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What about continuous states?

• We will assume that the dynamics model is linear. 

xt =

2

6664

x1,t

x2,t
...

xn,t

3

7775

<latexit sha1_base64="GtthRjHKOaWSQGQLunKerZlBgVM="></latexit>

xt = Axt�1 +But + ✏
<latexit sha1_base64="U4LLT98m7xpkt6jygLA0sig9sYE=">AAACC3icbVBLS0JBGJ1rL7OX1bLNpASGJPcm9FgEZpuWBvkAFZk7jjo498HMd0O5uG8T/ZM2LYpoFfQH2vVD2jdXJXodGDiccz6++Y7tC67ANN+N2Mzs3PxCfDGxtLyyupZc36goL5CUlaknPFmziWKCu6wMHASr+ZIRxxasavfPIr96xaTinnsJQ581HdJ1eYdTAlpqJVODFuATfIoHrRD2rBHO4iIOtJbFDeYrLqJQ2syZY+C/xJqSdGE78/Fy29gttZJvjbZHA4e5QAVRqm6ZPjRDIoFTwUaJRqCYT2ifdFldU5c4TDXD8S0jvKOVNu54Uj8X8Fj9PhESR6mhY+ukQ6CnfnuR+J9XD6Bz1Ay56wfAXDpZ1AkEBg9HxeA2l4yCGGpCqOT6r5j2iCQUdH2JcQnHEQ6+Tv5LKvs5K5/LX+g2imiCONpCKZRBFjpEBXSOSqiMKLpGd+gBPRo3xr3xZDxPojFjOrOJfsB4/QTEiZwm</latexit>

ut =

2

6664

u1,t

u2,t
...

um,t

3

7775

<latexit sha1_base64="9jC37Z5ZirPeb5FHPFEZjX3KHY8="></latexit>



What about continuous states?

• We will assume that the dynamics model is linear. 

xt =

2

6664

x1,t

x2,t
...

xn,t

3

7775

<latexit sha1_base64="GtthRjHKOaWSQGQLunKerZlBgVM="></latexit>

xt = Axt�1 +But + ✏
<latexit sha1_base64="U4LLT98m7xpkt6jygLA0sig9sYE=">AAACC3icbVBLS0JBGJ1rL7OX1bLNpASGJPcm9FgEZpuWBvkAFZk7jjo498HMd0O5uG8T/ZM2LYpoFfQH2vVD2jdXJXodGDiccz6++Y7tC67ANN+N2Mzs3PxCfDGxtLyyupZc36goL5CUlaknPFmziWKCu6wMHASr+ZIRxxasavfPIr96xaTinnsJQ581HdJ1eYdTAlpqJVODFuATfIoHrRD2rBHO4iIOtJbFDeYrLqJQ2syZY+C/xJqSdGE78/Fy29gttZJvjbZHA4e5QAVRqm6ZPjRDIoFTwUaJRqCYT2ifdFldU5c4TDXD8S0jvKOVNu54Uj8X8Fj9PhESR6mhY+ukQ6CnfnuR+J9XD6Bz1Ay56wfAXDpZ1AkEBg9HxeA2l4yCGGpCqOT6r5j2iCQUdH2JcQnHEQ6+Tv5LKvs5K5/LX+g2imiCONpCKZRBFjpEBXSOSqiMKLpGd+gBPRo3xr3xZDxPojFjOrOJfsB4/QTEiZwm</latexit>

A is an n x n matrix, B is n x m 

ut =

2

6664

u1,t

u2,t
...

um,t

3

7775

<latexit sha1_base64="9jC37Z5ZirPeb5FHPFEZjX3KHY8="></latexit>

✏ ⇠ N(0, R)
<latexit sha1_base64="l4KNqSuc0jpeurdJplwVe7PQt3s=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM7QIFaUkFnzsim5cSRX7gCaUyXRih04mYWYilFDwI/wBNy4Ucet3uOvfOEmLqPXAhcM593LvPV7EqFSWNTZyc/MLi0v55cLK6tr6hrm51ZRhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWN7hI/dY9EZKG/FYNI+IG6I5Tn2KktNQ1dxwSScpCDh1JA3hVtg7hzX7XLFkVKwOcJfaUlGpF5+BxXBvWu+an0wtxHBCuMENSdmwrUm6ChKKYkVHBiSWJEB6gO9LRlKOASDfJzh/BPa30oB8KXVzBTP05kaBAymHg6c4Aqb7866Xif14nVv6pm1AexYpwPFnkxwyqEKZZwB4VBCs21ARhQfWtEPeRQFjpxApZCGcpjr9fniXNo4pdrVSvdRrnYII82AVFUAY2OAE1cAnqoAEwSMATeAGvxoPxbLwZ75PWnDGd2Qa/YHx8ASQSl2c=</latexit>



What about continuous states?

• We will assume that the dynamics model is linear. 

xt = Axt�1 +But + ✏
<latexit sha1_base64="U4LLT98m7xpkt6jygLA0sig9sYE=">AAACC3icbVBLS0JBGJ1rL7OX1bLNpASGJPcm9FgEZpuWBvkAFZk7jjo498HMd0O5uG8T/ZM2LYpoFfQH2vVD2jdXJXodGDiccz6++Y7tC67ANN+N2Mzs3PxCfDGxtLyyupZc36goL5CUlaknPFmziWKCu6wMHASr+ZIRxxasavfPIr96xaTinnsJQ581HdJ1eYdTAlpqJVODFuATfIoHrRD2rBHO4iIOtJbFDeYrLqJQ2syZY+C/xJqSdGE78/Fy29gttZJvjbZHA4e5QAVRqm6ZPjRDIoFTwUaJRqCYT2ifdFldU5c4TDXD8S0jvKOVNu54Uj8X8Fj9PhESR6mhY+ukQ6CnfnuR+J9XD6Bz1Ay56wfAXDpZ1AkEBg9HxeA2l4yCGGpCqOT6r5j2iCQUdH2JcQnHEQ6+Tv5LKvs5K5/LX+g2imiCONpCKZRBFjpEBXSOSqiMKLpGd+gBPRo3xr3xZDxPojFjOrOJfsB4/QTEiZwm</latexit>

p(xt|ut, xt�1) = det(2⇡R)�
1
2 exp{�1

2
(xt �Axt�1 �But)

TR�1(xt �Axt�1 �But)}



What about continuous states?

• We will assume that the dynamics model is linear. 

xt = Axt�1 +But + ✏
<latexit sha1_base64="U4LLT98m7xpkt6jygLA0sig9sYE=">AAACC3icbVBLS0JBGJ1rL7OX1bLNpASGJPcm9FgEZpuWBvkAFZk7jjo498HMd0O5uG8T/ZM2LYpoFfQH2vVD2jdXJXodGDiccz6++Y7tC67ANN+N2Mzs3PxCfDGxtLyyupZc36goL5CUlaknPFmziWKCu6wMHASr+ZIRxxasavfPIr96xaTinnsJQ581HdJ1eYdTAlpqJVODFuATfIoHrRD2rBHO4iIOtJbFDeYrLqJQ2syZY+C/xJqSdGE78/Fy29gttZJvjbZHA4e5QAVRqm6ZPjRDIoFTwUaJRqCYT2ifdFldU5c4TDXD8S0jvKOVNu54Uj8X8Fj9PhESR6mhY+ukQ6CnfnuR+J9XD6Bz1Ay56wfAXDpZ1AkEBg9HxeA2l4yCGGpCqOT6r5j2iCQUdH2JcQnHEQ6+Tv5LKvs5K5/LX+g2imiCONpCKZRBFjpEBXSOSqiMKLpGd+gBPRo3xr3xZDxPojFjOrOJfsB4/QTEiZwm</latexit>

p(xt|ut, xt�1) = det(2⇡R)�
1
2 exp{�1

2
(xt �Axt�1 �But)

TR�1(xt �Axt�1 �But)}



Sensor Model

zt = Cxt + �
<latexit sha1_base64="Rm5OP/cKFjCqcWl28rJ3/L5R+cA=">AAAB/3icbVDJSgNBEO2JW4xbVMjFS2MQBCFMDLgchJBcPCZgFkjC0NPTSZr0LHTXiHHMwV/x4sEFr979Am9e/BZ7kiBqfFDweK+Kqnp2ILgC0/wwEnPzC4tLyeXUyura+kZ6c6uu/FBSVqO+8GXTJooJ7rEacBCsGUhGXFuwhj0ox37jkknFfe8ChgHruKTn8S6nBLRkpTPXFuAzXMZXVgQjfIDbDhNArHTWzJlj4FmSn5JsMV P95E+lt4qVfm87Pg1d5gEVRKlW3gygExEJnAo2SrVDxQJCB6THWpp6xGWqE43vH+E9rTi460tdHuCx+nMiIq5SQ9fWnS6BvvrrxeJ/XiuE7kkn4l4QAvPoZFE3FBh8HIeBHS4ZBTHUhFDJ9a2Y9okkFHRkqXEIpzGOvl+eJfXDXL6QK1R1GiU0QRLtoF20j/LoGBXROaqgGqLoBt2hB/Ro3Br3xrPxMmlNGNOZbfQLxusX8Y+YnA==</latexit>

C is an k x n matrix

zt =

2

6664

z1,t
z2,t
...

zk,t

3

7775

<latexit sha1_base64="/0rXp7kfsJ3/JWkwOdYEfIaToIk="></latexit>

� ⇠ N(0, Q)
<latexit sha1_base64="nEg4c8RxFw3wI4KDvbrKtEUGdh4=">AAAB/HicbVDLSsNAFJ3UV62vaJduhhahopTEgo9d0Y0racE+oAllMpm0QycPZiZCCPUr3LtxoYhbP8Rd/8ZJWsTXgQuHc+7l3nuciFEhDWOmFZaWV1bXiuuljc2t7R19d68rwphj0sEhC3nfQYIwGpCOpJKRfsQJ8h1Ges7kKvN7d4QLGga3MomI7aNRQD2KkVTSUC9bLmESQUtQH97UjGPYPhzqVaNu5IB/ibkg1WbFOnqYNZPWUP+w3BDHPgkkZkiIgWlE0k4RlxQzMi1ZsSARwhM0IgNFA+QTYaf58VN4oBQXeiFXFUiYq98nUuQLkfiO6vSRHIvfXib+5w1i6Z3bKQ2iWJIAzxd5MYMyhFkS0KWcYMkSRRDmVN0K8RhxhKXKq5SHcJHh9Ovlv6R7Ujcb9UZbpXEJ5iiCfVABNWCCM9AE16AFOgCDBDyCZ/Ci3WtP2qv2Nm8taIuZMvgB7f0TWqaWYg==</latexit>



Sensor Model

zt = Cxt + �
<latexit sha1_base64="Rm5OP/cKFjCqcWl28rJ3/L5R+cA=">AAAB/3icbVDJSgNBEO2JW4xbVMjFS2MQBCFMDLgchJBcPCZgFkjC0NPTSZr0LHTXiHHMwV/x4sEFr979Am9e/BZ7kiBqfFDweK+Kqnp2ILgC0/wwEnPzC4tLyeXUyura+kZ6c6uu/FBSVqO+8GXTJooJ7rEacBCsGUhGXFuwhj0ox37jkknFfe8ChgHruKTn8S6nBLRkpTPXFuAzXMZXVgQjfIDbDhNArHTWzJlj4FmSn5JsMV P95E+lt4qVfm87Pg1d5gEVRKlW3gygExEJnAo2SrVDxQJCB6THWpp6xGWqE43vH+E9rTi460tdHuCx+nMiIq5SQ9fWnS6BvvrrxeJ/XiuE7kkn4l4QAvPoZFE3FBh8HIeBHS4ZBTHUhFDJ9a2Y9okkFHRkqXEIpzGOvl+eJfXDXL6QK1R1GiU0QRLtoF20j/LoGBXROaqgGqLoBt2hB/Ro3Br3xrPxMmlNGNOZbfQLxusX8Y+YnA==</latexit>

zt =

2

6664

z1,t
z2,t
...

zk,t

3

7775

<latexit sha1_base64="/0rXp7kfsJ3/JWkwOdYEfIaToIk="></latexit>

p(zt|xt) = det(2⇡Q)�
1
2 exp{�1

2
(zt � Cxt)

TQ�1(zt � Cxt)}



How is information propagated? 

• Initial belief of x_0:

• Propagation of mean

b(x0) = det(2⇡⌃0)
� 1

2 exp{�1

2
(x0 � µ0)

T⌃�1
0 (x0 � µ0)}

<latexit sha1_base64="We2kUKLZxxBjj/iB5HXROVbgTLA="></latexit>

µt+1 = E[Axt +But+1 + ✏]

= E[Axt] + E[But+1] + E[✏]

= AE[xt] +But+1 + E[✏]

= Aµt +But+1
<latexit sha1_base64="QYP9BRZVifO7hm+ibnbMSjgUP0I="></latexit>



How is information propagated? 

• Initial belief of x_0:

• Propagation of Covariance

b(x0) = det(2⇡⌃0)
� 1

2 exp{�1

2
(x0 � µ0)

T⌃�1
0 (x0 � µ0)}

<latexit sha1_base64="We2kUKLZxxBjj/iB5HXROVbgTLA="></latexit>

⌃t = E[(xt � µt)(xt � µt)
T ]

<latexit sha1_base64="Rer+1Yu4AbQXsTZUrr7V3HGIMTY=">AAACFXicbZDLSgMxFIYzXmu9VV26CRZBQcuMFS8LoSiCy4q2FtpxyKSZNjSZGZIzYhn6Em58FTcuFHEruPNtTC+Itx8CX/5zDsn5/VhwDbb9YY2NT0xOTWdmsrNz8wuLuaXlqo4SRVmFRiJSNZ9oJnjIKsBBsFqsGJG+YFd+56Rfv7phSvMovIRuzFxJWiEPOCVgLC+31bjgLUk8wEf4tL5xa2AbN2TiweaPy3V62XO9XN4u2APhv+CMII9GKnu590YzoolkIVBBtK47dgxuShRwKlgv20g0iwntkBarGwyJZNpNB1v18LpxmjiIlDkh4IH7fSIlUuuu9E2nJNDWv2t9879aPYHgwE15GCfAQjp8KEgEhgj3I8JNrhgF0TVAqOLmr5i2iSIUTJDZQQiHfe19rfwXqjsFp1gonu/mS8ejODJoFa2hDeSgfVRCZ6iMKoiiO/SAntCzdW89Wi/W67B1zBrNrKAfst4+AR67nRI=</latexit>



How is information propagated? 

• Initial belief of x_0:

• Propagation of Covariance

b(x0) = det(2⇡⌃0)
� 1

2 exp{�1

2
(x0 � µ0)

T⌃�1
0 (x0 � µ0)}

<latexit sha1_base64="We2kUKLZxxBjj/iB5HXROVbgTLA="></latexit>

⌃t = E[(xt � µt)(xt � µt)
T ]

<latexit sha1_base64="Rer+1Yu4AbQXsTZUrr7V3HGIMTY=">AAACFXicbZDLSgMxFIYzXmu9VV26CRZBQcuMFS8LoSiCy4q2FtpxyKSZNjSZGZIzYhn6Em58FTcuFHEruPNtTC+Itx8CX/5zDsn5/VhwDbb9YY2NT0xOTWdmsrNz8wuLuaXlqo4SRVmFRiJSNZ9oJnjIKsBBsFqsGJG+YFd+56Rfv7phSvMovIRuzFxJWiEPOCVgLC+31bjgLUk8wEf4tL5xa2AbN2TiweaPy3V62XO9XN4u2APhv+CMII9GKnu590YzoolkIVBBtK47dgxuShRwKlgv20g0iwntkBarGwyJZNpNB1v18LpxmjiIlDkh4IH7fSIlUuuu9E2nJNDWv2t9879aPYHgwE15GCfAQjp8KEgEhgj3I8JNrhgF0TVAqOLmr5i2iSIUTJDZQQiHfe19rfwXqjsFp1gonu/mS8ejODJoFa2hDeSgfVRCZ6iMKoiiO/SAntCzdW89Wi/W67B1zBrNrKAfst4+AR67nRI=</latexit>

xt � µt = Axt�1 +But + ✏� µt

= Axt�1 +But + ✏�Aµt�1 �But

= A(xt�1 � µt�1) + ✏
<latexit sha1_base64="wi5AAAQUB6yDz7R45YPsRjdqbx0="></latexit>



How is information propagated? 

• Initial belief of x_0:

• Propagation of Covariance

b(x0) = det(2⇡⌃0)
� 1

2 exp{�1

2
(x0 � µ0)

T⌃�1
0 (x0 � µ0)}

<latexit sha1_base64="We2kUKLZxxBjj/iB5HXROVbgTLA="></latexit>

⌃t = E[(xt � µt)(xt � µt)
T ]

<latexit sha1_base64="Rer+1Yu4AbQXsTZUrr7V3HGIMTY=">AAACFXicbZDLSgMxFIYzXmu9VV26CRZBQcuMFS8LoSiCy4q2FtpxyKSZNjSZGZIzYhn6Em58FTcuFHEruPNtTC+Itx8CX/5zDsn5/VhwDbb9YY2NT0xOTWdmsrNz8wuLuaXlqo4SRVmFRiJSNZ9oJnjIKsBBsFqsGJG+YFd+56Rfv7phSvMovIRuzFxJWiEPOCVgLC+31bjgLUk8wEf4tL5xa2AbN2TiweaPy3V62XO9XN4u2APhv+CMII9GKnu590YzoolkIVBBtK47dgxuShRwKlgv20g0iwntkBarGwyJZNpNB1v18LpxmjiIlDkh4IH7fSIlUuuu9E2nJNDWv2t9879aPYHgwE15GCfAQjp8KEgEhgj3I8JNrhgF0TVAqOLmr5i2iSIUTJDZQQiHfe19rfwXqjsFp1gonu/mS8ejODJoFa2hDeSgfVRCZ6iMKoiiO/SAntCzdW89Wi/W67B1zBrNrKAfst4+AR67nRI=</latexit>

xt � µt = Axt�1 +But + ✏� µt

= Axt�1 +But + ✏�Aµt�1 �But

= A(xt�1 � µt�1) + ✏
<latexit sha1_base64="wi5AAAQUB6yDz7R45YPsRjdqbx0="></latexit>



How is information propagated? 

• Initial belief of x_0:

• Propagation of Covariance

b(x0) = det(2⇡⌃0)
� 1

2 exp{�1

2
(x0 � µ0)

T⌃�1
0 (x0 � µ0)}

<latexit sha1_base64="We2kUKLZxxBjj/iB5HXROVbgTLA="></latexit>

⌃t = E[(xt � µt)(xt � µt)
T ]

<latexit sha1_base64="Rer+1Yu4AbQXsTZUrr7V3HGIMTY=">AAACFXicbZDLSgMxFIYzXmu9VV26CRZBQcuMFS8LoSiCy4q2FtpxyKSZNjSZGZIzYhn6Em58FTcuFHEruPNtTC+Itx8CX/5zDsn5/VhwDbb9YY2NT0xOTWdmsrNz8wuLuaXlqo4SRVmFRiJSNZ9oJnjIKsBBsFqsGJG+YFd+56Rfv7phSvMovIRuzFxJWiEPOCVgLC+31bjgLUk8wEf4tL5xa2AbN2TiweaPy3V62XO9XN4u2APhv+CMII9GKnu590YzoolkIVBBtK47dgxuShRwKlgv20g0iwntkBarGwyJZNpNB1v18LpxmjiIlDkh4IH7fSIlUuuu9E2nJNDWv2t9879aPYHgwE15GCfAQjp8KEgEhgj3I8JNrhgF0TVAqOLmr5i2iSIUTJDZQQiHfe19rfwXqjsFp1gonu/mS8ejODJoFa2hDeSgfVRCZ6iMKoiiO/SAntCzdW89Wi/W67B1zBrNrKAfst4+AR67nRI=</latexit>

xt � µt = Axt�1 +But + ✏� µt

= Axt�1 +But + ✏�Aµt�1 �But

= A(xt�1 � µt�1) + ✏
<latexit sha1_base64="wi5AAAQUB6yDz7R45YPsRjdqbx0="></latexit>



Propagation of covariance
xt � µt = Axt�1 +But + ✏� µt

= Axt�1 +But + ✏�Aµt�1 �But

= A(xt�1 � µt�1) + ✏
<latexit sha1_base64="wi5AAAQUB6yDz7R45YPsRjdqbx0="></latexit>

⌃t = E[(xt � µt)(xt � µt)
T ]

= E[(A(xt�1 � µt�1) + ✏)(A(xt�1 � µt�1) + ✏)T ]

= E[A(xt�1 � µt�1) + ✏)((xt�1 � µt�1)
TAT + ✏T )]

= E[A(xt�1 � µt�1)(xt�1 � µt�1�)TAT

+A(xt�1 � µt�1)✏
T + ✏(xt�1 � µt�1)

TAT + ✏✏T ]

= E[A(xt�1 � µt�1)(xt�1 � µt�1)
TAT ]

+ E[A(xt�1 � µt�1)✏
T ] + E[✏(xt�1 � µt�1)

TAT ] + E[✏✏T ]
<latexit sha1_base64="5l7cUye+qYgptFUQeoSiVpyoBQ0="></latexit>



Propagation of covariance
xt � µt = Axt�1 +But + ✏� µt

= Axt�1 +But + ✏�Aµt�1 �But

= A(xt�1 � µt�1) + ✏
<latexit sha1_base64="wi5AAAQUB6yDz7R45YPsRjdqbx0="></latexit>

⌃t = E[(xt � µt)(xt � µt)
T ]

= E[(A(xt�1 � µt�1) + ✏)(A(xt�1 � µt�1) + ✏)T ]

= E[(A(xt�1 � µt�1) + ✏)((xt�1 � µt�1)
TAT + ✏T )]

= E[A(xt�1 � µt�1)(xt�1 � µt�1�)TAT

+A(xt�1 � µt�1)✏
T + ✏(xt�1 � µt�1)

TAT + ✏✏T ]

= E[A(xt�1 � µt�1)(xt�1 � µt�1)
TAT ]

+ E[A(xt�1 � µt�1)✏
T ] + E[✏(xt�1 � µt�1)

TAT ] + E[✏✏T ]
<latexit sha1_base64="RpEVA+o8M9NAU1H920x3PT2/iLY="></latexit>



Propagation of covariance

E[A(xt�1 � µt�1)✏
T ] = 0

<latexit sha1_base64="yms83xmjxzsyO5WllYpzBhCnDSk=">AAACD3icbZDLSsNAFIYn9VbrrerSzWCx1EVLYsXLQqiK4LJCb5DEMplO2qGTSZiZiCX0Ddz4Km5cKOLWrTvfxjQN4u2HgY//nMOZ8zsBo1Lp+oeWmZmdm1/ILuaWlldW1/LrGy3phwKTJvaZLzoOkoRRTpqKKkY6gSDIcxhpO8PzSb19Q4SkPm+oUUBsD/U5dSlGKra6+eKFeVq67UaqbIzLlhdOadcigaTM59cNGxZPoN7NF/SKngj+BSOFAkhV7+bfrZ6PQ49whRmS0jT0QNkREopiRsY5K5QkQHiI+sSMkSOPSDtK7hnDndjpQdcX8eMKJu73iQh5Uo48J+70kBrI37WJ+V/NDJV7ZEeUB6EiHE8XuSGDyoeTcGCPCoIVG8WAsKDxXyEeIIGwiiPMJSEcT3TwdfJfaO1VjGqlerVfqJ2lcWTBFtgGJWCAQ1ADl6AOmgCDO/AAnsCzdq89ai/a67Q1o6Uzm+CHtLdPMfGa/Q==</latexit>

E[✏(xt�1 � µt�1)
TAT ] = 0

<latexit sha1_base64="w7KTzJgMN7gfD29Xdm5ozHODnaI=">AAACEnicbZDLSsNAFIYn9VbrLerSzWBR2kVLYsXLQqiK4LJCb9CmZTKdtEMnkzAzEUvoM7jxVdy4UMStK3e+jUlaRK0/DHz85xzOnN/2GZXKMD611Nz8wuJSejmzsrq2vqFvbtWlFwhMathjnmjaSBJGOakpqhhp+oIg12akYQ8v43rjlghJPV5VI59YLupz6lCMVGR19fxVq018SZnHYe6uG6qCOS603WBC+U71vFO14P4ZNLp61igaieAsmFPIgqkqXf2j3fNw4BKuMENStkzDV1aIhKKYkXGmHUjiIzxEfdKKkCOXSCtMThrDvcjpQccT0eMKJu7PiRC5Uo5cO+p0kRrIv7XY/K/WCpRzYoWU+4EiHE8WOQGDyoNxPrBHBcGKjSJAWNDorxAPkEBYRSlmkhBOYx19nzwL9YOiWSqWbg6z5YtpHGmwA3ZBDpjgGJTBNaiAGsDgHjyCZ/CiPWhP2qv2NmlNadOZbfBL2vsXEcWb7Q==</latexit>

E[✏✏T ] = R
<latexit sha1_base64="Vqxv2mP8p1fSMrUwmSaqc/hWqps=">AAACBHicbZDLSsNAFIYnXmu9RV12M1gUVyWx4mUhFEVwWaU3SGOZTKft0MkkzEyEErpw46u4caGIWx/CnW/jJI2i1h8GPv5zDmfO74WMSmVZH8bM7Nz8wmJuKb+8srq2bm5sNmQQCUzqOGCBaHlIEkY5qSuqGGmFgiDfY6TpDc+TevOWCEkDXlOjkLg+6nPaoxgpbXXMwoXTJqGkLODwC25qLtw9hdcds2iVrFRwGuwMiiBTtWO+t7sBjnzCFWZISse2QuXGSCiKGRnn25EkIcJD1CeORo58It04PWIMd7TThb1A6McVTN2fEzHypRz5nu70kRrIv7XE/K/mRKp37MaUh5EiHE8W9SIGVQCTRGCXCoIVG2lAWFD9V4gHSCCsdG75NISTRIffJ09DY79kl0vlq4Ni5SyLIwcKYBvsARscgQq4BFVQBxjcgQfwBJ6Ne+PReDFeJ60zRjazBX7JePsEVsuXYA==</latexit>

E[A(xt�1 � µt�1)(xt�1 � µt�1)
TAT ] = AE[(xt�1 � µt�1)(xt�1 � µt�1)

T ]AT

= A⌃t�1A
T

<latexit sha1_base64="FzxKFnDtYA2uGdH3kLNg0Njydv4="></latexit>



Propagation of covariance
⌃t = E[(xt � µt)(xt � µt)

T ]

= A⌃t�1A
T +R

<latexit sha1_base64="mXlsIM9i8zWIm0jooTekvNrHYj4="></latexit>



Propagation of mean and covariance

µt = Aµt�1 +But

⌃t = A⌃t�1A
T +R

<latexit sha1_base64="nP1YGwA+Ia7KoApkk3Jh+BrV0ys=">AAACM3icbVDLSgMxFM34dnxVXboJFkUQy4yKj4Vg60Zc+aoKnTpk0rQNJjNDckcoQ//JjT/iQhAXirj1H0w7g/g6EDj3nHNJcoJYcA2O82QNDA4Nj4yOjdsTk1PTM4XZuQsdJYqyKo1EpK4CopngIasCB8GuYsWIDAS7DG4Oev7lLVOaR+E5dGJWl6QV8ianBIzkF448mfgpdPHyHi7jbFhzu3gVV3BmeB62vTPeksSHPJVNWb B8fW7Cp7Zt+4WiU3L6wH+Jm5MiynHsFx68RkQTyUKggmhdc50Y6ilRwKlgXdtLNIsJvSEtVjM0JJLpetr/cxcvGaWBm5EyJwTcV79vpERq3ZGBSUoCbf3b64n/ebUEmjv1lIdxAiyk2UXNRGCIcK9A3OCKURAdQwhV3LwV0zZRhIKpOStht4etry//JRfrJXejtHGyWdyv5HWMoQW0iFaQi7bRPjpEx6iKKLpDj+gFvVr31rP1Zr1n0QEr35lHP2B9fAInT6XR</latexit>



Kalman Filter



Kalman Filter



Kalman Filter

Kt = Kalman Gain
Qt = Measurement Noise (Covariance)

If                    , how does Kt change?Qt ! 1
<latexit sha1_base64="Krt43rrWSpxDhrpq76qTkSfCJzo=">AAAB/3icbVDLSsNAFJ3UV62vquDGzWARXJXEio9d0Y3LFuwDmlIm00k7dDITZm6UErvwV9y4UMStv+HOvzFJi6j1wIXDOfdy7z1eKLgB2/60cguLS8sr+dXC2vrG5lZxe6dpVKQpa1AllG57xDDBJWsAB8HaoWYk8ARreaOr1G/dMm24kjcwDlk3IAPJfU4JJFKvuFfvAXY1HwyBaK3usMulD+NesWSX7Qx4njgzUkIz1HrFD7evaBQwCVQQYzqOHUI3Jho4FWxScCPDQkJHZMA6CZUkYKYbZ/dP8GGi9LGvdFIScKb+nIhJYMw48JLOgMDQ/PVS8T+vE4F/3o25DCNgkk4X+ZHAoHAaBu5zzSiIcUII1Ty5FdMh0YRCElkhC+Eixen3y/OkeVx2KuVK/aRUvZzFkUf76AAdIQedoSq6RjXUQBTdo0f0jF6sB+vJerXepq05azazi37Bev8CGoCWTQ==</latexit>



Kalman Filter

Kt = Kalman Gain
Qt = Measurement Noise (Covariance)

What about                 ?Qt ! 0
<latexit sha1_base64="X+Lkc/cnU/6K8FuCusCpJOWPHV4=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqqRWfOyKbly2YB/QhjCZTtqhkwczN5YS+yluXCji1i9x5984SYOo9cCFwzn3cu89biS4Asv6NAorq2vrG8XN0tb2zu6eWd7vqDCWlLVpKELZc4liggesDRwE60WSEd8VrOtOblK/e8+k4mFwB7OI2T4ZBdzjlICWHLPccgAPJB+NgUgZTrHlmBWramXAy6SWkwrK0XTMj8EwpLHPAqCCKNWvWRHYCZHAqWDz0iBWLCJ0Qkasr2lAfKbsJDt9jo+1MsReKHUFgDP150RCfKVmvqs7fQJj9ddLxf+8fgzepZ3wIIqBBXSxyIsFhhCnOeAhl4yCmGlCqOT6VkzHRBIKOq1SFsJVivPvl5dJ57Raq1frrbNK4zqPo4gO0RE6QTV0gRroFjVRG1E0RY/oGb0YD8aT8Wq8LVoLRj5zgH7BeP8CsfOTxQ==</latexit>



Non-Linear Systems

The linear system assumptions are rarely met in practice! 

xt = g(ut, xt�1) + ✏
<latexit sha1_base64="QJuEHVblvCpCW0YZogTSsrj6W0U=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4tQUUtixcdCKLpxWcE+oA1hMp22QyeTMHMjLaF7N/6KGxeKuPUH3Pk3pm0QtR64cDjnXu69xw0E12Can0Zqbn5hcSm9nFlZXVvfyG5u1bQfKsqq1Be+arhEM8ElqwIHwRqBYsRzBau7/auxX79jSnNf3sIwYLZHupJ3OCUQS042N3AAX+BuIXTgAA+cCA6t0R7exy0WaC58iTNONm8WzQ nwLLESkkcJKk72o9X2aegxCVQQrZuWGYAdEQWcCjbKtELNAkL7pMuaMZXEY9qOJr+M8G6stHHHV3FJwBP150REPK2Hnht3egR6+q83Fv/zmiF0zuyIyyAEJul0UScUGHw8Dga3uWIUxDAmhCoe34ppjyhCIY5vGsL5GCffL8+S2lHRKhVLN8f58mUSRxrtoBwqIAudojK6RhVURRTdo0f0jF6MB+PJeDXepq0pI5nZRr9gvH8BVjqY1g==</latexit>

zt = h(xt) + �
<latexit sha1_base64="TTgxERTEfUEqFYMjT6JtpDcQTIU=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilASKz4WQtGNywr2AW0Ik8m0HTp5MHMj1lDc+CtuXCji1q9w59+YtEHUeuDC4Zx7ufceJxRcgWF8armZ2bn5hfxiYWl5ZXVNX99oqCCSlNVpIALZcohigvusDhwEa4WSEc8RrOkMLlK/ecOk4oF/DcOQWR7p+bzLKYFEsvWtOxvwGe6Xbu0YRnt4H3dcJoDggq0XjbIxBp4mZkaKKE PN1j86bkAjj/lABVGqbRohWDGRwKlgo0InUiwkdEB6rJ1Qn3hMWfH4hRHeTRQXdwOZlA94rP6ciImn1NBzkk6PQF/99VLxP68dQffEirkfRsB8OlnUjQSGAKd5YJdLRkEME0Ko5MmtmPaJJBSS1CYhnKY4+n55mjQOymalXLk6LFbPszjyaBvtoBIy0TGqoktUQ3VE0T16RM/oRXvQnrRX7W3SmtOymU30C9r7F1yJlZ0=</latexit>



Linearity Assumption



Linearity Assumption



Linearity Assumption



Linearity Assumption



Linearization

We construct a linear approximation using function g’s value and slope.

xt = g(ut, xt�1) + ✏
<latexit sha1_base64="QJuEHVblvCpCW0YZogTSsrj6W0U=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4tQUUtixcdCKLpxWcE+oA1hMp22QyeTMHMjLaF7N/6KGxeKuPUH3Pk3pm0QtR64cDjnXu69xw0E12Can0Zqbn5hcSm9nFlZXVvfyG5u1bQfKsqq1Be+arhEM8ElqwIHwRqBYsRzBau7/auxX79jSnNf3sIwYLZHupJ3OCUQS042N3AAX+BuIXTgAA+cCA6t0R7exy0WaC58iTNONm8WzQ nwLLESkkcJKk72o9X2aegxCVQQrZuWGYAdEQWcCjbKtELNAkL7pMuaMZXEY9qOJr+M8G6stHHHV3FJwBP150REPK2Hnht3egR6+q83Fv/zmiF0zuyIyyAEJul0UScUGHw8Dga3uWIUxDAmhCoe34ppjyhCIY5vGsL5GCffL8+S2lHRKhVLN8f58mUSRxrtoBwqIAudojK6RhVURRTdo0f0jF6MB+PJeDXepq0pI5nZRr9gvH8BVjqY1g==</latexit>



First-order Taylor Expansion

x

f(x)



First-order Taylor Expansion

x

f(x)

a



First-order Taylor Expansion

x

f(x)

a

f(x) = f(a) + f’(a) (x – a)



Linearization

We construct a linear approximation using function g’s value and slope.

xt = g(ut, xt�1) + ✏
<latexit sha1_base64="QJuEHVblvCpCW0YZogTSsrj6W0U=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4tQUUtixcdCKLpxWcE+oA1hMp22QyeTMHMjLaF7N/6KGxeKuPUH3Pk3pm0QtR64cDjnXu69xw0E12Can0Zqbn5hcSm9nFlZXVvfyG5u1bQfKsqq1Be+arhEM8ElqwIHwRqBYsRzBau7/auxX79jSnNf3sIwYLZHupJ3OCUQS042N3AAX+BuIXTgAA+cCA6t0R7exy0WaC58iTNONm8WzQ nwLLESkkcJKk72o9X2aegxCVQQrZuWGYAdEQWcCjbKtELNAkL7pMuaMZXEY9qOJr+M8G6stHHHV3FJwBP150REPK2Hnht3egR6+q83Fv/zmiF0zuyIyyAEJul0UScUGHw8Dga3uWIUxDAmhCoe34ppjyhCIY5vGsL5GCffL8+S2lHRKhVLN8f58mUSRxrtoBwqIAudojK6RhVURRTdo0f0jF6MB+PJeDXepq0pI5nZRr9gvH8BVjqY1g==</latexit>

g0(ut, xt�1) =
@g(ut, xt�1)

@xt�1
<latexit sha1_base64="qvKIcl7UMnqW6kCJYvXQDaZNMDk=">AAACL3icbVBbS8MwGE29O29TH30JDlFBR6vi5UEYCuKjgpuDdZQ0S7ew9ELyVRyl/8gX/8peRBTx1X9hWov3A4HDOedL8h03ElyBaT4aI6Nj4xOTU9Olmdm5+YXy4lJDhbGkrE5DEcqmSxQTPGB14CBYM5KM+K5g127/NPOvb5hUPAyuYBCxtk+6Afc4JaAlp3zWXd+IHdjCt04C21a6iY+x7UlCEzsiEjgRSTf9mUi/rEJKU6dcMatmDvyXWAWpoAIXTnlod0Ia+ywAKohSLcuMoJ1k91LB0pIdKxYR2idd1tI0ID5T7STfN8VrWulgL5T6BIBz9ftEQnylBr6rkz6BnvrtZeJ/XisG77Cd8CCKgQX04yEvFhhCnJWHO1wyCmKgCaGS679i2iO6LdAVl/ISjjLsf678lzR2qtZudfdyr1I7KeqYQitoFW0gCx2gGjpHF6iOKLpDQ/SEno1748F4MV4/oiNGMbOMfsB4ewfFg6kn</latexit>

Slope:



Linearization

We construct a linear approximation using function g’s value and slope.

xt = g(ut, xt�1) + ✏
<latexit sha1_base64="QJuEHVblvCpCW0YZogTSsrj6W0U=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4tQUUtixcdCKLpxWcE+oA1hMp22QyeTMHMjLaF7N/6KGxeKuPUH3Pk3pm0QtR64cDjnXu69xw0E12Can0Zqbn5hcSm9nFlZXVvfyG5u1bQfKsqq1Be+arhEM8ElqwIHwRqBYsRzBau7/auxX79jSnNf3sIwYLZHupJ3OCUQS042N3AAX+BuIXTgAA+cCA6t0R7exy0WaC58iTNONm8WzQ nwLLESkkcJKk72o9X2aegxCVQQrZuWGYAdEQWcCjbKtELNAkL7pMuaMZXEY9qOJr+M8G6stHHHV3FJwBP150REPK2Hnht3egR6+q83Fv/zmiF0zuyIyyAEJul0UScUGHw8Dga3uWIUxDAmhCoe34ppjyhCIY5vGsL5GCffL8+S2lHRKhVLN8f58mUSRxrtoBwqIAudojK6RhVURRTdo0f0jF6MB+PJeDXepq0pI5nZRr9gvH8BVjqY1g==</latexit>

g0(ut, xt�1) =
@g(ut, xt�1)

@xt�1
<latexit sha1_base64="qvKIcl7UMnqW6kCJYvXQDaZNMDk=">AAACL3icbVBbS8MwGE29O29TH30JDlFBR6vi5UEYCuKjgpuDdZQ0S7ew9ELyVRyl/8gX/8peRBTx1X9hWov3A4HDOedL8h03ElyBaT4aI6Nj4xOTU9Olmdm5+YXy4lJDhbGkrE5DEcqmSxQTPGB14CBYM5KM+K5g127/NPOvb5hUPAyuYBCxtk+6Afc4JaAlp3zWXd+IHdjCt04C21a6iY+x7UlCEzsiEjgRSTf9mUi/rEJKU6dcMatmDvyXWAWpoAIXTnlod0Ia+ywAKohSLcuMoJ1k91LB0pIdKxYR2idd1tI0ID5T7STfN8VrWulgL5T6BIBz9ftEQnylBr6rkz6BnvrtZeJ/XisG77Cd8CCKgQX04yEvFhhCnJWHO1wyCmKgCaGS679i2iO6LdAVl/ISjjLsf678lzR2qtZudfdyr1I7KeqYQitoFW0gCx2gGjpHF6iOKLpDQ/SEno1748F4MV4/oiNGMbOMfsB4ewfFg6kn</latexit>

Slope:

But what about the value? 



Linearization

We construct a linear approximation using function g’s value and slope.

xt = g(ut, xt�1) + ✏
<latexit sha1_base64="QJuEHVblvCpCW0YZogTSsrj6W0U=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4tQUUtixcdCKLpxWcE+oA1hMp22QyeTMHMjLaF7N/6KGxeKuPUH3Pk3pm0QtR64cDjnXu69xw0E12Can0Zqbn5hcSm9nFlZXVvfyG5u1bQfKsqq1Be+arhEM8ElqwIHwRqBYsRzBau7/auxX79jSnNf3sIwYLZHupJ3OCUQS042N3AAX+BuIXTgAA+cCA6t0R7exy0WaC58iTNONm8WzQ nwLLESkkcJKk72o9X2aegxCVQQrZuWGYAdEQWcCjbKtELNAkL7pMuaMZXEY9qOJr+M8G6stHHHV3FJwBP150REPK2Hnht3egR6+q83Fv/zmiF0zuyIyyAEJul0UScUGHw8Dga3uWIUxDAmhCoe34ppjyhCIY5vGsL5GCffL8+S2lHRKhVLN8f58mUSRxrtoBwqIAudojK6RhVURRTdo0f0jF6MB+PJeDXepq0pI5nZRr9gvH8BVjqY1g==</latexit>

g0(ut, xt�1) =
@g(ut, xt�1)

@xt�1
<latexit sha1_base64="qvKIcl7UMnqW6kCJYvXQDaZNMDk=">AAACL3icbVBbS8MwGE29O29TH30JDlFBR6vi5UEYCuKjgpuDdZQ0S7ew9ELyVRyl/8gX/8peRBTx1X9hWov3A4HDOedL8h03ElyBaT4aI6Nj4xOTU9Olmdm5+YXy4lJDhbGkrE5DEcqmSxQTPGB14CBYM5KM+K5g127/NPOvb5hUPAyuYBCxtk+6Afc4JaAlp3zWXd+IHdjCt04C21a6iY+x7UlCEzsiEjgRSTf9mUi/rEJKU6dcMatmDvyXWAWpoAIXTnlod0Ia+ywAKohSLcuMoJ1k91LB0pIdKxYR2idd1tI0ID5T7STfN8VrWulgL5T6BIBz9ftEQnylBr6rkz6BnvrtZeJ/XisG77Cd8CCKgQX04yEvFhhCnJWHO1wyCmKgCaGS679i2iO6LdAVl/ISjjLsf678lzR2qtZudfdyr1I7KeqYQitoFW0gCx2gGjpHF6iOKLpDQ/SEno1748F4MV4/oiNGMbOMfsB4ewfFg6kn</latexit>

Slope:

But what about the value?

g(ut, xt�1) ⇡ g(ut, µt�1) + g0(ut, µt�1) ⇤ (xt�1 � µt�1)

⇡ g(ut, µt�1) +Gt(ut, µt�1) ⇤ (xt�1 � µt�1)
<latexit sha1_base64="yJFCiqotMb4rqb+WoQt503BF7oY="></latexit>



Linearization

We construct a linear approximation using function g’s value and slope.

xt = g(ut, xt�1) + ✏
<latexit sha1_base64="QJuEHVblvCpCW0YZogTSsrj6W0U=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4tQUUtixcdCKLpxWcE+oA1hMp22QyeTMHMjLaF7N/6KGxeKuPUH3Pk3pm0QtR64cDjnXu69xw0E12Can0Zqbn5hcSm9nFlZXVvfyG5u1bQfKsqq1Be+arhEM8ElqwIHwRqBYsRzBau7/auxX79jSnNf3sIwYLZHupJ3OCUQS042N3AAX+BuIXTgAA+cCA6t0R7exy0WaC58iTNONm8WzQ nwLLESkkcJKk72o9X2aegxCVQQrZuWGYAdEQWcCjbKtELNAkL7pMuaMZXEY9qOJr+M8G6stHHHV3FJwBP150REPK2Hnht3egR6+q83Fv/zmiF0zuyIyyAEJul0UScUGHw8Dga3uWIUxDAmhCoe34ppjyhCIY5vGsL5GCffL8+S2lHRKhVLN8f58mUSRxrtoBwqIAudojK6RhVURRTdo0f0jF6MB+PJeDXepq0pI5nZRr9gvH8BVjqY1g==</latexit>

g0(ut, xt�1) =
@g(ut, xt�1)

@xt�1
<latexit sha1_base64="qvKIcl7UMnqW6kCJYvXQDaZNMDk=">AAACL3icbVBbS8MwGE29O29TH30JDlFBR6vi5UEYCuKjgpuDdZQ0S7ew9ELyVRyl/8gX/8peRBTx1X9hWov3A4HDOedL8h03ElyBaT4aI6Nj4xOTU9Olmdm5+YXy4lJDhbGkrE5DEcqmSxQTPGB14CBYM5KM+K5g127/NPOvb5hUPAyuYBCxtk+6Afc4JaAlp3zWXd+IHdjCt04C21a6iY+x7UlCEzsiEjgRSTf9mUi/rEJKU6dcMatmDvyXWAWpoAIXTnlod0Ia+ywAKohSLcuMoJ1k91LB0pIdKxYR2idd1tI0ID5T7STfN8VrWulgL5T6BIBz9ftEQnylBr6rkz6BnvrtZeJ/XisG77Cd8CCKgQX04yEvFhhCnJWHO1wyCmKgCaGS679i2iO6LdAVl/ISjjLsf678lzR2qtZudfdyr1I7KeqYQitoFW0gCx2gGjpHF6iOKLpDQ/SEno1748F4MV4/oiNGMbOMfsB4ewfFg6kn</latexit>

Slope:

p(xt|ut, xt�1) =det(2⇡R)�
1
2 exp{�1

2
(xt � g(ut, µt�1)�Gt(ut, µt�1)(xt�1 � µt�1))

TR�1

(xt � g(ut, µt�1)�Gt(ut, µt�1)(xt�1 � µt�1)}
<latexit sha1_base64="X63XcUt9W1D4StkbAFuCAzgoyjQ="></latexit>

g(ut, xt�1) ⇡ g(ut, µt�1) + g0(ut, µt�1) ⇤ (xt�1 � µt�1)

⇡ g(ut, µt�1) +Gt(ut, µt�1) ⇤ (xt�1 � µt�1)
<latexit sha1_base64="yJFCiqotMb4rqb+WoQt503BF7oY="></latexit>



Linearization

We construct a linear approximation using function g’s value and slope.

xt = g(ut, xt�1) + ✏
<latexit sha1_base64="QJuEHVblvCpCW0YZogTSsrj6W0U=">AAACC3icbVDLSsNAFJ3UV62vqks3Q4tQUUtixcdCKLpxWcE+oA1hMp22QyeTMHMjLaF7N/6KGxeKuPUH3Pk3pm0QtR64cDjnXu69xw0E12Can0Zqbn5hcSm9nFlZXVvfyG5u1bQfKsqq1Be+arhEM8ElqwIHwRqBYsRzBau7/auxX79jSnNf3sIwYLZHupJ3OCUQS042N3AAX+BuIXTgAA+cCA6t0R7exy0WaC58iTNONm8WzQ nwLLESkkcJKk72o9X2aegxCVQQrZuWGYAdEQWcCjbKtELNAkL7pMuaMZXEY9qOJr+M8G6stHHHV3FJwBP150REPK2Hnht3egR6+q83Fv/zmiF0zuyIyyAEJul0UScUGHw8Dga3uWIUxDAmhCoe34ppjyhCIY5vGsL5GCffL8+S2lHRKhVLN8f58mUSRxrtoBwqIAudojK6RhVURRTdo0f0jF6MB+PJeDXepq0pI5nZRr9gvH8BVjqY1g==</latexit>

g0(ut, xt�1) =
@g(ut, xt�1)

@xt�1
<latexit sha1_base64="qvKIcl7UMnqW6kCJYvXQDaZNMDk=">AAACL3icbVBbS8MwGE29O29TH30JDlFBR6vi5UEYCuKjgpuDdZQ0S7ew9ELyVRyl/8gX/8peRBTx1X9hWov3A4HDOedL8h03ElyBaT4aI6Nj4xOTU9Olmdm5+YXy4lJDhbGkrE5DEcqmSxQTPGB14CBYM5KM+K5g127/NPOvb5hUPAyuYBCxtk+6Afc4JaAlp3zWXd+IHdjCt04C21a6iY+x7UlCEzsiEjgRSTf9mUi/rEJKU6dcMatmDvyXWAWpoAIXTnlod0Ia+ywAKohSLcuMoJ1k91LB0pIdKxYR2idd1tI0ID5T7STfN8VrWulgL5T6BIBz9ftEQnylBr6rkz6BnvrtZeJ/XisG77Cd8CCKgQX04yEvFhhCnJWHO1wyCmKgCaGS679i2iO6LdAVl/ISjjLsf678lzR2qtZudfdyr1I7KeqYQitoFW0gCx2gGjpHF6iOKLpDQ/SEno1748F4MV4/oiNGMbOMfsB4ewfFg6kn</latexit>

Slope:

p(xt|ut, xt�1) =det(2⇡R)�
1
2 exp{�1

2
(xt � g(ut, µt�1)�Gt(ut, µt�1)(xt�1 � µt�1))

TR�1

(xt � g(ut, µt�1)�Gt(ut, µt�1)(xt�1 � µt�1)}
<latexit sha1_base64="X63XcUt9W1D4StkbAFuCAzgoyjQ="></latexit>

g(ut, xt�1) ⇡ g(ut, µt�1) + g0(ut, µt�1) ⇤ (xt�1 � µt�1)

⇡ g(ut, µt�1) +Gt(ut, µt�1) ⇤ (xt�1 � µt�1)
<latexit sha1_base64="yJFCiqotMb4rqb+WoQt503BF7oY="></latexit>



Measurements
zt = h(xt) + �

<latexit sha1_base64="TTgxERTEfUEqFYMjT6JtpDcQTIU=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilASKz4WQtGNywr2AW0Ik8m0HTp5MHMj1lDc+CtuXCji1q9w59+YtEHUeuDC4Zx7ufceJxRcgWF8armZ2bn5hfxiYWl5ZXVNX99oqCCSlNVpIALZcohigvusDhwEa4WSEc8RrOkMLlK/ecOk4oF/DcOQWR7p+bzLKYFEsvWtOxvwGe6Xbu0YRnt4H3dcJoDggq0XjbIxBp4mZkaKKEPN1j86bkAjj/lABVGqbRohWDGRwKlgo0InUiwkdEB6rJ1Qn3hMWfH4hRHeTRQXdwOZlA94rP6ciImn1NBzkk6PQF/99VLxP68dQffEirkfRsB8OlnUjQSGAKd5YJdLRkEME0Ko5MmtmPaJJBSS1CYhnKY4+n55mjQOymalXLk6LFbPszjyaBvtoBIy0TGqoktUQ3VE0T16RM/oRXvQnrRX7W3SmtOymU30C9r7F1yJlZ0=</latexit>
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<latexit sha1_base64="TTgxERTEfUEqFYMjT6JtpDcQTIU=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEilASKz4WQtGNywr2AW0Ik8m0HTp5MHMj1lDc+CtuXCji1q9w59+YtEHUeuDC4Zx7ufceJxRcgWF8armZ2bn5hfxiYWl5ZXVNX99oqCCSlNVpIALZcohigvusDhwEa4WSEc8RrOkMLlK/ecOk4oF/DcOQWR7p+bzLKYFEsvWtOxvwGe6Xbu0YRnt4H3dcJoDggq0XjbIxBp4mZkaKKEPN1j86bkAjj/lABVGqbRohWDGRwKlgo0InUiwkdEB6rJ1Qn3hMWfH4hRHeTRQXdwOZlA94rP6ciImn1NBzkk6PQF/99VLxP68dQffEirkfRsB8OlnUjQSGAKd5YJdLRkEME0Ko5MmtmPaJJBSS1CYhnKY4+n55mjQOymalXLk6LFbPszjyaBvtoBIy0TGqoktUQ3VE0T16RM/oRXvQnrRX7W3SmtOymU30C9r7F1yJlZ0=</latexit>

zt = h(xt) + �

h(xt) ⇡ h(µ̄t) +H(µt)(xt � µ̄t)
<latexit sha1_base64="QWDMgZfTxh0oEJZMZUpzAdDDMGA="></latexit>

We construct a linear approximation using function h’s value and slope.



Kalman Filter



Extended Kalman Filter



Example

ẋ = v

v̇ = 0

ḣ = 0

r = sqrt(x2 + h2)
<latexit sha1_base64="KU43lR+H/4JFjdt2Vmkrqd6inOk="></latexit>
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ḣ = 0

r = sqrt(x2 + h2)
<latexit sha1_base64="KU43lR+H/4JFjdt2Vmkrqd6inOk="></latexit>
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Example

r

xt = xt�1 + vt�1 ⇤�t

vt = vt�1

ht = ht�1

rt =
q
x2
t + h2

t
<latexit sha1_base64="OPPIbp8KsnQdq19kTrStiOToE70="></latexit>
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<latexit sha1_base64="OPPIbp8KsnQdq19kTrStiOToE70="></latexit>
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<latexit sha1_base64="OPPIbp8KsnQdq19kTrStiOToE70="></latexit>
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3,t + �
<latexit sha1_base64="Eqw5dNUo2i4PpnL2hUNGOJTGvFw="></latexit>
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t
<latexit sha1_base64="OPPIbp8KsnQdq19kTrStiOToE70="></latexit>



Example

xt+1 = xt + vt ⇤�t

vt+1 = vt

ht+1 = ht

rt =
q

x2
t + h2

t
<latexit sha1_base64="afzscChZtz1BCt+rPq4567VYHsc="></latexit>

x1,t = xt

x2,t = vt

x3,t = ht
<latexit sha1_base64="nzvZLV24aF661xDGZwr70Y7USig=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAoLqTMtGJ1IRTduKxgL9CWIZOmbWjmQnKmtAx9FDe+ihsXiuhOn8ZMOxS1/hD4+c45nJzfCQRXYJqfRmppeWV1Lb2e2djc2t7J7u7VlB9KyqrUF75sOEQxwT1WBQ6CNQLJiOsIVncGN3G9PmRScd+7h3HA2i7pebzLKQGN7GxpZEfWKUzw8RUe2YBbrYwmhYQM56SYkP6MZOxszsybU+FFYyUmhxJV7OxHq+PT0GUeUEGUalpmAO2ISOBUsEmmFSoWEDogPdbU1iMuU+1oeuAEH2nSwV1f6ucBntKfExFxlRq7ju50CfTV31oM/6s1Q+hetCPuBSEwj84WdUOBwcdxWrjDJaMgxtoQKrn+K6Z9IgkFnekshMtY5/OTF02tkLeK+eLdWa58ncSRRgfoEJ0gC5VQGd2iCqoiih7QE3pBr8aj8Wy8Ge+z1pSRzOyjXzK+vgEYo59T</latexit>

r

We will linearize at the mean! 

zt = h(xt) + �

=
q
x2
1,t + x2

3,t + �



Example

xt+1 = xt + vt ⇤�t

vt+1 = vt

ht+1 = ht

rt =
q

x2
t + h2

t
<latexit sha1_base64="afzscChZtz1BCt+rPq4567VYHsc="></latexit>

x1,t = xt

x2,t = vt

x3,t = ht
<latexit sha1_base64="nzvZLV24aF661xDGZwr70Y7USig=">AAACIHicbZDLSgMxFIYz9VbrrerSTbAoLqTMtGJ1IRTduKxgL9CWIZOmbWjmQnKmtAx9FDe+ihsXiuhOn8ZMOxS1/hD4+c45nJzfCQRXYJqfRmppeWV1Lb2e2djc2t7J7u7VlB9KyqrUF75sOEQxwT1WBQ6CNQLJiOsIVncGN3G9PmRScd+7h3HA2i7pebzLKQGN7GxpZEfWKUzw8RUe2YBbrYwmhYQM56SYkP6MZOxszsybU+FFYyUmhxJV7OxHq+PT0GUeUEGUalpmAO2ISOBUsEmmFSoWEDogPdbU1iMuU+1oeuAEH2nSwV1f6ucBntKfExFxlRq7ju50CfTV31oM/6s1Q+hetCPuBSEwj84WdUOBwcdxWrjDJaMgxtoQKrn+K6Z9IgkFnekshMtY5/OTF02tkLeK+eLdWa58ncSRRgfoEJ0gC5VQGd2iCqoiih7QE3pBr8aj8Wy8Ge+z1pSRzOyjXzK+vgEYo59T</latexit>

r

zt = h(xt) + �

=
q
x2
1,t + x2

3,t + �

h(xt) = h(µt) +Ht(µt)(zt � µt)
<latexit sha1_base64="FcTYCr2Q/GNatNGvB6GlqZKWDjo=">AAACG3icbVDLSsNAFJ3UV42vqks3g0WpiCVtxcdCKLrpsoJ9QFPCZDpthk4ezNyINfQ/3Pgrblwo4kpw4d+YtFXUemDg3HPu5c49diC4AsP40FIzs3PzC+lFfWl5ZXUts75RV34oKatRX/iyaRPFBPdYDTgI1gwkI64tWMPuXyR+45pJxX3vCgYBa7uk5/EupwRiycoUndyNBXt49ww7OdMNE76PKxZ8FblbC/ABHlemiXXdymSNvDECniaFCcmiCapW5s3s+DR0mQdUEKVaBSOAdkQkcCrYUDdDxQJC+6THWjH1iMtUOxrdNsQ7sdLBXV/GzwM8Un9ORMRVauDacadLwFF/vUT8z2uF0D1pR9wLQmAeHS/qhgKDj5OgcIdLRkEMYkKo5PFfMXWIJBTiOMchnCY4+j55mtSL+UIpX7o8zJbPJ3Gk0RbaRjlUQMeojCqoimqIojv0gJ7Qs3avPWov2uu4NaVNZjbRL2jvn0a0nVc=</latexit>



Example

xt+1 = xt + vt ⇤�t

vt+1 = vt

ht+1 = ht

rt =
q

x2
t + h2

t
<latexit sha1_base64="afzscChZtz1BCt+rPq4567VYHsc="></latexit>

r

Ht =
h

@h
@xt,1

@h
@xt,2

@h
@xt,3

i

=
h

2xt,1

2
p

x2
t,1+x2

t,3

0 2xt,3

2
p

x2
t,1+x2

t,3

i

<latexit sha1_base64="Lz2gb8Pz7Ugq0+sjKjgJS3ReKlI="></latexit>

zt = h(xt) + �

=
q
x2
1,t + x2

3,t + �

h(xt) = h(µt) +Ht(µt)(xt � µt)
<latexit sha1_base64="67p4iujNjvZiu+pdgk5wO1psSgk=">AAACHXicbVDJSgNBEO2JW4xb1KOXxqAkiGFigstBCHrJMYJZIBOGnk4n06RnobtGDEN+xIu/4sWDIh68iH9jZ1HU+KDh1XtVVNdzQsEVmOaHkZibX1hcSi6nVlbX1jfSm1t1FUSSshoNRCCbDlFMcJ/VgINgzVAy4jmCNZz+5chv3DCpeOBfwyBkbY/0fN7llICW7HTJzd7aMQxzeP8cu1nLi2zI4QNcseGr0A2AD/GksiycStnpjJk3x8CzpDAlGTRF1U6/WZ2ARh7zgQqiVKtghtCOiQROBRumrEixkNA+6bGWpj7xmGrH4+uGeE8rHdwNpH4+4LH6cyImnlIDz9GdHgFX/fVG4n9eK4LuaTvmfhgB8+lkUTcSGAI8igp3uGQUxEATQiXXf8XUJZJQ0IFOQjgb4fj75FlSP8oXivniVSlTvpjGkUQ7aBdlUQGdoDKqoCqqIYru0AN6Qs/GvfFovBivk9aEMZ3ZRr9gvH8CNiaeYQ==</latexit>



Example

xt+1 = xt + vt ⇤�t

vt+1 = vt

ht+1 = ht

rt =
q

x2
t + h2

t
<latexit sha1_base64="afzscChZtz1BCt+rPq4567VYHsc="></latexit>

r

Ht =
h

@h
@xt,1

@h
@xt,2

@h
@xt,3

i

=
h

2xt,1

2
p

x2
t,1+x2

t,3

0 2xt,3

2
p

x2
t,1+x2

t,3

i

<latexit sha1_base64="Lz2gb8Pz7Ugq0+sjKjgJS3ReKlI="></latexit>

zt = h(xt) + �

=
q
x2
1,t + x2

3,t + �

h(xt) = h(µt) +Ht(µt)(xt � µt)
<latexit sha1_base64="67p4iujNjvZiu+pdgk5wO1psSgk=">AAACHXicbVDJSgNBEO2JW4xb1KOXxqAkiGFigstBCHrJMYJZIBOGnk4n06RnobtGDEN+xIu/4sWDIh68iH9jZ1HU+KDh1XtVVNdzQsEVmOaHkZibX1hcSi6nVlbX1jfSm1t1FUSSshoNRCCbDlFMcJ/VgINgzVAy4jmCNZz+5chv3DCpeOBfwyBkbY/0fN7llICW7HTJzd7aMQxzeP8cu1nLi2zI4QNcseGr0A2AD/GksiycStnpjJk3x8CzpDAlGTRF1U6/WZ2ARh7zgQqiVKtghtCOiQROBRumrEixkNA+6bGWpj7xmGrH4+uGeE8rHdwNpH4+4LH6cyImnlIDz9GdHgFX/fVG4n9eK4LuaTvmfhgB8+lkUTcSGAI8igp3uGQUxEATQiXXf8XUJZJQ0IFOQjgb4fj75FlSP8oXivniVSlTvpjGkUQ7aBdlUQGdoDKqoCqqIYru0AN6Qs/GvfFovBivk9aEMZ3ZRr9gvH8CNiaeYQ==</latexit>



Example

xt+1 = xt + vt ⇤�t

vt+1 = vt

ht+1 = ht

rt =
q

x2
t + h2

t
<latexit sha1_base64="afzscChZtz1BCt+rPq4567VYHsc="></latexit>

r

Ht =
h

@h
@xt,1

@h
@xt,2

@h
@xt,3

i

=
h

2xt,1

2
p

x2
t,1+x2

t,3

0 2xt,3

2
p

x2
t,1+x2

t,3

i

<latexit sha1_base64="Lz2gb8Pz7Ugq0+sjKjgJS3ReKlI="></latexit>

zt = h(xt) + �

=
q
x2
1,t + x2

3,t + �

h(xt) = h(µt) +Ht(µt)(xt � µt)
<latexit sha1_base64="67p4iujNjvZiu+pdgk5wO1psSgk=">AAACHXicbVDJSgNBEO2JW4xb1KOXxqAkiGFigstBCHrJMYJZIBOGnk4n06RnobtGDEN+xIu/4sWDIh68iH9jZ1HU+KDh1XtVVNdzQsEVmOaHkZibX1hcSi6nVlbX1jfSm1t1FUSSshoNRCCbDlFMcJ/VgINgzVAy4jmCNZz+5chv3DCpeOBfwyBkbY/0fN7llICW7HTJzd7aMQxzeP8cu1nLi2zI4QNcseGr0A2AD/GksiycStnpjJk3x8CzpDAlGTRF1U6/WZ2ARh7zgQqiVKtghtCOiQROBRumrEixkNA+6bGWpj7xmGrH4+uGeE8rHdwNpH4+4LH6cyImnlIDz9GdHgFX/fVG4n9eK4LuaTvmfhgB8+lkUTcSGAI8igp3uGQUxEATQiXXf8XUJZJQ0IFOQjgb4fj75FlSP8oXivniVSlTvpjGkUQ7aBdlUQGdoDKqoCqqIYru0AN6Qs/GvfFovBivk9aEMZ3ZRr9gvH8CNiaeYQ==</latexit>



Example

0 5 10 15 20 25 30
Time

0

10

20

30

40

50

60

70

80

90

100

M
ea
su
re
d#
R
an
ge

Rv#=#1

Measured range r 



Example

0 5 10 15 20 25 30
Time

-4

-2

0

2

4

Es
tim

at
io
n#
Er
ro
r#
x(
3)

Rv#=#1

Err
+/-Q33

1/2

0 5 10 15 20 25 30
Time

-4

-2

0

2

4

Es
tim

at
or
#G

ai
ns

L1
L2
L3


