dlgwiQWiTBDwQHQdLyplPm4opTjuhoNhzOG0743rit++pkCzwb9UkpLaHhz5zGcFKS51Gqf5wdVw76heKZtlMgeaJlZEiZGj0Cx+9QUAij/qKcCxl1zJDZcdYKEY4neZ7kaQhJmM8pF1NfexRacfpvVN0qJUBcgOhy1coVX9OxNiTcuI5utPDaiT/eon4n9eNlHthx8wPI0V9MlvkRhypACXPowETlCg+0QQTwfStiIywwETpiPJpCJcJzr5fnietk7JVKVduTovVWhZHDvbhAEpgwTlU4Roa0AQCHB7hGV6MO+PJeDXeZq0LRjazB79gvH8BcjuPEA==</latexit>

P (D|C)
<latexit sha1_base64="5KsoU/LrHjHxukda3oDO2xGtCLE=">AAAB7XicbVDLSsNAFL2pr1pfVZduBotQNyW14mNXrAuXFewD2lAm00k7djIJMxOhxP6DGxeKuPV/3Pk3TtIgvg5cOJxzL/fe44acKW3bH1ZuYXFpeSW/Wlhb39jcKm7vtFUQSUJbJOCB7LpYUc4EbWmmOe2GkmLf5bTjThqJ37mjUrFA3OhpSB0fjwTzGMHaSO1m+fK+cTgoluyKnQL9JdWMlCBDc1B87w8DEvlUaMKxUr2qHWonxlIzwums0I8UDTGZ4BHtGSqwT5UTp9fO0IFRhsgLpCmhUap+n4ixr9TUd02nj/VY/fYS8T+vF2nvzImZCCNNBZkv8iKOdICS19GQSUo0nxqCiWTmVkTGWGKiTUCFNITzBCdfL/8l7aNKtVapXR+X6hdZHHnYg30oQxVOoQ5X0IQWELiFB3iCZyuwHq0X63XemrOymV34AevtE4KdjpE=</latexit>

P (A,B,C,D) = P (A = True,B = True, C = True,D = True)

= P (D|A,B,C)P (A,B,C)

= P (D|C)P (A,B,C)

= P (D|C)P (C|A,B)P (A,B)

= P (D|C)P (C|A,B)P (A)P (B)
<latexit sha1_base64="wkwvXaPRb3gcvH4dLGxhzzW3YCM="></latexit>



Example

A

C

B

D

P (A)
<latexit sha1_base64="DiFo2oDOgqmQYid83lBNhW4o5ko=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNXdeOygn1AG8pkOmmHzkzCzEQoob/gxoUibv0hd/6NSRpErQcuHM65l3vv8ULOtLHtT6uwtLyyulZcL21sbm3vlHf32jqIFKEtEvBAdT2sKWeStgwznHZDRbHwOO14k5vU7zxQpVkg7800pK7AI8l8RrBJpWb16nhQrtg1OwNaJE5OKpCjOSh/9IcBiQSVhnCsdc+xQ+PGWBlGOJ2V+pGmISYTPKK9hEosqHbj7NYZOkqUIfIDlZQ0KFN/TsRYaD0VXtIpsBnrv14q/uf1IuNfuDGTYWSoJPNFfsSRCVD6OBoyRYnh04RgolhyKyJjrDAxSTylLITLFGffLy+S9knNqdfqd6eVxnUeRxEO4BCq4MA5NOAWmtACAmN4hGd4sYT1ZL1ab/PWgpXP7MMvWO9fD/qNuw==</latexit>

P (B)
<latexit sha1_base64="ALRvXRhdzomemP1sqKR13hIm4sI=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyWx4mNX6sZlBfuANpTJdNIOnZmEmYlQQn/BjQtF3PpD7vwbkzSIWg9cOJxzL/fe44WcaWPbn1ZhZXVtfaO4Wdra3tndK+8fdHQQKULbJOCB6nlYU84kbRtmOO2FimLhcdr1pjep332gSrNA3ptZSF2Bx5L5jGCTSq1q83RYrtg1OwNaJk5OKpCjNSx/DEYBiQSVhnCsdd+xQ+PGWBlGOJ2XBpGmISZTPKb9hEosqHbj7NY5OkmUEfIDlZQ0KFN/TsRYaD0TXtIpsJnov14q/uf1I+NfuTGTYWSoJItFfsSRCVD6OBoxRYnhs4RgolhyKyITrDAxSTylLITrFBffLy+TzlnNqdfqd+eVRjOPowhHcAxVcOASGnALLWgDgQk8wjO8WMJ6sl6tt0VrwcpnDuEXrPcvEX+NvA==</latexit>

P (C|A,B)
<latexit sha1_base64="FNvio/e9T744Fz8O8XeiDns5+Xg=">AAAB73icbVDJSgNBEK1xjXGLevTSGIQIEmaMuNxicvEYwSyQDKGn05M06Vns7hHCmJ/w4kERr/6ON//GnskganxQ8Hiviqp6TsiZVKb5aSwsLi2vrObW8usbm1vbhZ3dlgwiQWiTBDwQHQdLyplPm4opTjuhoNhzOG0743rit++pkCzwb9UkpLaHhz5zGcFKS51Gqf5wdVw76heKZtlMgeaJlZEiZGj0Cx+9QUAij/qKcCxl1zJDZcdYKEY4neZ7kaQhJmM8pF1NfexRacfpvVN0qJUBcgOhy1coVX9OxNiTcuI5utPDaiT/eon4n9eNlHthx8wPI0V9MlvkRhypACXPowETlCg+0QQTwfStiIywwETpiPJpCJcJzr5fnietk7JVKVduTovVWhZHDvbhAEpgwTlU4Roa0AQCHB7hGV6MO+PJeDXeZq0LRjazB79gvH8BcjuPEA==</latexit>

P (D|C)
<latexit sha1_base64="5KsoU/LrHjHxukda3oDO2xGtCLE=">AAAB7XicbVDLSsNAFL2pr1pfVZduBotQNyW14mNXrAuXFewD2lAm00k7djIJMxOhxP6DGxeKuPV/3Pk3TtIgvg5cOJxzL/fe44acKW3bH1ZuYXFpeSW/Wlhb39jcKm7vtFUQSUJbJOCB7LpYUc4EbWmmOe2GkmLf5bTjThqJ37mjUrFA3OhpSB0fjwTzGMHaSO1m+fK+cTgoluyKnQL9JdWMlCBDc1B87w8DEvlUaMKxUr2qHWonxlIzwums0I8UDTGZ4BHtGSqwT5UTp9fO0IFRhsgLpCmhUap+n4ixr9TUd02nj/VY/fYS8T+vF2nvzImZCCNNBZkv8iKOdICS19GQSUo0nxqCiWTmVkTGWGKiTUCFNITzBCdfL/8l7aNKtVapXR+X6hdZHHnYg30oQxVOoQ5X0IQWELiFB3iCZyuwHq0X63XemrOymV34AevtE4KdjpE=</latexit>

P (A,B,C,D) = P (A = True,B = True, C = True,D = True)

= P (D|A,B,C)P (A,B,C)

= P (D|C)P (A,B,C)

= P (D|C)P (C|A,B)P (A,B)

= P (D|C)P (C|A,B)P (A)P (B)
<latexit sha1_base64="wkwvXaPRb3gcvH4dLGxhzzW3YCM="></latexit>
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Numerical Example

Battery 
off

Light
off

No 
Motion

P(B=t) P(B=f)

0.7 0.3

P(L=t|B) P(L=f|B)

B=t 0.8 0.2

B=f 0.1 0.9

P(M=t|B) P(M=f|B)

B=t 1.0 0.0

B=f 0.1 0.9



Numerical Example: Shorthand

Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7



Probability of No Motion
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M) = P (M |B)P (B) + P (M |¬B)P (¬B)

= 1.0 ⇤ 0.7 + 0.1 ⇤ 0.3
= 0.7 + 0.03

= 0.73



Probability of No Motion
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M) = P (M |B)P (B) + P (M |¬B)P (¬B)

= 1.0 ⇤ 0.7 + 0.1 ⇤ 0.3
= 0.7 + 0.03

= 0.73



Probability of No Motion
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M) = P (M |B)P (B) + P (M |¬B)P (¬B)

= 1.0 ⇤ 0.7 + 0.1 ⇤ 0.3
= 0.7 + 0.03

= 0.73



Probability of No Motion
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M) = P (M |B)P (B) + P (M |¬B)P (¬B)

= 1.0 ⇤ 0.7 + 0.1 ⇤ 0.3
= 0.7 + 0.03

= 0.73



Probability of Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (L) = P (L|B)P (B) + P (L|¬B)P (¬B)

= 0.8 ⇤ 0.3 + 0.1 ⇤ 0.3
= 0.21 + 0.03

= 0.24



Probability of Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (L) = P (L|B)P (B) + P (L|¬B)P (¬B)

= 0.8 ⇤ 0.3 + 0.1 ⇤ 0.3
= 0.21 + 0.03

= 0.24



Probability of Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (L) = P (L|B)P (B) + P (L|¬B)P (¬B)

= 0.8 ⇤ 0.7 + 0.1 ⇤ 0.3
= 0.56 + 0.03

= 0.59



Probability of Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (L) = P (L|B)P (B) + P (L|¬B)P (¬B)

= 0.8 ⇤ 0.7 + 0.1 ⇤ 0.3
= 0.56 + 0.03

= 0.59



Probability of Battery Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (B|L) = P (L|B)P (B)

P (L)

=
0.8 ⇤ 0.7
0.59

= 0.95



Probability of Battery Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (B|L) = P (L|B)P (B)

P (L)

=
0.8 ⇤ 0.7
0.59

= 0.95



Probability of Battery Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (B|L) = P (L|B)P (B)

P (L)

=
0.8 ⇤ 0.7
0.59

= 0.95



Probability of Battery Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (B|L) = P (L|B)P (B)

P (L)

=
0.8 ⇤ 0.7
0.59

= 0.95



Probability of No Motion Given Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M |L) = P (M,B|L) + P (M,¬B|L)
= P (M |B,L)P (B|L) + P (M |¬B,L)P (¬B|L)
= P (M |B)P (B|L) + P (M |¬B)P (¬B|L)
= 1.0 ⇤ 0.95 + 0.1 ⇤ 0.05
= 0.95 + 0.005

= 0.96



Probability of No Motion Given Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M |L) = P (M,B|L) + P (M,¬B|L)
= P (M |B,L)P (B|L) + P (M |¬B,L)P (¬B|L)
= P (M |B)P (B|L) + P (M |¬B)P (¬B|L)
= 1.0 ⇤ 0.95 + 0.1 ⇤ 0.05
= 0.95 + 0.005

= 0.96



Probability of No Motion Given Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M |L) = P (M,B|L) + P (M,¬B|L)
= P (M |B,L)P (B|L) + P (M |¬B,L)P (¬B|L)
= P (M |B)P (B|L) + P (M |¬B)P (¬B|L)
= 1.0 ⇤ 0.95 + 0.1 ⇤ 0.05
= 0.95 + 0.005

= 0.96



Probability of No Motion Given Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M |L) = P (M,B|L) + P (M,¬B|L)
= P (M |B,L)P (B|L) + P (M |¬B,L)P (¬B|L)
= P (M |B)P (B|L) + P (M |¬B)P (¬B|L)
= 1.0 ⇤ 0.95 + 0.1 ⇤ 0.05
= 0.95 + 0.005

= 0.96



Probability of No Motion Given Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M |L) = P (M,B|L) + P (M,¬B|L)
= P (M |B,L)P (B|L) + P (M |¬B,L)P (¬B|L)
= P (M |B)P (B|L) + P (M |¬B)P (¬B|L)
= 1.0 ⇤ 0.95 + 0.1 ⇤ 0.05
= 0.95 + 0.005

= 0.96



Probability of No Motion Given Light Off
Battery 
off

Light
off

No 
Motion

P(L|B)

B 0.8 

¬B 0.1

P(M|B)

B 1.0 

¬B 0.1

P(B) = 0.7

P (M |L) = P (M,B|L) + P (M,¬B|L)
= P (M |B,L)P (B|L) + P (M |¬B,L)P (¬B|L)
= P (M |B)P (B|L) + P (M |¬B)P (¬B|L)
= 1.0 ⇤ 0.95 + 0.1 ⇤ 0.05
= 0.95 + 0.005

= 0.96

P (M) = 0.73
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State Estimation Over Time

xt-1 xt xt+1

What type of connection?
• Serial Connection! 

State Transitions: 

P (Xt|X0:t�1) = P (Xt|Xt�1)
<latexit sha1_base64="3rzKyIPkfDUoKiVeWfMY7G0seZ4=">AAACDnicbZDLSsNAFIYnXmu9VV26GSyFurAkVryBUHTjsoJtA20Jk+mkHTqZhJkTocQ+gRtfxY0LRdy6dufbmKZFqvWHgZ/vnMOZ87uh4BpM88uYm19YXFrOrGRX19Y3NnNb23UdRIqyGg1EoGyXaCa4ZDXgIJgdKkZ8V7CG278a1Rt3TGkeyFsYhKztk67kHqcEEuTkCtWi7QC+x7YTm+dwYA338QWegilycnmzZKbCs8aamDyaqOrkPludgEY+k0AF0bppmSG0Y6KAU8GG2VakWUhon3RZM7GS+Ey34/ScIS4kpIO9QCVPAk7p9ERMfK0Hvpt0+gR6+m9tBP+rNSPwTtsxl2EETNLxIi8SGAI8ygZ3uGIUxCAxhCqe/BXTHlGEQpJgNg3hbKTjn5NnTf2wZJVL5ZujfOVyEkcG7aI9VEQWOkEVdI2qqIYoekBP6AW9Go/Gs/FmvI9b54zJzA76JePjG1+5mU0=</latexit>



State Estimation Over Time

xt-1 xt xt+1

What type of connection?
• Serial Connection! 

State Transitions: 

P (Xt|X0:t�1) = P (Xt|Xt�1)
<latexit sha1_base64="3rzKyIPkfDUoKiVeWfMY7G0seZ4=">AAACDnicbZDLSsNAFIYnXmu9VV26GSyFurAkVryBUHTjsoJtA20Jk+mkHTqZhJkTocQ+gRtfxY0LRdy6dufbmKZFqvWHgZ/vnMOZ87uh4BpM88uYm19YXFrOrGRX19Y3NnNb23UdRIqyGg1EoGyXaCa4ZDXgIJgdKkZ8V7CG278a1Rt3TGkeyFsYhKztk67kHqcEEuTkCtWi7QC+x7YTm+dwYA338QWegilycnmzZKbCs8aamDyaqOrkPludgEY+k0AF0bppmSG0Y6KAU8GG2VakWUhon3RZM7GS+Ey34/ScIS4kpIO9QCVPAk7p9ERMfK0Hvpt0+gR6+m9tBP+rNSPwTtsxl2EETNLxIi8SGAI8ygZ3uGIUxCAxhCqe/BXTHlGEQpJgNg3hbKTjn5NnTf2wZJVL5ZujfOVyEkcG7aI9VEQWOkEVdI2qqIYoekBP6AW9Go/Gs/FmvI9b54zJzA76JePjG1+5mU0=</latexit>

Markov Assumption



Second Order Model

xt-1 xt xt+1

P (Xt|X0:t�1) = P (Xt|Xt�1, Xt�2)
<latexit sha1_base64="DkCM4T+nc6yYB0/GC6xlrIkW2Dg=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARWtCStOINhKIblxVsG2hLmEyn7dDJhZkTocS+hRtfxY0LRdzqzrcxSYvUyw8DH/85hzPndwLBFRjGp5aZm19YXMou51ZW19Y39M2thvJDSVmd+sKXlkMUE9xjdeAgmBVIRlxHsKYzvEzqzVsmFfe9GxgFrOOSvsd7nBKILVsv1QqWDfgOW3ZknMGBOS7iczxjJtb+BMrjoq3njZKRCv8Fcwp5NFXN1j/aXZ+GLvOACqJUyzQC6EREAqeCjXPtULGA0CHps1aMHnGZ6kTpXWO8Fztd3PNl/DzAqTs7ERFXqZHrxJ0ugYH6XUvM/2qtEHonnYh7QQjMo5NFvVBg8HESEu5yySiIUQyESh7/FdMBkYRCHGUuDeE00dH3yX+hUS6ZlVLl+jBfvZjGkUU7aBcVkImOURVdoRqqI4ru0SN6Ri/ag/akvWpvk9aMNp3ZRj+kvX8BXlOcdQ==</latexit>



Second Order Model

xt-1 xt xt+1

P (Xt|X0:t�1) = P (Xt|Xt�1, Xt�2)
<latexit sha1_base64="DkCM4T+nc6yYB0/GC6xlrIkW2Dg=">AAACF3icbZDLSsNAFIYn9VbrLerSzWARWtCStOINhKIblxVsG2hLmEyn7dDJhZkTocS+hRtfxY0LRdzqzrcxSYvUyw8DH/85hzPndwLBFRjGp5aZm19YXMou51ZW19Y39M2thvJDSVmd+sKXlkMUE9xjdeAgmBVIRlxHsKYzvEzqzVsmFfe9GxgFrOOSvsd7nBKILVsv1QqWDfgOW3ZknMGBOS7iczxjJtb+BMrjoq3njZKRCv8Fcwp5NFXN1j/aXZ+GLvOACqJUyzQC6EREAqeCjXPtULGA0CHps1aMHnGZ6kTpXWO8Fztd3PNl/DzAqTs7ERFXqZHrxJ0ugYH6XUvM/2qtEHonnYh7QQjMo5NFvVBg8HESEu5yySiIUQyESh7/FdMBkYRCHGUuDeE00dH3yX+hUS6ZlVLl+jBfvZjGkUU7aBcVkImOURVdoRqqI4ru0SN6Ri/ag/akvWpvk9aMNp3ZRj+kvX8BXlOcdQ==</latexit>



Assumption of Stationary Dynamics

xt-1 xt xt+1

P (Xt|Xt�1) = P (Xt�1|Xt�2)
<latexit sha1_base64="+abK/EgfBtfrNjcMg24HiAYUyUk=">AAACEHicbZDLSsNAFIYn9VbrrerSzWAR24UlacXLQii6cVnBXqANYTKdtkMnF2ZOhBLzCG58FTcuFHHr0p1vY5JWUesPA/985xxmzm/7givQ9Q8tMze/sLiUXc6trK6tb+Q3t5rKCyRlDeoJT7ZtopjgLmsAB8HavmTEsQVr2aOLpN66YVJxz72Gsc9Mhwxc3ueUQIys/H692LYA3+K2FcKBEZXwGU5QevnClahk5Qt6WU+FZ40xNQU0Vd3Kv3d7Hg0c5gIVRKmOoftghkQCp4JFuW6gmE/oiAxYJ7YucZgyw3ShCO/FpIf7noyPCzilPydC4ig1duy40yEwVH9rCfyv1gmgf2KG3PUDYC6dPNQPBAYPJ+ngHpeMghjHhlDJ479iOiSSUIgzzKUhnCY6+l551jQrZaNarl4dFmrn0ziyaAftoiIy0DGqoUtURw1E0R16QE/oWbvXHrUX7XXSmtGmM9vol7S3Ty28mk4=</latexit>



Control Actions

xt-1 xt xt+1

ut-1 ut ut+1

P (Xt|X0:t�1, U0:t�1) = P (Xt|Xt�1, Ut)
<latexit sha1_base64="wp+33EjBfk3+B/tsgMTBhHwX3aY=">AAACIHicbZBLSwMxFIUz9VXrq+rSTbAILWiZsWJVEIpuXFawD2iHIZOmbWjmQXJHKGN/ihv/ihsXiuhOf40z7Vjq40Dg45wbkntsX3AFuv6hpebmFxaX0suZldW19Y3s5lZdeYGkrEY94cmmTRQT3GU14CBY05eMOLZgDXtwGeeNWyYV99wbGPrMdEjP5V1OCUSWlS1X800L8B1uWqF+BgfGaB/XvrGAz/FMPk1hVLCyOb2oj4X/gpFADiWqWtn3dsejgcNcoIIo1TJ0H8yQSOBUsFGmHSjmEzogPdaK0CUOU2Y4XnCE9yKng7uejI4LeOzO3giJo9TQsaNJh0Bf/c5i87+sFUD3xAy56wfAXDp5qBsIDB6O28IdLhkFMYyAUMmjv2LaJ5JQiDrNjEs4jXU8Xfkv1A+LRqlYuj7KVS6SOtJoB+2iPDJQGVXQFaqiGqLoHj2iZ/SiPWhP2qv2NhlNacmdbfRD2ucXemifoQ==</latexit>



Control Actions

xt-1 xt xt+1

ut-1 ut ut+1

P (Xt|X0:t�1, U0:t) = P (Xt|Xt�1, Ut)
<latexit sha1_base64="MkZUMvd+NgNPfBDXJZzd5TNebMo=">AAACHnicbZBLSwMxFIUz9VXrq+rSTbAIFbTMWN8gFN24rGAf0JYhk6ZtaOZBckco4/wSN/4VNy4UEVzpvzGdllIfBwIf59yQ3OMEgiswzS8jNTM7N7+QXswsLa+srmXXN6rKDyVlFeoLX9YdopjgHqsAB8HqgWTEdQSrOf2rYV67Y1Jx37uFQcBaLul6vMMpAW3Z2aNyvm4Dvsd1OzLPYd+K93AlwXgXX+CpdJLpxM7mzIKZCP8Faww5NFbZzn402z4NXeYBFUSphmUG0IqIBE4FizPNULGA0D7psoZGj7hMtaJkvRjvaKeNO77UxwOcuNM3IuIqNXAdPekS6Knf2dD8L2uE0DltRdwLQmAeHT3UCQUGHw+7wm0uGQUx0ECo5PqvmPaIJBR0o5mkhLOhjicr/4XqQcEqFoo3h7nS5biONNpC2yiPLHSCSugalVEFUfSAntALejUejWfjzXgfjaaM8Z1N9EPG5zeHTp8v</latexit>



Sensor Model

xt-1 xt xt+1

ut-1 ut ut+1

zt-1 zt zt+1

P (Zt|X0:t, U0:t) = P (Zt|Xt)
<latexit sha1_base64="k87l7V+x5LGe4TDQNe410RPbLMU=">AAACE3icbZBLSwMxFIUz9VXrq+rSTbAIVaTMWPEFQtGNywr2gW0ZMmnahmYeJHeEMvY/uPGvuHGhiFs37vw3ZtpBqvVA4OOcG5J7nEBwBab5ZaRmZufmF9KLmaXlldW17PpGVfmhpKxCfeHLukMUE9xjFeAgWD2QjLiOYDWnfxnntTsmFfe9GxgErOWSrsc7nBLQlp3dK+dvbcD3uG5H5hkM93FlDLv4HE9k2rCzObNgjoSnwUoghxKV7exns+3T0GUeUEGUalhmAK2ISOBUsGGmGSoWENonXdbQ6BGXqVY02mmId7TTxh1f6uMBHrmTNyLiKjVwHT3pEuipv1ls/pc1QuictCLuBSEwj44f6oQCg4/jgnCbS0ZBDDQQKrn+K6Y9IgkFXWNmVMJprKOflaehelCwioXi9WGudJHUkUZbaBvlkYWOUQldoTKqIIoe0BN6Qa/Go/FsvBnv49GUkdzZRL9kfHwDlFmbnQ==</latexit>


