
Linear Dynamical Systems

CSCI 545 Introduction to Robotics 
Instructor: Stefanos Nikolaidis

[Resources: CS 545 Introduction to Robotics taught by Prof. Stefan Schaal]



Recap
P (xt|z1:t, u1:t) = ⌘P (zt|xt)
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b(xt) = ⌘P (zt|xt)
X

xt�1

P (xt|xt�1, z1:t�1, u1:t)b(xt�1)
<latexit sha1_base64="qX7FSFz0y7IuiL1yFA/cZW+GQ/w="></latexit>

Algorithm Bayes Filter(b(xt-1), ut , zt)
For all xt do:

Endfor
Return  

b(xt) = ⌘P (zt|xt)b̄(xt)
<latexit sha1_base64="nhlUQHefQSPJjqiajfJXHHZLpmA=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VoNyWx4mMhFN24rGAf0IYwmU7aoZMHMzdijfkFN/6KGxeKuHXnzr8xaYOo9cCFwzn3cu89diC4Al3/1HJz8wuLS/nlwsrq2vpGcXOrpfxQUtakvvBlxyaKCe6xJnAQrBNIRlxbsLY9Ok/99jWTivveFYwDZrpk4HGHUwKJZBXLkR2Xbyyo4NMeA4Ib5VsL7lKhZxM5NSOIKwWrWNKr+gR4lhgZKaEMDav40ev7NHSZB1QQpbqGHoAZEQmcChYXeqFiAaEjMmDdhHrEZcqMJh/FeC9R+tjxZVIe4In6cyIirlJj1046XQJD9ddLxf+8bgjOsRlxLwiBeXS6yAkFBh+n8eA+l4yCGCeEUMmTWzEdEkkoJCFOQzhJcfj98ixp7VeNWrV2eVCqn2Vx5NEO2kVlZKAjVEcXqIGaiKJ79Iie0Yv2oD1pr9rbtDWnZTPb6Be09y8jTZy5</latexit>

b̄(xt) =
X

xt�1

P (xt|xt�1, ut)b(xt�1)
<latexit sha1_base64="o1A/yq8ymaP7Lt1oX4Uzv28MDjI="></latexit>

b(xt) = ⌘P (zt|xt)b̄(xt)
<latexit sha1_base64="nhlUQHefQSPJjqiajfJXHHZLpmA=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VoNyWx4mMhFN24rGAf0IYwmU7aoZMHMzdijfkFN/6KGxeKuHXnzr8xaYOo9cCFwzn3cu89diC4Al3/1HJz8wuLS/nlwsrq2vpGcXOrpfxQUtakvvBlxyaKCe6xJnAQrBNIRlxbsLY9Ok/99jWTivveFYwDZrpk4HGHUwKJZBXLkR2Xbyyo4NMeA4Ib5VsL7lKhZxM5NSOIKwWrWNKr+gR4lhgZKaEMDav40ev7NHSZB1QQpbqGHoAZEQmcChYXeqFiAaEjMmDdhHrEZcqMJh/FeC9R+tjxZVIe4In6cyIirlJj1046XQJD9ddLxf+8bgjOsRlxLwiBeXS6yAkFBh+n8eA+l4yCGCeEUMmTWzEdEkkoJCFOQzhJcfj98ixp7VeNWrV2eVCqn2Vx5NEO2kVlZKAjVEcXqIGaiKJ79Iie0Yv2oD1pr9rbtDWnZTPb6Be09y8jTZy5</latexit>



Continuous states

P (xt|z1:t, u1:t) = ⌘P (zt|xt)

Z

xt�1

P (xt|xt�1, z1:t�1, u1:t)P (xt�1|z1:t�1, u1:t�1)

b(xt) = ⌘P (zt|xt)

Z

xt�1

P (xt|xt�1, z1:t�1, u1:t)b(xt�1)
<latexit sha1_base64="ThVXa22ia+5qPn+++Dy1qT7C5Xs="></latexit>

Algorithm Bayes Filter(b(xt-1), ut , zt)
For all xt do:

Endfor
Return  

b(xt) = ⌘P (zt|xt)b̄(xt)
<latexit sha1_base64="nhlUQHefQSPJjqiajfJXHHZLpmA=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VoNyWx4mMhFN24rGAf0IYwmU7aoZMHMzdijfkFN/6KGxeKuHXnzr8xaYOo9cCFwzn3cu89diC4Al3/1HJz8wuLS/nlwsrq2vpGcXOrpfxQUtakvvBlxyaKCe6xJnAQrBNIRlxbsLY9Ok/99jWTivveFYwDZrpk4HGHUwKJZBXLkR2Xbyyo4NMeA4Ib5VsL7lKhZxM5NSOIKwWrWNKr+gR4lhgZKaEMDav40ev7NHSZB1QQpbqGHoAZEQmcChYXeqFiAaEjMmDdhHrEZcqMJh/FeC9R+tjxZVIe4In6cyIirlJj1046XQJD9ddLxf+8bgjOsRlxLwiBeXS6yAkFBh+n8eA+l4yCGCeEUMmTWzEdEkkoJCFOQzhJcfj98ixp7VeNWrV2eVCqn2Vx5NEO2kVlZKAjVEcXqIGaiKJ79Iie0Yv2oD1pr9rbtDWnZTPb6Be09y8jTZy5</latexit>

b(xt) = ⌘P (zt|xt)b̄(xt)
<latexit sha1_base64="nhlUQHefQSPJjqiajfJXHHZLpmA=">AAACEXicbVDLSsNAFJ3UV62vqks3g0VoNyWx4mMhFN24rGAf0IYwmU7aoZMHMzdijfkFN/6KGxeKuHXnzr8xaYOo9cCFwzn3cu89diC4Al3/1HJz8wuLS/nlwsrq2vpGcXOrpfxQUtakvvBlxyaKCe6xJnAQrBNIRlxbsLY9Ok/99jWTivveFYwDZrpk4HGHUwKJZBXLkR2Xbyyo4NMeA4Ib5VsL7lKhZxM5NSOIKwWrWNKr+gR4lhgZKaEMDav40ev7NHSZB1QQpbqGHoAZEQmcChYXeqFiAaEjMmDdhHrEZcqMJh/FeC9R+tjxZVIe4In6cyIirlJj1046XQJD9ddLxf+8bgjOsRlxLwiBeXS6yAkFBh+n8eA+l4yCGCeEUMmTWzEdEkkoJCFOQzhJcfj98ixp7VeNWrV2eVCqn2Vx5NEO2kVlZKAjVEcXqIGaiKJ79Iie0Yv2oD1pr9rbtDWnZTPb6Be09y8jTZy5</latexit>

b̄(xt) =

Z

xt�1

P (xt|xt�1, ut)b(xt�1)
<latexit sha1_base64="wqafRKyFSadKFgBw/lbcKTgvYmg="></latexit>
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Discrete Systems

ut
<latexit sha1_base64="/MgbdT5h4w1yDwYpWO0IDc4Ls+M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69BIvgqaRW/LgVvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bN2kQtT4YeLw3w8w8LxJco+N8WoWl5ZXVteJ6aWNza3unvLvX1mGsKGvRUISq6xHNBJeshRwF60aKkcATrONNrlO/88CU5qG8x2nE3ICMJPc5JWiku3iAg3LFqToZ7EVSy0kFcjQH5Y/+MKRxwCRSQbTu1ZwI3YQo5FSwWakfaxYROiEj1jNUkoBpN8lOndlHRhnafqhMSbQz9edEQgKtp4FnOgOCY/3XS8X/vF6M/oWbcBnFyCSdL/JjYWNop3/bQ64YRTE1hFDFza02HRNFKJp0SlkIlynOvl9eJO2Taq1erd+eVhpXeRxFOIBDOIYanEMDbqAJLaAwgkd4hhdLWE/Wq/U2by1Y+cw+/IL1/gWFco4X</latexit>

xt
<latexit sha1_base64="6O7DKHVAHIcFV44Tgmw5r3P4x+s=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0ms+HErevFYwbSFNpTNdtMu3WzC7kQsob/BiwdFvPqDvPlv3KRB1Ppg4PHeDDPz/FhwDbb9aZWWlldW18rrlY3Nre2d6u5eW0eJosylkYhU1yeaCS6ZCxwE68aKkdAXrONPrjO/c8+U5pG8g2nMvJCMJA84JWAk92GQwmxQrdl1OwdeJE5BaqhAa1D96A8jmoRMAhVE655jx+ClRAGngs0q/USzmNAJGbGeoZKETHtpfuwMHxlliINImZKAc/XnREpCraehbzpDAmP918vE/7xeAsGFl3IZJ8AknS8KEoEhwtnneMgVoyCmhhCquLkV0zFRhILJp5KHcJnh7PvlRdI+qTuNeuP2tNa8KuIoowN0iI6Rg85RE92gFnIRRRw9omf0YknryXq13uatJauY2Ue/YL1/AU7sjyY=</latexit>



Contunuous Systems



System Transformations

• It is always possible to transform a continuous time-system 
to a discrete time-system.

• Is the opposite true?  



System Transformations

• It is always possible to transorm a continuous time-system 
to a discrete time-system.

• Is the opposite true?  The opposite is not true: some systems 
are discrete and cannot be transformed to continuous time-
stsytems.



Dynamics and Output

• System Dynamics: How the system changes over time

• Output / Observation: What you observe

• Example: in a robot that has position encoders, you can 
measure positions but not velocities! 



Discrete Systems

ut
<latexit sha1_base64="/MgbdT5h4w1yDwYpWO0IDc4Ls+M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69BIvgqaRW/LgVvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bN2kQtT4YeLw3w8w8LxJco+N8WoWl5ZXVteJ6aWNza3unvLvX1mGsKGvRUISq6xHNBJeshRwF60aKkcATrONNrlO/88CU5qG8x2nE3ICMJPc5JWiku3iAg3LFqToZ7EVSy0kFcjQH5Y/+MKRxwCRSQbTu1ZwI3YQo5FSwWakfaxYROiEj1jNUkoBpN8lOndlHRhnafqhMSbQz9edEQgKtp4FnOgOCY/3XS8X/vF6M/oWbcBnFyCSdL/JjYWNop3/bQ64YRTE1hFDFza02HRNFKJp0SlkIlynOvl9eJO2Taq1erd+eVhpXeRxFOIBDOIYanEMDbqAJLaAwgkd4hhdLWE/Wq/U2by1Y+cw+/IL1/gWFco4X</latexit>

xt

xt = f(xt�1, ut, t)

zt = g(xt, t)
<latexit sha1_base64="ZNQagpMEzRHqIkQGpQUAP5zLMQY=">AAACGHicbZBLSwMxFIUz9VXrq+rSTbAIFWqdseJjIRTduKxgH9CWIZNm2tDMg+SOWIf+DDf+FTcuFHHbnf/GTFtErQcCH+fckNzjhIIrMM1PIzU3v7C4lF7OrKyurW9kN7dqKogkZVUaiEA2HKKY4D6rAgfBGqFkxHMEqzv9qySv3zGpeODfwiBkbY90fe5ySkBbdvbw3o5hiC+wm0/owBoWcGRDAcM+brVw5sEGHXZ1OPHsbM4smmPhWbCmkENTVezsqNUJaOQxH6ggSjUtM4R2TCRwKtgw04oUCwntky5ravSJx1Q7Hi82xHva6WA3kPr4gMfuzxsx8ZQaeI6e9Aj01N8sMf/LmhG4Z+2Y+2EEzKeTh9xIYAhw0hLucMkoiIEGQiXXf8W0RyShoLvMjEs4T3TyvfIs1I6KVqlYujnOlS+ndaTRDtpFeWShU1RG16iCqoiiR/SMXtGb8WS8GO/Gx2Q0ZUzvbKNfMkZfKrac0w==</latexit>



Stationary Discrete Systems

ut
<latexit sha1_base64="/MgbdT5h4w1yDwYpWO0IDc4Ls+M=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69BIvgqaRW/LgVvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bN2kQtT4YeLw3w8w8LxJco+N8WoWl5ZXVteJ6aWNza3unvLvX1mGsKGvRUISq6xHNBJeshRwF60aKkcATrONNrlO/88CU5qG8x2nE3ICMJPc5JWiku3iAg3LFqToZ7EVSy0kFcjQH5Y/+MKRxwCRSQbTu1ZwI3YQo5FSwWakfaxYROiEj1jNUkoBpN8lOndlHRhnafqhMSbQz9edEQgKtp4FnOgOCY/3XS8X/vF6M/oWbcBnFyCSdL/JjYWNop3/bQ64YRTE1hFDFza02HRNFKJp0SlkIlynOvl9eJO2Taq1erd+eVhpXeRxFOIBDOIYanEMDbqAJLaAwgkd4hhdLWE/Wq/U2by1Y+cw+/IL1/gWFco4X</latexit>

xt+1
<latexit sha1_base64="aW1SLZn4dwQsHsUtic/cIr1x69w=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkms+HErevFYwX5AG8pmu22XbjZhdyKW0B/hxYMiXv093vw3JmkQtT4YeLw3w8w8L5TCoG1/WguLS8srq4W14vrG5tZ2aWe3aYJIM95ggQx026OGS6F4AwVK3g41p74necsbX6d+655rIwJ1h5OQuz4dKjEQjGIitR56MR47016pbFfsDGSeODkpQ456r/TR7Qcs8rlCJqkxHccO0Y2pRsEknxa7keEhZWM65J2EKupz48bZuVNymCh9Mgh0UgpJpv6ciKlvzMT3kk6f4sj89VLxP68T4eDCjYUKI+SKzRYNIkkwIOnvpC80ZygnCaFMi+RWwkZUU4ZJQsUshMsUZ98vz5PmScWpVqq3p+XaVR5HAfbhAI7AgXOowQ3UoQEMxvAIz/BihdaT9Wq9zVoXrHxmD37Bev8CKFiPlg==</latexit>

xt = f(xt�1, ut)

zt = g(xt)
<latexit sha1_base64="lzZQm3r+ckMXKERp4EOrrDTzpvI=">AAACEnicbZBLSwMxFIUz9VXrq+rSTbAILWiZseJjIRTduKxgH9CWIZNm2tDMg+SOWIf5DW78K25cKOLWlTv/jZm2iK8DgY9zbkjucULBFZjmh5GZmZ2bX8gu5paWV1bX8usbDRVEkrI6DUQgWw5RTHCf1YGDYK1QMuI5gjWd4XmaN6+ZVDzwr2AUsq5H+j53OSWgLTtfurFjSPApdosp7VnJLo5sKOFOB+dubdBJXyfasPMFs2yOhf+CNYUCmqpm5987vYBGHvOBCqJU2zJD6MZEAqeCJblOpFhI6JD0WVujTzymuvF4pQTvaKeH3UDq4wMeu99vxMRTauQ5etIjMFC/s9T8L2tH4B53Y+6HETCfTh5yI4EhwGk/uMcloyBGGgiVXP8V0wGRhIJuMTcu4STV4dfKf6GxX7Yq5crlQaF6Nq0ji7bQNioiCx2hKrpANVRHFN2hB/SEno1749F4MV4noxljemcT/ZDx9gm1+5sX</latexit>



Question

• How would you estimate velocities from position 
measurements? 



Question

• How would you estimate velocities from position 
measurements? 

vt =
pt+1 � pt

�t
,�t ! 0

<latexit sha1_base64="yO2XCPky3d5D2L3xOoyFQeEoQ9Y="></latexit>



Continuous Systems

ẋ = f(x, u, t)

z = g(x, t)
<latexit sha1_base64="b+pf0pZQS2//URuQ3WAkXOlylO4=">AAACCnicbZDLSgMxFIYzXmu9VV26iRahhVJmrHhZCEU3LivYC7SlZNJMG5q5kJyR1qFrN76KGxeKuPUJ3Pk2ptNB1PpD4Oc75yQ5vx0IrsA0P425+YXFpeXUSnp1bX1jM7O1XVN+KCmrUl/4smETxQT3WBU4CNYIJCOuLVjdHlxO6vVbJhX3vRsYBaztkp7HHU4JaNTJ7LW6PkTDMT7HTm5YCAuQx60WTt9p0NMA8p1M1iyasfCssRKTRYkqncyHvpOGLvOACqJU0zIDaEdEAqeCjdOtULGA0AHpsaa2HnGZakfxKmN8oEkXO77UxwMc058TEXGVGrm27nQJ9NXf2gT+V2uG4Jy2I+4FITCPTh9yQoHBx5NccJdLRkGMtCFUcv1XTPtEEgo6vXQcwtlEx98rz5raYdEqFUvXR9nyRRJHCu2ifZRDFjpBZXSFKqiKKLpHj+gZvRgPxpPxarxNW+eMZGYH/ZLx/gXkBZf1</latexit>



Question

• What would be an example of a system with time-
dependent (non-stationary) dynamics? 



Stationary Continuous Systems

ẋ = f(x, u)

z = g(x)
<latexit sha1_base64="qZJ81cicYV+qtHusyx/I33bt9wk=">AAACBnicbVDLSgMxFM3UVx1foy5FCBahBSkzVnwshKIblxXsAzpDyaSZNjTzIMlI69CVG3/FjQtF3PoN7vwbM9Miaj0QODnn3pvc40aMCmman1pubn5hcSm/rK+srq1vGJtbDRHGHJM6DlnIWy4ShNGA1CWVjLQiTpDvMtJ0B5ep37wlXNAwuJGjiDg+6gXUoxhJJXWMXbsbymQ4hufQKw4P4hK0bajfqWuvOCx1jIJZNjPAWWJNSQFMUesYH2oejn0SSMyQEG3LjKSTIC4pZmSs27EgEcID1CNtRQPkE+Ek2RpjuK+ULvRCrk4gYab+7EiQL8TId1Wlj2Rf/PVS8T+vHUvv1EloEMWSBHjykBczKEOYZgK7lBMs2UgRhDlVf4W4jzjCUiWnZyGcpTj+XnmWNA7LVqVcuT4qVC+mceTBDtgDRWCBE1AFV6AG6gCDe/AInsGL9qA9aa/a26Q0p017tsEvaO9fQ8mWjQ==</latexit>



Example: Pendulum 

Assumptions: 
• Point mass m 
• No friction
• External torque motor



Example: Pendulum 

Assumptions: 
• Point mass m 
• No friction
• External torque motor



Example: Pendulum 

Assumptions: 
• Point mass m 
• No friction
• External torque motor

From Newton’s second law of motion: 

I ✓̈ = �mglsin(✓) + ⌧

ml2✓̈ = �mglsin(✓) + ⌧

✓̈ = �g

l
sin(✓) +

⌧

ml2
<latexit sha1_base64="xX9/T6y0+FTC8Kslr05q6fasNqc="></latexit>



Example: Pendulum 

Assumptions: 
• Point mass m 
• No friction
• External torque motor

From Newton’s second law of motion: 

I ✓̈ = �mglsin(✓) + ⌧

ml2✓̈ = �mglsin(✓) + ⌧

✓̈ = �g

l
sin(✓) +

⌧

ml2
<latexit sha1_base64="xX9/T6y0+FTC8Kslr05q6fasNqc="></latexit>

All torques and forces have to be balanced! 



Example: Pendulum 

Assumptions: 
• Point mass m 
• No friction
• External torque motor

From Newton’s second law of motion: 

I ✓̈ = �mglsin(✓) + ⌧

ml2✓̈ = �mglsin(✓) + ⌧

✓̈ = �g

l
sin(✓) +

⌧

ml2
<latexit sha1_base64="xX9/T6y0+FTC8Kslr05q6fasNqc="></latexit>



Example: Pendulum 

Assumptions: 
• Point mass m 
• No friction
• External torque motor

From Newton’s second law of motion: 

I ✓̈ = �mglsin(✓) + ⌧

ml2✓̈ = �mglsin(✓) + ⌧

✓̈ = �g

l
sin(✓) +

⌧

ml2
<latexit sha1_base64="xX9/T6y0+FTC8Kslr05q6fasNqc="></latexit>



Example: Pendulum 

Assumptions: 
• Point mass m 
• No friction
• External torque motor

From Newton’s second law of motion: 

I ✓̈ = �mglsin(✓) + ⌧

ml2✓̈ = �mglsin(✓) + ⌧

✓̈ = �g

l
sin(✓) +

⌧

ml2
<latexit sha1_base64="xX9/T6y0+FTC8Kslr05q6fasNqc="></latexit>



Notation

State: position, velocity

Change of state: acceleration (derivative of state) 



Pendulum Equation
I ✓̈ = �mglsin(✓) + ⌧

ml2✓̈ = �mglsin(✓) + ⌧

✓̈ = �g

l
sin(✓) +

⌧

ml2
<latexit sha1_base64="xX9/T6y0+FTC8Kslr05q6fasNqc="></latexit>

x1 = ✓̇

x2 = ✓
<latexit sha1_base64="pO9vcLxkkG/9qoVSrjVu+8ESlu4=">AAACDXicbZDLSgMxFIYz9VbHW9Wlm2AVXJWZVrwshKIblxXsBTplyKRpG5q5kJyRlqEv4MZXceNCEbfu3fk2ptNB1PpD4Oc75yQ5vxcJrsCyPo3cwuLS8kp+1Vxb39jcKmzvNFQYS8rqNBShbHlEMcEDVgcOgrUiyYjvCdb0hlfTevOOScXD4BbGEev4pB/wHqcENHILByPXxhcYO90QEgcGDMgEOw42R25Z8xlxC0WrZKXC88bOTBFlqrmFD30fjX0WABVEqbZtRdBJiAROBZuYTqxYROiQ9Flb24D4THWSdJsJPtSki3uh1CcAnNKfEwnxlRr7nu70CQzU39oU/ldrx9A76yQ8iGJgAZ091IsFhhBPo8FdLhkFMdaGUMn1XzEdEEko6ADNNITzqU6+V543jXLJrpQqN8fF6mUWRx7toX10hGx0iqroGtVQHVF0jx7RM3oxHown49V4m7XmjGxmF/2S8f4FTyeZ9g==</latexit>



Pendulum Equation
I ✓̈ = �mglsin(✓) + ⌧

ml2✓̈ = �mglsin(✓) + ⌧

✓̈ = �g

l
sin(✓) +

⌧

ml2
<latexit sha1_base64="xX9/T6y0+FTC8Kslr05q6fasNqc="></latexit>

x1 = ✓̇

x2 = ✓
<latexit sha1_base64="pO9vcLxkkG/9qoVSrjVu+8ESlu4=">AAACDXicbZDLSgMxFIYz9VbHW9Wlm2AVXJWZVrwshKIblxXsBTplyKRpG5q5kJyRlqEv4MZXceNCEbfu3fk2ptNB1PpD4Oc75yQ5vxcJrsCyPo3cwuLS8kp+1Vxb39jcKmzvNFQYS8rqNBShbHlEMcEDVgcOgrUiyYjvCdb0hlfTevOOScXD4BbGEev4pB/wHqcENHILByPXxhcYO90QEgcGDMgEOw42R25Z8xlxC0WrZKXC88bOTBFlqrmFD30fjX0WABVEqbZtRdBJiAROBZuYTqxYROiQ9Flb24D4THWSdJsJPtSki3uh1CcAnNKfEwnxlRr7nu70CQzU39oU/ldrx9A76yQ8iGJgAZ091IsFhhBPo8FdLhkFMdaGUMn1XzEdEEko6ADNNITzqU6+V543jXLJrpQqN8fF6mUWRx7toX10hGx0iqroGtVQHVF0jx7RM3oxHown49V4m7XmjGxmF/2S8f4FTyeZ9g==</latexit>

ẋ1 = �g

l
sin(x2) +

⌧

ml2

ẋ2 = x1
<latexit sha1_base64="jq2gvPz/+DIRu0AzLm+/a9+o7qk="></latexit>



Pendulum Equation

ẋ1 = �g

l
sin(x2) +

⌧

ml2

ẋ2 = x1
<latexit sha1_base64="jq2gvPz/+DIRu0AzLm+/a9+o7qk="></latexit>

˙
x1

x2

�
=


� g

l sin(x2) +
⌧

ml2

x1

�

<latexit sha1_base64="0Sd1msf0j+FfJKF6DkYqpY1S0dY="></latexit>



Pendulum Equation

ẋ1 = �g

l
sin(x2) +

⌧

ml2

ẋ2 = x1
<latexit sha1_base64="jq2gvPz/+DIRu0AzLm+/a9+o7qk="></latexit>

˙
x1

x2

�
=


� g

l sin(x2) +
⌧

ml2

x1

�

<latexit sha1_base64="0Sd1msf0j+FfJKF6DkYqpY1S0dY="></latexit>

z = [0 1][x1 x2]
T

<latexit sha1_base64="X2mEnNjx4ykTaOsRc4aQTEhX2ns=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclacXLQii6cVmhN0hjmEwn7dDJhZmJtJZ246u4caGIW9/CnW/jJA2i1h8GPv5zDmfO70aMCmkYn1puYXFpeSW/Wlhb39jc0rd3miKMOSYNHLKQt10kCKMBaUgqGWlHnCDfZaTlDq6SeuuOcEHDoC5HEbF91AuoRzGSynL0vXt4AS0DTqFpW0PHVDB0yvZt3dGLRslIBefBzKAIMtUc/aPTDXHsk0BihoSwTCOS9hhxSTEjk0InFiRCeIB6xFIYIJ8Ie5xeMIGHyulCL+TqBRKm7s+JMfKFGPmu6vSR7Iu/tcT8r2bF0juzxzSIYkkCPFvkxQzKECZxwC7lBEs2UoAwp+qvEPcRR1iq0AppCOeJTr5PnodmuWRWSpWb42L1MosjD/bBATgCJjgFVXANaqABMJiCR/AMXrQH7Ul71d5mrTktm9kFv6S9fwEIDpTZ</latexit>



Closed-Loop Control

ut = ⇡(xt,↵, t)
<latexit sha1_base64="06oZKYXvMZtU7qyZCkHS0A1k438=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARKpSSWPGxEIpuXFawD2hCmEyn7dDJg5kbsYRu/BU3LhRx62e4829M0iBqPXDhcM693HuPGwquwDA+tbn5hcWl5cJKcXVtfWNT39puqSCSlDVpIALZcYligvusCRwE64SSEc8VrO2OrlK/fcek4oF/C+OQ2R4Z+LzPKYFEcvTdyAF8ga2Ql+8dqFhEhENSgUNHLxlVIwOeJWZOSihHw9E/rF5AI4/5QAVRqmsaIdgxkcCpYJOiFSkWEjoiA9ZNqE88puw4e2CCDxKlh/uBTMoHnKk/J2LiKTX23KTTIzBUf71U/M/rRtA/s2PuhxEwn04X9SOBIcBpGrjHJaMgxgkhVPLkVkyHRBIKSWbFLITzFCffL8+S1lHVrFVrN8el+mUeRwHtoX1URiY6RXV0jRqoiSiaoEf0jF60B+1Je9Xepq1zWj6zg35Be/8CCpSVjA==</latexit>



Goal: Compute a Policy

ut = ⇡(xt,↵, t)
<latexit sha1_base64="hfIW4sPQvWpNETM5EVao7jddWN0=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iECqUkVnwshKIblxXsA5oQJtNpO3TyYOZGLKG48VfcuFDErV/hzr8xSYuo9cCFwzn3cu89bii4AsP41HJz8wuLS/nlwsrq2vqGvrnVVEEkKWvQQASy7RLFBPdZAzgI1g4lI54rWMsdXqZ+65ZJxQP/BkYhsz3S93mPUwKJ5Og7kQP4HFshL905UMYWEeGAlDEcOHrRqBgZ8Cwxp6SIpqg7+ofVDWjkMR+oIEp1TCMEOyYSOBVsXLAixUJCh6TPOgn1iceUHWcvjPF+onRxL5BJ+YAz9edETDylRp6bdHoEBuqvl4r/eZ0Ieqd2zP0wAubTyaJeJDAEOM0Dd7lkFMQoIYRKntyK6YBIQiFJrZCFcJbi+PvlWdI8rJjVSvX6qFi7mMaRR7toD5WQiU5QDV2hOmogiu7RI3pGL9qD9qS9am+T1pw2ndlGv6C9fwHDNJXg</latexit>



Desired Behavior

min J = ||xT � x⇤
T ||

<latexit sha1_base64="wRL4PRyBQrBf9Bp24TBXjQciEKo=">AAACCXicbVDLSgMxFM3UV62vqks3wSKIYJla8bEQim7EVYU+hLaWTJq2oUlmSO5Iy7Qu3fgrblwo4tY/cOffmD4QXwfu5XDOvST3eIHgBlz3w4lNTc/MzsXnEwuLS8srydW1kvFDTVmR+sLXVx4xTHDFisBBsKtAMyI9wcpe52zol2+YNtxXBegFrCZJS/EmpwSsVE/iKrAuaBlJrga3F/gE9/vdegHvYtuvd/r9ejLlpt0R8F+SmZAUmiBfT75XGz4NJVNABTGmknEDqEVEA6eCDRLV0LCA0A5psYqlikhmatHokgHeskoDN31tSwEeqd83IiKN6UnPTkoCbfPbG4r/eZUQmke1iKsgBKbo+KFmKDD4eBgLbnDNKIieJYRqbv+KaZtoQsGGlxiFcDzEwdfJf0lpL53JprOX+6nc6SSOONpAm2gbZdAhyqFzlEdFRNEdekBP6Nm5dx6dF+d1PBpzJjvr6Aect0/JDZne</latexit>

Other desired behaviors:
• Maximize external reward (least specific)
• Track a prespecified trajectory (most specific)



Open-Loop Control

ut = ⇡(↵, t)
<latexit sha1_base64="BB6sEQtxjpQ0VLR3G8VAMrmxSxg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEms+FgIRTcuK9gHNCFMppN26OTBzI0QSv0VNy4UceuHuPNvTNIgaj1w4XDOvdx7jxsJrsAwPrWFxaXlldXSWnl9Y3NrW9/Z7agwlpS1aShC2XOJYoIHrA0cBOtFkhHfFazrjq8zv3vPpOJhcAdJxGyfDAPucUoglRy9EjuAL7EV8ZpFRDQiR3Do6FWjbuTA88QsSBUVaDn6hzUIaeyzAKggSvVNIwJ7QiRwKti0bMWKRYSOyZD1UxoQnyl7kh8/xQepMsBeKNMKAOfqz4kJ8ZVKfDft9AmM1F8vE//z+jF45/aEB1EMLKCzRV4sMIQ4SwIPuGQURJISQiVPb8V0RCShkOZVzkO4yHD6/fI86RzXzUa9cXtSbV4VcZTQHtpHNWSiM9REN6iF2oiiBD2iZ/SiPWhP2qv2Nmtd0IqZCvoF7f0LIRKT7Q==</latexit>



Open-Loop Control

ut = ⇡(↵, t)
<latexit sha1_base64="BB6sEQtxjpQ0VLR3G8VAMrmxSxg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqSEms+FgIRTcuK9gHNCFMppN26OTBzI0QSv0VNy4UceuHuPNvTNIgaj1w4XDOvdx7jxsJrsAwPrWFxaXlldXSWnl9Y3NrW9/Z7agwlpS1aShC2XOJYoIHrA0cBOtFkhHfFazrjq8zv3vPpOJhcAdJxGyfDAPucUoglRy9EjuAL7EV8ZpFRDQiR3Do6FWjbuTA88QsSBUVaDn6hzUIaeyzAKggSvVNIwJ7QiRwKti0bMWKRYSOyZD1UxoQnyl7kh8/xQepMsBeKNMKAOfqz4kJ8ZVKfDft9AmM1F8vE//z+jF45/aEB1EMLKCzRV4sMIQ4SwIPuGQURJISQiVPb8V0RCShkOZVzkO4yHD6/fI86RzXzUa9cXtSbV4VcZTQHtpHNWSiM9REN6iF2oiiBD2iZ/SiPWhP2qv2Nmtd0IqZCvoF7f0LIRKT7Q==</latexit>

Benefits of open-loop control:
• Fast movement 
• Does not require monitoring



Closed-Loop Control

ut = ⇡(xt,↵, t)
<latexit sha1_base64="06oZKYXvMZtU7qyZCkHS0A1k438=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARKpSSWPGxEIpuXFawD2hCmEyn7dDJg5kbsYRu/BU3LhRx62e4829M0iBqPXDhcM693HuPGwquwDA+tbn5hcWl5cJKcXVtfWNT39puqSCSlDVpIALZcYligvusCRwE64SSEc8VrO2OrlK/fcek4oF/C+OQ2R4Z+LzPKYFEcvTdyAF8ga2Ql+8dqFhEhENSgUNHLxlVIwOeJWZOSihHw9E/rF5AI4/5QAVRqmsaIdgxkcCpYJOiFSkWEjoiA9ZNqE88puw4e2CCDxKlh/uBTMoHnKk/J2LiKTX23KTTIzBUf71U/M/rRtA/s2PuhxEwn04X9SOBIcBpGrjHJaMgxgkhVPLkVkyHRBIKSWbFLITzFCffL8+S1lHVrFVrN8el+mUeRwHtoX1URiY6RXV0jRqoiSiaoEf0jF60B+1Je9Xepq1zWj6zg35Be/8CCpSVjA==</latexit>



Negative Feedback Control

Σ Feedback 
Controller Robot

ufb
<latexit sha1_base64="aMnmXF49xDej+m9qT+1V2V2rkPE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GgbTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wLwmY+B</latexit>

x
<latexit sha1_base64="WBQ6po/p5LK1PKuvRDf0H0/wKrM=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbly2YB/QhjKZTtqxk0mYmYgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yXXqd+6pVCwUt3oaUTfAI8F8RrA2UvNhUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/K4yjCARzCMThwDnW4gQa0gACFR3iGF+vOerJerbd5a8HKZ/bhF6z3L/8BjTM=</latexit>

xdesired
<latexit sha1_base64="fB0SIj0p78hDHHHxRDGlj2MwuNo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVVIrPnZFNy4r2AekoUwmk3boZCbMTMQS+hluXCji1q9x5984SYOo9cDA4Zx7mXuOHzOqtON8WqWl5ZXVtfJ6ZWNza3unurvXVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vMn15nfuydSUcHv9DQmXoRGnIYUI20k92GYBkRRSYLZsFpz6k4Oe5E0ClKDAu1h9WMQCJxEhGvMkFJuw4m1lyKpKWZkVhkkisQIT9CIuIZyFBHlpfnJM/vIKIEdCmke13au/txIUaTUNPLNZIT0WP31MvE/z010eOGllMeJJhzPPwoTZmthZ/ntwITFmk0NQVhSc6uNx0girE1LlbyEywxn35EXSfek3mjWm7entdZVUUcZDuAQjqEB59CCG2hDBzAIeIRneLG09WS9Wm/z0ZJV7OzDL1jvX+t3kc4=</latexit>

-+



Negative Feedback  & Feedforward Control

Σ Feedback 
Controller Robot

ufb
<latexit sha1_base64="aMnmXF49xDej+m9qT+1V2V2rkPE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GgbTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wLwmY+B</latexit>

x
<latexit sha1_base64="WBQ6po/p5LK1PKuvRDf0H0/wKrM=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiRWfOyKbly2YB/QhjKZTtqxk0mYmYgl9AvcuFDErZ/kzr9xkgZR64ELh3Pu5d57vIgzpW370yosLa+srhXXSxubW9s75d29tgpjSWiLhDyUXQ8rypmgLc00p91IUhx4nHa8yXXqd+6pVCwUt3oaUTfAI8F8RrA2UvNhUK7YVTsDWiROTiqQozEof/SHIYkDKjThWKmeY0faTbDUjHA6K/VjRSNMJnhEe4YKHFDlJtmhM3RklCHyQ2lKaJSpPycSHCg1DTzTGWA9Vn+9VPzP68Xav3ATJqJYU0Hmi/yYIx2i9Gs0ZJISzaeGYCKZuRWRMZaYaJNNKQvhMsXZ98uLpH1SdWrVWvO0Ur/K4yjCARzCMThwDnW4gQa0gACFR3iGF+vOerJerbd5a8HKZ/bhF6z3L/8BjTM=</latexit>

xdesired
<latexit sha1_base64="fB0SIj0p78hDHHHxRDGlj2MwuNo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVVIrPnZFNy4r2AekoUwmk3boZCbMTMQS+hluXCji1q9x5984SYOo9cDA4Zx7mXuOHzOqtON8WqWl5ZXVtfJ6ZWNza3unurvXVSKRmHSwYEL2faQIo5x0NNWM9GNJUOQz0vMn15nfuydSUcHv9DQmXoRGnIYUI20k92GYBkRRSYLZsFpz6k4Oe5E0ClKDAu1h9WMQCJxEhGvMkFJuw4m1lyKpKWZkVhkkisQIT9CIuIZyFBHlpfnJM/vIKIEdCmke13au/txIUaTUNPLNZIT0WP31MvE/z010eOGllMeJJhzPPwoTZmthZ/ntwITFmk0NQVhSc6uNx0girE1LlbyEywxn35EXSfek3mjWm7entdZVUUcZDuAQjqEB59CCG2hDBzAIeIRneLG09WS9Wm/z0ZJV7OzDL1jvX+t3kc4=</latexit> -

+

Feedforward 
Controller

Σ+
+

uff
<latexit sha1_base64="VVGHPdMYn2X2JZGJUVfSJOzCvKQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewa8XELevEYwTwgWcLsZDYZMzuzzMwKYck/ePGgiFf/x5t/42yyiBoLGoqqbrq7gpgzbVz30yksLa+srhXXSxubW9s75d29lpaJIrRJJJeqE2BNORO0aZjhtBMriqOA03Ywvs789gNVmklxZyYx9SM8FCxkBBsrtZJ+GobTfrniVt0Z0CLxclKBHI1++aM3kCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n86unaIjqwxQKJUtYdBM/TmR4kjrSRTYzgibkf7rZeJ/Xjcx4YWfMhEnhgoyXxQmHBmJstfRgClKDJ9Ygoli9lZERlhhYmxApVkIlxnOvl9eJK2Tqler1m5PK/WrPI4iHMAhHIMH51CHG2hAEwjcwyM8w4sjnSfn1XmbtxacfGYffsF5/wL2rY+F</latexit>



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)

• Derivative Control (“Damping”)

• Integral Control (“Steady State Error”) 

uP = ⇡(x� xdes,↵, t) = KP (xdes(t)� x(t))
<latexit sha1_base64="PN4Padwm+ehxFNq38TujRN5UT7E="></latexit>

uI(t) = KI

Z ⌧=t

⌧=0
(xdes(t)� x(t))dt

<latexit sha1_base64="FTYkQLXvI+8gu6QOwQpQt0FSl7I="></latexit>

uD = ⇡(x� xdes,↵, t) = KD(ẋdes(t)� ẋ(t))
<latexit sha1_base64="f9U4QHpXqmZeczDwXtsRhYSJptQ="></latexit>



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)
uP = KP (xdes(t)� x(t))

<latexit sha1_base64="wcMeKLV77vmf5a9F9GirYlJenDI=">AAACB3icbVDLSgMxFM3UV62vqktBgkVoF5YZKz4WQtGN4GYE+4C2DJk0bUMzmSHJSMvQnRt/xY0LRdz6C+78GzPTQdR64HIP59xLco8bMCqVaX4ambn5hcWl7HJuZXVtfSO/uVWXfigwqWGf+aLpIkkY5aSmqGKkGQiCPJeRhju8jP3GHRGS+vxWjQPS8VCf0x7FSGnJye+GTmRP4Dm8duziyIm6RE6KqgQP4Ei3kpMvmGUzAZwlVkoKIIXt5D/aXR+HHuEKMyRlyzID1YmQUBQzMsm1Q0kChIeoT1qacuQR2YmSOyZwXytd2POFLq5gov7ciJAn5dhz9aSH1ED+9WLxP68Vqt5pJ6I8CBXhePpQL2RQ+TAOBXapIFixsSYIC6r/CvEACYSVji6XhHAW4/j75FlSPyxblXLl5qhQvUjjyIIdsAeKwAInoAqugA1qAIN78AiewYvxYDwZr8bbdDRjpDvb4BeM9y+5GZds</latexit>



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)
uP = KP (xdes(t)� x(t))

<latexit sha1_base64="wcMeKLV77vmf5a9F9GirYlJenDI=">AAACB3icbVDLSgMxFM3UV62vqktBgkVoF5YZKz4WQtGN4GYE+4C2DJk0bUMzmSHJSMvQnRt/xY0LRdz6C+78GzPTQdR64HIP59xLco8bMCqVaX4ambn5hcWl7HJuZXVtfSO/uVWXfigwqWGf+aLpIkkY5aSmqGKkGQiCPJeRhju8jP3GHRGS+vxWjQPS8VCf0x7FSGnJye+GTmRP4Dm8duziyIm6RE6KqgQP4Ei3kpMvmGUzAZwlVkoKIIXt5D/aXR+HHuEKMyRlyzID1YmQUBQzMsm1Q0kChIeoT1qacuQR2YmSOyZwXytd2POFLq5gov7ciJAn5dhz9aSH1ED+9WLxP68Vqt5pJ6I8CBXhePpQL2RQ+TAOBXapIFixsSYIC6r/CvEACYSVji6XhHAW4/j75FlSPyxblXLl5qhQvUjjyIIdsAeKwAInoAqugA1qAIN78AiewYvxYDwZr8bbdDRjpDvb4BeM9y+5GZds</latexit>

Often the state is a vector and the gain is a diagonal matrix



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)
uP = KP (xdes(t)� x(t))

<latexit sha1_base64="wcMeKLV77vmf5a9F9GirYlJenDI=">AAACB3icbVDLSgMxFM3UV62vqktBgkVoF5YZKz4WQtGN4GYE+4C2DJk0bUMzmSHJSMvQnRt/xY0LRdz6C+78GzPTQdR64HIP59xLco8bMCqVaX4ambn5hcWl7HJuZXVtfSO/uVWXfigwqWGf+aLpIkkY5aSmqGKkGQiCPJeRhju8jP3GHRGS+vxWjQPS8VCf0x7FSGnJye+GTmRP4Dm8duziyIm6RE6KqgQP4Ei3kpMvmGUzAZwlVkoKIIXt5D/aXR+HHuEKMyRlyzID1YmQUBQzMsm1Q0kChIeoT1qacuQR2YmSOyZwXytd2POFLq5gov7ciJAn5dhz9aSH1ED+9WLxP68Vqt5pJ6I8CBXhePpQL2RQ+TAOBXapIFixsSYIC6r/CvEACYSVji6XhHAW4/j75FlSPyxblXLl5qhQvUjjyIIdsAeKwAInoAqugA1qAIN78AiewYvxYDwZr8bbdDRjpDvb4BeM9y+5GZds</latexit>

Case 1 : x < xdes

Case 2 : x > xdes

Case 3 : x ⇡ xdes
<latexit sha1_base64="DUgD0vhVm8MJLKpk7ftY14rnwjw="></latexit>



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)

• Derivative Control (“Damping”)

uP = KP (xdes(t)� x(t))
<latexit sha1_base64="wcMeKLV77vmf5a9F9GirYlJenDI=">AAACB3icbVDLSgMxFM3UV62vqktBgkVoF5YZKz4WQtGN4GYE+4C2DJk0bUMzmSHJSMvQnRt/xY0LRdz6C+78GzPTQdR64HIP59xLco8bMCqVaX4ambn5hcWl7HJuZXVtfSO/uVWXfigwqWGf+aLpIkkY5aSmqGKkGQiCPJeRhju8jP3GHRGS+vxWjQPS8VCf0x7FSGnJye+GTmRP4Dm8duziyIm6RE6KqgQP4Ei3kpMvmGUzAZwlVkoKIIXt5D/aXR+HHuEKMyRlyzID1YmQUBQzMsm1Q0kChIeoT1qacuQR2YmSOyZwXytd2POFLq5gov7ciJAn5dhz9aSH1ED+9WLxP68Vqt5pJ6I8CBXhePpQL2RQ+TAOBXapIFixsSYIC6r/CvEACYSVji6XhHAW4/j75FlSPyxblXLl5qhQvUjjyIIdsAeKwAInoAqugA1qAIN78AiewYvxYDwZr8bbdDRjpDvb4BeM9y+5GZds</latexit>

uD = KD(ẋdes(t)� ẋ(t))
<latexit sha1_base64="vHRjguKfsWFytH0rDHRkrBxBXqA=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0iGXGio+FULQLwU0F+4C2DJk0bUMzD5I7YhnmI9z4K25cKOLWhTv/xrQdxNeBwMk595Dc4wSCKzDNDyM1Mzs3v5BezCwtr6yuZdc36soPJWU16gtfNh2imOAeqwEHwZqBZMR1BGs4w/Ox37hhUnHfu4ZRwDou6Xu8xykBLdnZ3dCOKjE+xfjSruTbXR+i29iOukzFeSjgPZxI+lKwszmzaE6A/xIrITmUoGpn33Wahi7zgAqiVMsyA+hERAKngsWZdqhYQOiQ9FlLU4+4THWiyVIx3tFKF/d8qY8HeKJ+T0TEVWrkOnrSJTBQv72x+J/XCqF33Im4F4TAPDp9qBcKDD4eN4S7XDIKYqQJoZLrv2I6IJJQ0D1mJiWcjHH4tfJfUt8vWqVi6eogVz5L6kijLbSN8shCR6iMLlAV1RBFd+gBPaFn4954NF6M1+loykgym+gHjLdPMcudLA==</latexit>



Negative Feedback Control

• Based on linear control: 
• Proportional Control (“Position Error”)

• Derivative Control (“Damping”)

• Integral Control (“Steady State Error”) 

uI(t) = KI

Z ⌧=t

⌧=0
(xdes(t)� x(t))dt

<latexit sha1_base64="FTYkQLXvI+8gu6QOwQpQt0FSl7I="></latexit>

uP = KP (xdes(t)� x(t))
<latexit sha1_base64="wcMeKLV77vmf5a9F9GirYlJenDI=">AAACB3icbVDLSgMxFM3UV62vqktBgkVoF5YZKz4WQtGN4GYE+4C2DJk0bUMzmSHJSMvQnRt/xY0LRdz6C+78GzPTQdR64HIP59xLco8bMCqVaX4ambn5hcWl7HJuZXVtfSO/uVWXfigwqWGf+aLpIkkY5aSmqGKkGQiCPJeRhju8jP3GHRGS+vxWjQPS8VCf0x7FSGnJye+GTmRP4Dm8duziyIm6RE6KqgQP4Ei3kpMvmGUzAZwlVkoKIIXt5D/aXR+HHuEKMyRlyzID1YmQUBQzMsm1Q0kChIeoT1qacuQR2YmSOyZwXytd2POFLq5gov7ciJAn5dhz9aSH1ED+9WLxP68Vqt5pJ6I8CBXhePpQL2RQ+TAOBXapIFixsSYIC6r/CvEACYSVji6XhHAW4/j75FlSPyxblXLl5qhQvUjjyIIdsAeKwAInoAqugA1qAIN78AiewYvxYDwZr8bbdDRjpDvb4BeM9y+5GZds</latexit>

uD = KD(ẋdes(t)� ẋ(t))
<latexit sha1_base64="vHRjguKfsWFytH0rDHRkrBxBXqA=">AAACFHicbVDLSgMxFM3UV62vqks3wSK0iGXGio+FULQLwU0F+4C2DJk0bUMzD5I7YhnmI9z4K25cKOLWhTv/xrQdxNeBwMk595Dc4wSCKzDNDyM1Mzs3v5BezCwtr6yuZdc36soPJWU16gtfNh2imOAeqwEHwZqBZMR1BGs4w/Ox37hhUnHfu4ZRwDou6Xu8xykBLdnZ3dCOKjE+xfjSruTbXR+i29iOukzFeSjgPZxI+lKwszmzaE6A/xIrITmUoGpn33Wahi7zgAqiVMsyA+hERAKngsWZdqhYQOiQ9FlLU4+4THWiyVIx3tFKF/d8qY8HeKJ+T0TEVWrkOnrSJTBQv72x+J/XCqF33Im4F4TAPDp9qBcKDD4eN4S7XDIKYqQJoZLrv2I6IJJQ0D1mJiWcjHH4tfJfUt8vWqVi6eogVz5L6kijLbSN8shCR6iMLlAV1RBFd+gBPaFn4954NF6M1+loykgym+gHjLdPMcudLA==</latexit>



Example: Pendulum 

Assumptions: 
• Point mass m 
• No friction
• External torque motor



Pendulum Equation

ẋ1 = �g

l
sin(x2) +

⌧

ml2

ẋ2 = x1
<latexit sha1_base64="jq2gvPz/+DIRu0AzLm+/a9+o7qk="></latexit>

˙
x1

x2

�
=


� g

l sin(x2) +
⌧

ml2

x1

�

<latexit sha1_base64="0Sd1msf0j+FfJKF6DkYqpY1S0dY="></latexit>

z = [0 1][x1 x2]
T

<latexit sha1_base64="X2mEnNjx4ykTaOsRc4aQTEhX2ns=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBFclacXLQii6cVmhN0hjmEwn7dDJhZmJtJZ246u4caGIW9/CnW/jJA2i1h8GPv5zDmfO70aMCmkYn1puYXFpeSW/Wlhb39jc0rd3miKMOSYNHLKQt10kCKMBaUgqGWlHnCDfZaTlDq6SeuuOcEHDoC5HEbF91AuoRzGSynL0vXt4AS0DTqFpW0PHVDB0yvZt3dGLRslIBefBzKAIMtUc/aPTDXHsk0BihoSwTCOS9hhxSTEjk0InFiRCeIB6xFIYIJ8Ie5xeMIGHyulCL+TqBRKm7s+JMfKFGPmu6vSR7Iu/tcT8r2bF0juzxzSIYkkCPFvkxQzKECZxwC7lBEs2UoAwp+qvEPcRR1iq0AppCOeJTr5PnodmuWRWSpWb42L1MosjD/bBATgCJjgFVXANaqABMJiCR/AMXrQH7Ul71d5mrTktm9kFv6S9fwEIDpTZ</latexit>



Proportional-Derivative Control

Desired state: x1 = 0, x2 = xd

⌧ = up + ud = Kp(xd � x2) +Kd(0� x1)
<latexit sha1_base64="pRuHyUeK8tXNEYawzZwPV0dmlBs=">AAACHHicbVDLSgMxFM3UV62vqks3wSK0iGWmFR8LoehG6KaCfUA7DJk0bUMzD/KQlqEf4sZfceNCETcuBP/GzLSIWg8knHvOvST3uCGjQprmp5FaWFxaXkmvZtbWNza3sts7DREojkkdByzgLRcJwqhP6pJKRlohJ8hzGWm6w6vYb94RLmjg38pxSGwP9X3aoxhJLTnZckciBS+gckJ4qO+u5rCqi/xI8yM4ckoFbVR1kTeT2io42ZxZNBPAeWLNSA7MUHOy751ugJVHfIkZEqJtmaG0I8QlxYxMMh0lSIjwEPVJW1MfeUTYUbLcBB5opQt7AdfHlzBRf05EyBNi7Lm600NyIP56sfif11ayd2ZH1A+VJD6ePtRTDMoAxknBLuUESzbWBGFO9V8hHiCOsNR5ZpIQzmOcfK88TxqlolUulm+Oc5XLWRxpsAf2QR5Y4BRUwDWogTrA4B48gmfwYjwYT8ar8TZtTRmzmV3wC8bHF83EnFI=</latexit>



Proportional-Derivative Control

Desired state: x1 = 0, x2 = xd

⌧ = up + ud = Kp(xd � x2) +Kd(0� x1)
<latexit sha1_base64="pRuHyUeK8tXNEYawzZwPV0dmlBs=">AAACHHicbVDLSgMxFM3UV62vqks3wSK0iGWmFR8LoehG6KaCfUA7DJk0bUMzD/KQlqEf4sZfceNCETcuBP/GzLSIWg8knHvOvST3uCGjQprmp5FaWFxaXkmvZtbWNza3sts7DREojkkdByzgLRcJwqhP6pJKRlohJ8hzGWm6w6vYb94RLmjg38pxSGwP9X3aoxhJLTnZckciBS+gckJ4qO+u5rCqi/xI8yM4ckoFbVR1kTeT2io42ZxZNBPAeWLNSA7MUHOy751ugJVHfIkZEqJtmaG0I8QlxYxMMh0lSIjwEPVJW1MfeUTYUbLcBB5opQt7AdfHlzBRf05EyBNi7Lm600NyIP56sfif11ayd2ZH1A+VJD6ePtRTDMoAxknBLuUESzbWBGFO9V8hHiCOsNR5ZpIQzmOcfK88TxqlolUulm+Oc5XLWRxpsAf2QR5Y4BRUwDWogTrA4B48gmfwYjwYT8ar8TZtTRmzmV3wC8bHF83EnFI=</latexit>

At which position do we reach an equilibrium?



Proportional-Derivative Control

Desired state: x1 = 0, x2 = xd

⌧ = up + ud = Kp(xd � x2) +Kd(0� x1)
<latexit sha1_base64="pRuHyUeK8tXNEYawzZwPV0dmlBs=">AAACHHicbVDLSgMxFM3UV62vqks3wSK0iGWmFR8LoehG6KaCfUA7DJk0bUMzD/KQlqEf4sZfceNCETcuBP/GzLSIWg8knHvOvST3uCGjQprmp5FaWFxaXkmvZtbWNza3sts7DREojkkdByzgLRcJwqhP6pJKRlohJ8hzGWm6w6vYb94RLmjg38pxSGwP9X3aoxhJLTnZckciBS+gckJ4qO+u5rCqi/xI8yM4ckoFbVR1kTeT2io42ZxZNBPAeWLNSA7MUHOy751ugJVHfIkZEqJtmaG0I8QlxYxMMh0lSIjwEPVJW1MfeUTYUbLcBB5opQt7AdfHlzBRf05EyBNi7Lm600NyIP56sfif11ayd2ZH1A+VJD6ePtRTDMoAxknBLuUESzbWBGFO9V8hHiCOsNR5ZpIQzmOcfK88TxqlolUulm+Oc5XLWRxpsAf2QR5Y4BRUwDWogTrA4B48gmfwYjwYT8ar8TZtTRmzmV3wC8bHF83EnFI=</latexit>

At which position do we reach an equilibrium?

˙
x1

x2

�
=


� g

l sin(x2) +
⌧

ml2

x1

�
=


0
0

�

<latexit sha1_base64="Zgv7aQCrEdRUdppSEY7UxyBHtbg="></latexit>



Proportional-Derivative Control

Desired state: x1 = 0, x2 = xd

⌧ = up + ud = Kp(xd � x2) +Kd(0� x1)
<latexit sha1_base64="pRuHyUeK8tXNEYawzZwPV0dmlBs=">AAACHHicbVDLSgMxFM3UV62vqks3wSK0iGWmFR8LoehG6KaCfUA7DJk0bUMzD/KQlqEf4sZfceNCETcuBP/GzLSIWg8knHvOvST3uCGjQprmp5FaWFxaXkmvZtbWNza3sts7DREojkkdByzgLRcJwqhP6pJKRlohJ8hzGWm6w6vYb94RLmjg38pxSGwP9X3aoxhJLTnZckciBS+gckJ4qO+u5rCqi/xI8yM4ckoFbVR1kTeT2io42ZxZNBPAeWLNSA7MUHOy751ugJVHfIkZEqJtmaG0I8QlxYxMMh0lSIjwEPVJW1MfeUTYUbLcBB5opQt7AdfHlzBRf05EyBNi7Lm600NyIP56sfif11ayd2ZH1A+VJD6ePtRTDMoAxknBLuUESzbWBGFO9V8hHiCOsNR5ZpIQzmOcfK88TxqlolUulm+Oc5XLWRxpsAf2QR5Y4BRUwDWogTrA4B48gmfwYjwYT8ar8TZtTRmzmV3wC8bHF83EnFI=</latexit>

At which position do we reach an equilibrium?

˙
x1

x2

�
=


� g

l sin(x2) +
⌧

ml2

x1

�
=


0
0

�

<latexit sha1_base64="Zgv7aQCrEdRUdppSEY7UxyBHtbg="></latexit>

�g

l
sin(x2) +

⌧

ml2
= 0

x1 = 0
<latexit sha1_base64="V6lIwfa8Gfkhp9Z2X+ejuHBOyQ0="></latexit>



Proportional-Derivative Control

Desired state: x1 = 0, x2 = xd

�g

l
sin(x2) +

⌧

ml2
= 0

x1 = 0
<latexit sha1_base64="V6lIwfa8Gfkhp9Z2X+ejuHBOyQ0="></latexit>

⌧ = up + ud = Kp(xd � x2) +Kd(0� x1)
<latexit sha1_base64="pRuHyUeK8tXNEYawzZwPV0dmlBs=">AAACHHicbVDLSgMxFM3UV62vqks3wSK0iGWmFR8LoehG6KaCfUA7DJk0bUMzD/KQlqEf4sZfceNCETcuBP/GzLSIWg8knHvOvST3uCGjQprmp5FaWFxaXkmvZtbWNza3sts7DREojkkdByzgLRcJwqhP6pJKRlohJ8hzGWm6w6vYb94RLmjg38pxSGwP9X3aoxhJLTnZckciBS+gckJ4qO+u5rCqi/xI8yM4ckoFbVR1kTeT2io42ZxZNBPAeWLNSA7MUHOy751ugJVHfIkZEqJtmaG0I8QlxYxMMh0lSIjwEPVJW1MfeUTYUbLcBB5opQt7AdfHlzBRf05EyBNi7Lm600NyIP56sfif11ayd2ZH1A+VJD6ePtRTDMoAxknBLuUESzbWBGFO9V8hHiCOsNR5ZpIQzmOcfK88TxqlolUulm+Oc5XLWRxpsAf2QR5Y4BRUwDWogTrA4B48gmfwYjwYT8ar8TZtTRmzmV3wC8bHF83EnFI=</latexit>



Proportional-Derivative Control

Desired state: x1 = 0, x2 = xd

�g

l
sin(x2) +

⌧

ml2
= 0

x1 = 0
<latexit sha1_base64="V6lIwfa8Gfkhp9Z2X+ejuHBOyQ0="></latexit>

⌧ = up + ud = Kp(xd � x2) +Kd(0� x1)
<latexit sha1_base64="pRuHyUeK8tXNEYawzZwPV0dmlBs=">AAACHHicbVDLSgMxFM3UV62vqks3wSK0iGWmFR8LoehG6KaCfUA7DJk0bUMzD/KQlqEf4sZfceNCETcuBP/GzLSIWg8knHvOvST3uCGjQprmp5FaWFxaXkmvZtbWNza3sts7DREojkkdByzgLRcJwqhP6pJKRlohJ8hzGWm6w6vYb94RLmjg38pxSGwP9X3aoxhJLTnZckciBS+gckJ4qO+u5rCqi/xI8yM4ckoFbVR1kTeT2io42ZxZNBPAeWLNSA7MUHOy751ugJVHfIkZEqJtmaG0I8QlxYxMMh0lSIjwEPVJW1MfeUTYUbLcBB5opQt7AdfHlzBRf05EyBNi7Lm600NyIP56sfif11ayd2ZH1A+VJD6ePtRTDMoAxknBLuUESzbWBGFO9V8hHiCOsNR5ZpIQzmOcfK88TxqlolUulm+Oc5XLWRxpsAf2QR5Y4BRUwDWogTrA4B48gmfwYjwYT8ar8TZtTRmzmV3wC8bHF83EnFI=</latexit>

�g

l
sin(x2) +

Kp(xd � x2)�Kdx1

ml2
= 0

x1 = 0
<latexit sha1_base64="lUTnF/6oCwR7K/WcdLtRe5AxpxE="></latexit>



Proportional-Derivative Control

Desired state: x1 = 0, x2 = xd

�g

l
sin(x2) +

⌧

ml2
= 0

x1 = 0
<latexit sha1_base64="V6lIwfa8Gfkhp9Z2X+ejuHBOyQ0="></latexit>

⌧ = up + ud = Kp(xd � x2) +Kd(0� x1)
<latexit sha1_base64="pRuHyUeK8tXNEYawzZwPV0dmlBs=">AAACHHicbVDLSgMxFM3UV62vqks3wSK0iGWmFR8LoehG6KaCfUA7DJk0bUMzD/KQlqEf4sZfceNCETcuBP/GzLSIWg8knHvOvST3uCGjQprmp5FaWFxaXkmvZtbWNza3sts7DREojkkdByzgLRcJwqhP6pJKRlohJ8hzGWm6w6vYb94RLmjg38pxSGwP9X3aoxhJLTnZckciBS+gckJ4qO+u5rCqi/xI8yM4ckoFbVR1kTeT2io42ZxZNBPAeWLNSA7MUHOy751ugJVHfIkZEqJtmaG0I8QlxYxMMh0lSIjwEPVJW1MfeUTYUbLcBB5opQt7AdfHlzBRf05EyBNi7Lm600NyIP56sfif11ayd2ZH1A+VJD6ePtRTDMoAxknBLuUESzbWBGFO9V8hHiCOsNR5ZpIQzmOcfK88TxqlolUulm+Oc5XLWRxpsAf2QR5Y4BRUwDWogTrA4B48gmfwYjwYT8ar8TZtTRmzmV3wC8bHF83EnFI=</latexit>

�g

l
sin(x2) +

Kp(xd � x2)�Kdx1

ml2
= 0

x1 = 0
<latexit sha1_base64="lUTnF/6oCwR7K/WcdLtRe5AxpxE="></latexit>

�g

l
sin(x2) +

Kp(xd � x2)

ml2
= 0

<latexit sha1_base64="JbWjuotPZqe1Fp0RCB85aLN7q7s="></latexit>



Proportional-Derivative Control

Desired state: x1 = 0, x2 = xd

�g

l
sin(x2) +

⌧

ml2
= 0

x1 = 0
<latexit sha1_base64="V6lIwfa8Gfkhp9Z2X+ejuHBOyQ0="></latexit>

⌧ = up + ud = Kp(xd � x2) +Kd(0� x1)
<latexit sha1_base64="pRuHyUeK8tXNEYawzZwPV0dmlBs=">AAACHHicbVDLSgMxFM3UV62vqks3wSK0iGWmFR8LoehG6KaCfUA7DJk0bUMzD/KQlqEf4sZfceNCETcuBP/GzLSIWg8knHvOvST3uCGjQprmp5FaWFxaXkmvZtbWNza3sts7DREojkkdByzgLRcJwqhP6pJKRlohJ8hzGWm6w6vYb94RLmjg38pxSGwP9X3aoxhJLTnZckciBS+gckJ4qO+u5rCqi/xI8yM4ckoFbVR1kTeT2io42ZxZNBPAeWLNSA7MUHOy751ugJVHfIkZEqJtmaG0I8QlxYxMMh0lSIjwEPVJW1MfeUTYUbLcBB5opQt7AdfHlzBRf05EyBNi7Lm600NyIP56sfif11ayd2ZH1A+VJD6ePtRTDMoAxknBLuUESzbWBGFO9V8hHiCOsNR5ZpIQzmOcfK88TxqlolUulm+Oc5XLWRxpsAf2QR5Y4BRUwDWogTrA4B48gmfwYjwYT8ar8TZtTRmzmV3wC8bHF83EnFI=</latexit>

�g

l
sin(x2) +

Kp(xd � x2)�Kdx1

ml2
= 0

x1 = 0
<latexit sha1_base64="lUTnF/6oCwR7K/WcdLtRe5AxpxE="></latexit>

�g

l
sin(x2) +

Kp(xd � x2)

ml2
= 0

<latexit sha1_base64="JbWjuotPZqe1Fp0RCB85aLN7q7s="></latexit>

How do we solve that? 



Proportional-Derivative Control

�g

l
sin(x2) +

Kp(xd � x2)

ml2
= 0

<latexit sha1_base64="JbWjuotPZqe1Fp0RCB85aLN7q7s="></latexit>

How do we solve that? 

sin(x2) ⇠ x2
<latexit sha1_base64="TXDNtO9p0r4STxmBB4RdgUmanEk=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8Ei1E1JWvGyK7pxWcFeoA1hMp20QyeTMDNRS+yjuHGhiFufxJ1v4yQNotYfBj7+cw7nzO9FjEplWZ9GYWl5ZXWtuF7a2Nza3jHLux0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPLtN69JULSkN+oaUScAI049SlGSluuWZaUV+/d+tFA0gBqgK5ZsWpWJrgIdg4VkKvlmh+DYYjjgHCFGZKyb1uRchIkFMWMzEqDWJII4Qkakb5GjgIinSQ7fQYPtTOEfij04wpm7s+JBAVSTgNPdwZIjeXfWmr+V+vHyj9zEsqjWBGO54v8mEEVwjQHOKSCYMWmGhAWVN8K8RgJhJVOq5SFcJ7q5PvLi9Cp1+xGrXF9XGle5HEUwT44AFVgg1PQBFegBdoAgzvwCJ7Bi/FgPBmvxtu8tWDkM3vgl4z3L7Iikx4=</latexit>

for small x2



Proportional-Derivative Control

�g

l
sin(x2) +

Kp(xd � x2)

ml2
= 0

<latexit sha1_base64="JbWjuotPZqe1Fp0RCB85aLN7q7s="></latexit>

How do we solve that? 

sin(x2) ⇠ x2
<latexit sha1_base64="TXDNtO9p0r4STxmBB4RdgUmanEk=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8Ei1E1JWvGyK7pxWcFeoA1hMp20QyeTMDNRS+yjuHGhiFufxJ1v4yQNotYfBj7+cw7nzO9FjEplWZ9GYWl5ZXWtuF7a2Nza3jHLux0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPLtN69JULSkN+oaUScAI049SlGSluuWZaUV+/d+tFA0gBqgK5ZsWpWJrgIdg4VkKvlmh+DYYjjgHCFGZKyb1uRchIkFMWMzEqDWJII4Qkakb5GjgIinSQ7fQYPtTOEfij04wpm7s+JBAVSTgNPdwZIjeXfWmr+V+vHyj9zEsqjWBGO54v8mEEVwjQHOKSCYMWmGhAWVN8K8RgJhJVOq5SFcJ7q5PvLi9Cp1+xGrXF9XGle5HEUwT44AFVgg1PQBFegBdoAgzvwCJ7Bi/FgPBmvxtu8tWDkM3vgl4z3L7Iikx4=</latexit>

for small x2



Proportional-Derivative Control

�g

l
sin(x2) +

Kp(xd � x2)

ml2
= 0

<latexit sha1_base64="JbWjuotPZqe1Fp0RCB85aLN7q7s="></latexit>

How do we solve that? 

sin(x2) ⇠ x2
<latexit sha1_base64="TXDNtO9p0r4STxmBB4RdgUmanEk=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8Ei1E1JWvGyK7pxWcFeoA1hMp20QyeTMDNRS+yjuHGhiFufxJ1v4yQNotYfBj7+cw7nzO9FjEplWZ9GYWl5ZXWtuF7a2Nza3jHLux0ZxgKTNg5ZKHoekoRRTtqKKkZ6kSAo8BjpepPLtN69JULSkN+oaUScAI049SlGSluuWZaUV+/d+tFA0gBqgK5ZsWpWJrgIdg4VkKvlmh+DYYjjgHCFGZKyb1uRchIkFMWMzEqDWJII4Qkakb5GjgIinSQ7fQYPtTOEfij04wpm7s+JBAVSTgNPdwZIjeXfWmr+V+vHyj9zEsqjWBGO54v8mEEVwjQHOKSCYMWmGhAWVN8K8RgJhJVOq5SFcJ7q5PvLi9Cp1+xGrXF9XGle5HEUwT44AFVgg1PQBFegBdoAgzvwCJ7Bi/FgPBmvxtu8tWDkM3vgl4z3L7Iikx4=</latexit>

for small x2

�g

l
x2 +

Kp(xd � x2)

ml2
= 0

�gx2 +
Kp(xd � x2)

ml
= 0

x2 =
Kpxd

mlg +Kp
<latexit sha1_base64="WdkfWzuUrwxrUhBfbikRCbXkgGM="></latexit>
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x2 =
Kpxd

mlg +Kp
<latexit sha1_base64="5DjR83y1MCGWgGcK8zrA9RprW9Y=">AAACCXicbVDLSsNAFJ34rPUVdelmsCiCUJJWfCyEohvBTQX7gDaEyWTSDp08mJmIJWTrxl9x40IRt/6BO//GSRpErQcunDnnXube40SMCmkYn9rM7Nz8wmJpqby8srq2rm9stkUYc0xaOGQh7zpIEEYD0pJUMtKNOEG+w0jHGV1kfueWcEHD4EaOI2L5aBBQj2IklWTr8M6uwb0z2Pc4wsmVHSnBTROfDeABVM/U1itG1cgBp4lZkAoo0LT1j74b4tgngcQMCdEzjUhaCeKSYkbScj8WJEJ4hAakp2iAfCKsJL8khbtKcaEXclWBhLn6cyJBvhBj31GdPpJD8dfLxP+8Xiy9EyuhQRRLEuDJR17MoAxhFgt0KSdYsrEiCHOqdoV4iFQmUoVXzkM4zXD0ffI0adeqZr1avz6sNM6LOEpgG+yAfWCCY9AAl6AJWgCDe/AInsGL9qA9aa/a26R1RitmtsAvaO9fQRaY8A==</latexit>

But our goal was x2 = xd !

If KP ! 1
<latexit sha1_base64="a1RZ93g6V/GbDE8Ykbhwlh814yQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJXEio9d0Y3gpoJ9QBPCZDpph04mYeZGCbELf8WNC0Xc+hvu/BvTB6LWAxcO59zLvff4seAaLOvTKMzNLywuFZdLK6tr6xvm5lZTR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+4GPmtW6Y0j+QNpDFzQ9KTPOCUQC555s6VV8eO4r0+EKWiO+xwGUDqmWWrYo2BZ4k9JWU0Rd0zP5xuRJOQSaCCaN2xrRjcjCjgVLBhyUk0iwkdkB7r5FSSkGk3G98/xPu50sVBpPKSgMfqz4mMhFqnoZ93hgT6+q83Ev/zOgkEp27GZZwAk3SyKEgEhgiPwsBdrhgFkeaEUMXzWzHtE0Uo5JGVxiGcjXD8/fIsaR5W7Gqlen1Urp1P4yiiXbSHDpCNTlANXaI6aiCK7tEjekYvxoPxZLwab5PWgjGd2Ua/YLx/AdefliM=</latexit>



Proportional-Derivative Control

x2 =
Kpxd

mlg +Kp
<latexit sha1_base64="5DjR83y1MCGWgGcK8zrA9RprW9Y=">AAACCXicbVDLSsNAFJ34rPUVdelmsCiCUJJWfCyEohvBTQX7gDaEyWTSDp08mJmIJWTrxl9x40IRt/6BO//GSRpErQcunDnnXube40SMCmkYn9rM7Nz8wmJpqby8srq2rm9stkUYc0xaOGQh7zpIEEYD0pJUMtKNOEG+w0jHGV1kfueWcEHD4EaOI2L5aBBQj2IklWTr8M6uwb0z2Pc4wsmVHSnBTROfDeABVM/U1itG1cgBp4lZkAoo0LT1j74b4tgngcQMCdEzjUhaCeKSYkbScj8WJEJ4hAakp2iAfCKsJL8khbtKcaEXclWBhLn6cyJBvhBj31GdPpJD8dfLxP+8Xiy9EyuhQRRLEuDJR17MoAxhFgt0KSdYsrEiCHOqdoV4iFQmUoVXzkM4zXD0ffI0adeqZr1avz6sNM6LOEpgG+yAfWCCY9AAl6AJWgCDe/AInsGL9qA9aa/a26R1RitmtsAvaO9fQRaY8A==</latexit>

But our goal was x2 = xd !

If KP ! 1
<latexit sha1_base64="a1RZ93g6V/GbDE8Ykbhwlh814yQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJXEio9d0Y3gpoJ9QBPCZDpph04mYeZGCbELf8WNC0Xc+hvu/BvTB6LWAxcO59zLvff4seAaLOvTKMzNLywuFZdLK6tr6xvm5lZTR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+4GPmtW6Y0j+QNpDFzQ9KTPOCUQC555s6VV8eO4r0+EKWiO+xwGUDqmWWrYo2BZ4k9JWU0Rd0zP5xuRJOQSaCCaN2xrRjcjCjgVLBhyUk0iwkdkB7r5FSSkGk3G98/xPu50sVBpPKSgMfqz4mMhFqnoZ93hgT6+q83Ev/zOgkEp27GZZwAk3SyKEgEhgiPwsBdrhgFkeaEUMXzWzHtE0Uo5JGVxiGcjXD8/fIsaR5W7Gqlen1Urp1P4yiiXbSHDpCNTlANXaI6aiCK7tEjekYvxoPxZLwab5PWgjGd2Ua/YLx/AdefliM=</latexit>

x2 = xd
<latexit sha1_base64="JifbRZPO1xri0oQycp17jakiS2A=">AAAB8XicbVDLSsNAFL3xWeur6tLNYFFclbQVHwuh6MZlBfvANoTJZNIOnUzCzERaQv/CjQtF3Po37vwbkzSIWg9cOJxzL/fe44ScKW2an8bC4tLyymphrbi+sbm1XdrZbasgkoS2SMAD2XWwopwJ2tJMc9oNJcW+w2nHGV2nfueBSsUCcacnIbV8PBDMYwTrRLof2zV0dInGtmuXymbFzIDmSTUnZcjRtEsffTcgkU+FJhwr1auaobZiLDUjnE6L/UjREJMRHtBeQgX2qbLi7OIpOkwUF3mBTEpolKk/J2LsKzXxnaTTx3qo/nqp+J/Xi7R3bsVMhJGmgswWeRFHOkDp+8hlkhLNJwnBRLLkVkSGWGKik5CKWQgXKU6/X54n7VqlWq/Ub0/Kjas8jgLswwEcQxXOoAE30IQWEBDwCM/wYijjyXg13matC0Y+swe/YLx/AQiSj/w=</latexit>

Does not work well in the discrete domain! 
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x2 =
Kpxd

mlg +Kp
<latexit sha1_base64="5DjR83y1MCGWgGcK8zrA9RprW9Y=">AAACCXicbVDLSsNAFJ34rPUVdelmsCiCUJJWfCyEohvBTQX7gDaEyWTSDp08mJmIJWTrxl9x40IRt/6BO//GSRpErQcunDnnXube40SMCmkYn9rM7Nz8wmJpqby8srq2rm9stkUYc0xaOGQh7zpIEEYD0pJUMtKNOEG+w0jHGV1kfueWcEHD4EaOI2L5aBBQj2IklWTr8M6uwb0z2Pc4wsmVHSnBTROfDeABVM/U1itG1cgBp4lZkAoo0LT1j74b4tgngcQMCdEzjUhaCeKSYkbScj8WJEJ4hAakp2iAfCKsJL8khbtKcaEXclWBhLn6cyJBvhBj31GdPpJD8dfLxP+8Xiy9EyuhQRRLEuDJR17MoAxhFgt0KSdYsrEiCHOqdoV4iFQmUoVXzkM4zXD0ffI0adeqZr1avz6sNM6LOEpgG+yAfWCCY9AAl6AJWgCDe/AInsGL9qA9aa/a26R1RitmtsAvaO9fQRaY8A==</latexit>

Inserting an integral term solves this 
problem! 

If KP ! 1
<latexit sha1_base64="a1RZ93g6V/GbDE8Ykbhwlh814yQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJXEio9d0Y3gpoJ9QBPCZDpph04mYeZGCbELf8WNC0Xc+hvu/BvTB6LWAxcO59zLvff4seAaLOvTKMzNLywuFZdLK6tr6xvm5lZTR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+4GPmtW6Y0j+QNpDFzQ9KTPOCUQC555s6VV8eO4r0+EKWiO+xwGUDqmWWrYo2BZ4k9JWU0Rd0zP5xuRJOQSaCCaN2xrRjcjCjgVLBhyUk0iwkdkB7r5FSSkGk3G98/xPu50sVBpPKSgMfqz4mMhFqnoZ93hgT6+q83Ev/zOgkEp27GZZwAk3SyKEgEhgiPwsBdrhgFkeaEUMXzWzHtE0Uo5JGVxiGcjXD8/fIsaR5W7Gqlen1Urp1P4yiiXbSHDpCNTlANXaI6aiCK7tEjekYvxoPxZLwab5PWgjGd2Ua/YLx/AdefliM=</latexit>

x2 = xd
<latexit sha1_base64="JifbRZPO1xri0oQycp17jakiS2A=">AAAB8XicbVDLSsNAFL3xWeur6tLNYFFclbQVHwuh6MZlBfvANoTJZNIOnUzCzERaQv/CjQtF3Po37vwbkzSIWg9cOJxzL/fe44ScKW2an8bC4tLyymphrbi+sbm1XdrZbasgkoS2SMAD2XWwopwJ2tJMc9oNJcW+w2nHGV2nfueBSsUCcacnIbV8PBDMYwTrRLof2zV0dInGtmuXymbFzIDmSTUnZcjRtEsffTcgkU+FJhwr1auaobZiLDUjnE6L/UjREJMRHtBeQgX2qbLi7OIpOkwUF3mBTEpolKk/J2LsKzXxnaTTx3qo/nqp+J/Xi7R3bsVMhJGmgswWeRFHOkDp+8hlkhLNJwnBRLLkVkSGWGKik5CKWQgXKU6/X54n7VqlWq/Ub0/Kjas8jgLswwEcQxXOoAE30IQWEBDwCM/wYijjyXg13matC0Y+swe/YLx/AQiSj/w=</latexit>

Does not work well in the discrete domain! 

But our goal was x2 = xd !


