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Algorithm Bayes Filter(b(x,;), u,, z,)
For all x, do:
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b(xt) = nP(z|2e)b(x)

Endfor
Return b(x;)



Continuous states
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Algorithm Bayes Filter(b(x,;), u,, z,)
For all x, do:

b(z,) = / P(ad|zo-1, ue)b(ze1)

b(r) = nP(z|20)b(x:)

Endfor
Return b(x;)
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Contunuous Systems

u : Robot x | J~ X

. > States
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Inputs

Plant (Robot)



System Transformations

* It is always possible to transform a continuous time-system
to a discrete time-system.

* Is the opposite true?



System Transformations

* It is always possible to transorm a continuous time-system
to a discrete time-system.

* Is the opposite true? The opposite is not true: some systems
are discrete and cannot be transformed to continuous time-
stsytems.



Dynamics and Output

* System Dynamics: How the system changes over time

* Output / Observation: What you observe

* Example: in a robot that has position encoders, you can
measure positions but not velocities!



Discrete Systems
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Plant (Robot)

Ty = f(xe_1,us,t)

Lt = 9(37757 t)



Stationary Discrete Systems

Inputs
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LTt = f(33t—17 Ut)

2t = g(¢)

» States



Question

* How would you estimate velocities from position
measurements?



Question

* How would you estimate velocities from position
measurements?

Ve = pt—l_lA_ pt,At — 0
t



Continuous Systems

U : Robot x | J- X

Dynamics

Inputs > States

Plant (Robot)

&= f(x,u,t)
z = g(x,t)



Question

* What would be an example of a system with time-
dependent (non-stationary) dynamics?



Stationary Continuous Systems
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Example: Pendulum

Assumptions:

* Point mass m

* No friction

 External torque motor




Example: Pendulum

Assumptions:

* Point mass m

* No friction

 External torque motor

[: the length of the rod,

e m: the mass on the endpoint of the rod,

e 0: the angle of the rod (shown in the positive direction),

e T: a torque applied by a motor to the rod,

e [: the moment of inertia of the mass with respect to the rotating center, (I = ml?)

e g: the gravitational acceleration, with assumed uniform gravitational field.
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From Newton’s second law of motion:

10 = —mglsin(0) + 7



Example: Pendulum

Assumptions:

* Point mass m

* No friction

 External torque motor

From Newton’s second law of motion:

10 = —mglsin(0) + 7

All torques and forces have to be balanced!
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Assumptions:

* Point mass m

* No friction

 External torque motor

From Newton’s second law of motion:
10 = —mglsin(0) + 7
mi20 = —mglsin(0) + 7



Example: Pendulum

Assumptions:

* Point mass m

* No friction

 External torque motor

From Newton’s second law of motion:
10 = —mglsin(0) + 7
mi20 = —mglsin(0) + 7

) = —%sin(@) |

T

ml?



Notation

State: position, velocity

Change of state: acceleration (derivative of state)



Pendulum Equation




Pendulum Equation

0 = —gsin
[
X1 — 0
L9 — 0
g .
T = —Tsm




Pendulum Equation

T = —gsin(a:' ) !
1 l 2) 7 le
L2 — X1
T B _—%sin(xg) o




Pendulum Equation

= sin(x2) + —
1 = —=sin(x
! z T iz
.Ci?g—il?l
1 _ —Isin(za) + I
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Closed-Loop Control

Uy = m(xye, a, t)

Desired

Behavior u
Policy

Y
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Goal: Compute a Policy

Uy = m(xye, a, t)

Desired

Behavior u
Policy

Y

Y

Robot
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Desired Behavior

. X
min J = ||z — 27|
Desired
Behavior u
> Policy > Robot

\ 4

Other desired behaviors:
* Maximize external reward (least specific)
» Track a prespecified trajectory (most specific)



Open-Loop Control

Ut = 7-‘-(047 t)
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Open-Loop Control

Ut = 7-‘-(057 t)

Desired

Behavior u

\ 4

Controller

Benefits of open-loop control:
* Fast movement
* Does not require monitoring

Robot
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Negative Feedback Control

Ldesired

Feedback
Controller
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Robot




Negative Feedback & Feedforward Control

Feedforward

Controller

+
Ldesire _

Feedback +
Controller
U
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Negative Feedback Control

* Based on linear control:
* Proportional Control (“Position Error”)

up = (T — Tges, A, t) = Kp(xges(t) — (1))

* Derivative Control (“Damping”)

up = (X — Tges, @, t) = Kp(Tges(t) — 2(t))

* Integral Control (“Steady State Error”)

ur(t) = K; /  (Caes() — 2(8))dt

=0



Negative Feedback Control

* Based on linear control:
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Negative Feedback Control

* Based on linear control:
* Proportional Control (“Position Error”)

up = Kp(Tges(t) — x(t))

Often the state is a vector and the gain is a diagonal matrix



Negative Feedback Control

* Based on linear control:
* Proportional Control (“Position Error”)

up = Kp(Tges(t) — x(t))

Case 1: 2 < Tges
Case 2 : T > Tges

Case 3: ¢ =~ Tyes
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Negative Feedback Control

* Based on linear control:
* Proportional Control (“Position Error”)

up = Kp(Tges(t) — x(t))

* Derivative Control (“Damping”)

up = Kp(Zges(t) — (1))
* Integral Control (”Steic%y State Error”)

ur(t) = K; /  (aes () — () dt

=0



Example: Pendulum

Assumptions:

* Point mass m

* No friction

 External torque motor

[: the length of the rod,

e m: the mass on the endpoint of the rod,

e 0: the angle of the rod (shown in the positive direction),

e T: a torque applied by a motor to the rod,

e [: the moment of inertia of the mass with respect to the rotating center, (I = ml?)

e g: the gravitational acceleration, with assumed uniform gravitational field.



Pendulum Equation

= sin(x2) + —
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Proportional-Derivative Control

Desired state: x;=0, x,=x,

T = ’u,p + Uqg = Kp(ﬂfd — 332) + Kd(() _ 331)
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Proportional-Derivative Control

Desired state: x;=0, x,=x,

T = ’u,p + Uqg = Kp(ﬂfd — 332) + Kd(() _ 331)

At which position do we reach an equilibrium?

:51} B {—%sin(ajg) + m—l] _ H

1 0




Proportional-Derivative Control

Desired state: x;=0, x,=x,

T = ’u,p + Uqg = Kp(ﬂfd — 332) + Kd(() _ 331)

At which position do we reach an equilibrium?

][]



Proportional-Derivative Control

Desired state: x;=0, x,=x,

T = ’u,p + Uqg = Kp(ﬂfd — 332) + Kd(() _ 331)

—%Sin(sz) + # =0
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Proportional-Derivative Control

Desired state: x;=0, x,=x,

T = ’u,p + Uqg = Kp(ﬂfd — 332) + Kd(() _ 331)

—%Sin(sz) + # =0

K — — K
—%sin(a:'g) + p(Ta 7;;22) dr1 _
L1 — 0
, K, (xqg—x
—%sm(a:'g) + p<fnil? 2) =0



Proportional-Derivative Control

Desired state: x;=0, x,=x,

T = Up + Uqg = Kp(ﬂfd — 332) + Kd(() _ 331)

—%Sin(sz) + # =0

K - — K
~Lsin(ay) + AT = BT
L1 — 0
_%Sm(@) + Kp(gjdl; 72) —(0 How do we solve that?
m



Proportional-Derivative Control

_gsm(m) + Kp(md — T3) — 0 How do we solve that?

[ ml?

sin(xa) ~ T2 for small x,



Proportional-Derivative Control

_gsm(m) + Kp(md — T3) — 0 How do we solve that?

[ ml?

sin(xa) ~ T2 for small x,



Proportional-Derivative Control

_%Sm(m) + Kp(xdl; z2) — (0  How do we solve that?
m
Sin(iUQ) ~ T2 for small x,

_J — 0
2 E
K _
_g$2 _|_ p(xd IQ) _ O
mil
Kpazd




Proportional-Derivative Control

prd
mlg + K,

Xy — But our goal was x; = x;!

Ipr%OO



Proportional-Derivative Control

prd
Xy — But our goal was x; = x;!

B mlg + K,

If Kp w00 T2 = I(

Does not work well in the discrete domain!



Proportional-Derivative Control

Kpﬂfd
mlg -+ Kp But our goal was x, = x;!

To —

Ipr%OO To — T4

Does not work well in the discrete domain!

Inserting an integral term solves this
problem!



