
Lecture 3: Probability Theory Refresher

CSCI 545 Introduction to Robotics 
Instructor: Stefanos Nikolaidis

[Resources:    6.825 Techniques in Artificial Intelligence, MIT OCW
                      16-811 Math Fundamentals for Robotics, CMU]



Motivation

• Why do we need probability?

• To understand how likely an outcome is!  



Motivation



Motivation
Is it deterministic or non-deterministic? 



Motivation
Is it deterministic or non-deterministic?  

From a Bayesian 
perspective, it doesn’t 

matter! 



Probability Theory

• It is a logic; a language that speaks about likelihood of ev 
ents.

• We can start with a universe of atomic events: things that 
could happen or ways that the world could be 

• Then, a probability distribution is a function that maps 
events into a range between zero and one: P: events→[0, 1]



Probability Theory Axioms

• P(True) = 1 = P(U) 
The probability of True is one. It is the probability of the 
universe, the probability that something in this realm of 
discussion that we have available to use is one. 

• P(False) = 0 = P(null)
The probability of False is 0. In terms of atomic events, False 
is the empty set. 



Probability Theory Axioms

P (A [B) = P (A) + P (B)� P (A \B)
<latexit sha1_base64="M3ip7FuHtyCuscpEtLT+OcSRzFU=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMFR8LodaNywr2AZ2hZNJMG5p5kGSEMvQT3Pgrblwo4talO//GzHQQtR4IOfece0nucUJGhTSMTy03N7+wuJRfLqysrq1v6JtbLRFEHJMmDljAOw4ShFGfNCWVjHRCTpDnMNJ2RleJ374jXNDAv5XjkNgeGvjUpRhJJfX0/Ubp0sJRCOtleAFVUYYH6lLVYVJBC6PU6+lFo2KkgLPEzEgRZGj09A+rH+DII77EDAnRNY1Q2jHikmJGJgUrEiREeIQGpKuojzwi7DhdaAL3lNKHbsDV8SVM1Z8TMfKEGHuO6vSQHIq/XiL+53Uj6Z7ZMfXDSBIfTx9yIwZlAJN0YJ9ygiUbK4Iwp+qvEA8RR1iqDAtpCOcJTr5XniWto4pZrVRvjou1ehZHHuyAXVACJjgFNXANGqAJMLgHj+AZvGgP2pP2qr1NW3NaNrMNfkF7/wK8FZd+</latexit>



Probability Theory Axioms

P (A [B) = P (A) + P (B)� P (A \B)
<latexit sha1_base64="M3ip7FuHtyCuscpEtLT+OcSRzFU=">AAACEHicbVDLSgMxFM3UV62vUZdugkVsEcuMFR8LodaNywr2AZ2hZNJMG5p5kGSEMvQT3Pgrblwo4talO//GzHQQtR4IOfece0nucUJGhTSMTy03N7+wuJRfLqysrq1v6JtbLRFEHJMmDljAOw4ShFGfNCWVjHRCTpDnMNJ2RleJ374jXNDAv5XjkNgeGvjUpRhJJfX0/Ubp0sJRCOtleAFVUYYH6lLVYVJBC6PU6+lFo2KkgLPEzEgRZGj09A+rH+DII77EDAnRNY1Q2jHikmJGJgUrEiREeIQGpKuojzwi7DhdaAL3lNKHbsDV8SVM1Z8TMfKEGHuO6vSQHIq/XiL+53Uj6Z7ZMfXDSBIfTx9yIwZlAJN0YJ9ygiUbK4Iwp+qvEA8RR1iqDAtpCOcJTr5XniWto4pZrVRvjou1ehZHHuyAXVACJjgFNXANGqAJMLgHj+AZvGgP2pP2qr1NW3NaNrMNfkF7/wK8FZd+</latexit>



Random Variables

• A random variable: it can be considered as a mapping from 
a discrete domain to a range from 0 to 1. 

• It sums to 1 over the domain 

• Example RV: Raining
• Domain: True / False
• Raining (True) = 0.2



• Raining (True) = 0.2

• P(Raining = True) = 0.2

• P(Raining = False) = ?

Random Variables



• Raining (True) = 0.2

• P(Raining = True) = 0.2

• P(Raining = False) = 0.8

Random Variables



Multiple Random Variables

Light 
Off

Light
On

Battery 
Low

0.04 0.06

Battery 
High

0.01 0.89



Multiple Random Variables

Light 
Off

Light
On

Battery 
Low

0.04 0.06

Battery 
High

0.01 0.89

P(Battery = low) = 0.1
P(Battery = high) = 0.9 



Multiple Random Variables

Light 
Off

Light
On

Battery 
Low

0.04 0.06

Battery 
High

0.01 0.89

P(Light = off) = ? 



Multiple Random Variables

Light 
Off

Light
On

Battery 
Low

0.04 0.06

Battery 
High

0.01 0.89

P(Light = off) = 0.05 



Conditional Probability

•  P ( A | B)? 



Conditional Probability

P (A|B) =
P (A \B)

P (B)
<latexit sha1_base64="YPt3r0Kmorj1p5LYVCplxeGbqxQ=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBHqpsxY8bEQat24rGAf0BlKJs20oZkHSUYoYz/Ajb/ixoUibv0Ad/6NmWkRtR5IODn3XG7ucSPOpDLNT2NufmFxaTm3kl9dW9/YLGxtN2UYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHV6m9dYtFZKFwY0aRdTxcT9gHiNYaalbKNZLF+gO1Q7QObI9gUmSCjbBkdbG+qFv7TLLZgY0S6wpKcIU9W7hw+6FJPZpoAjHUnYsM1JOgoVihNNx3o4ljTAZ4j7taBpgn0onyZYZo32t9JAXCn0ChTL1Z0eCfSlHvqudPlYD+beWiv/VOrHyTp2EBVGsaEAmg7yYIxWiNBnUY4ISxUeaYCKY/isiA6wjUTq/fBbCWYrj75VnSfOwbFXKleujYrU2jSMHu7AHJbDgBKpwBXVoAIF7eIRneDEejCfj1XibWOeMac8O/ILx/gWkf5hc</latexit>

We only consider the part of the world, where B is True. 



Conditional Probability
Light 
Off

Light
On

Battery 
Low

0.04 0.06

Battery 
High

0.01 0.89

P (Battery-Low|Light-O↵) =
<latexit sha1_base64="pqrH8fcwSh07L8ZBaOI+hX/ZyHM=">AAACGHicbVDJSgNBEO1xjXGLevTSGIR4SJyouByEEC8eAkYwCyQh9HRqksaehe4aNYz5DC/+ihcPinjNzb9xsihqfFDweK+KqnqWL4VG0/wwpqZnZufmYwvxxaXlldXE2npZe4HiUOKe9FTVYhqkcKGEAiVUfQXMsSRUrOuzgV+5AaWF515h14eGw9qusAVnGEnNxG4xVUe4Q+WEeYYIqpsueLc9ek+/5IJodzB9Ydu9HXpKm4mkmTGHoJMkOyZJMkaxmejXWx4PHHCRS6Z1LWv62AiZQsEl9OL1QIPP+DVrQy2iLnNAN8LhYz26HSktansqKhfpUP05ETJH665jRZ0Ow47+6w3E/7xagPZxIxSuHyC4fLTIDiRFjw5Soi2hgKPsRoRxJaJbKe8wxXiUkI4PQzgZ4PD75UlS3stk9zP7lwfJXH4cR4xski2SIllyRHLknBRJiXDyQJ7IC3k1Ho1n4814H7VOGeOZDfILRv8TOVaf/A==</latexit>



Conditional Probability
Light 
Off

Light
On

Battery 
Low

0.04 0.06

Battery 
High

0.01 0.89

P (Battery-Low|Light-O↵) =
0.04

0.05
= 0.8

<latexit sha1_base64="3/kZ63gmDMKdM1m+En80aSonMa8="></latexit>



Posterior probability 

P (A|B) =
P (B|A)P (A)

P (B)
<latexit sha1_base64="Tq2nQQxJiBjk/A6kBM0ZO7D2xRQ=">AAACC3icbVDLSgMxFM34rPU16tJNaBHaTZla8bEQ2rpxOYJ9QFtKJs20oZnMkGSEMu3ejb/ixoUibv0Bd/6Nmekgaj1w4eSce8m9xwkYlcqyPo2l5ZXVtfXMRnZza3tn19zbb0o/FJg0sM980XaQJIxy0lBUMdIOBEGew0jLGV/FfuuOCEl9fqsmAel5aMipSzFSWuqbObtQm9aL8BJ2XYFwZBfq01oR2rBQK87iV3HWN/NWyUoAF0k5JXmQwu6bH92Bj0OPcIUZkrJTtgLVi5BQFDMyy3ZDSQKEx2hIOppy5BHZi5JbZvBIKwPo+kIXVzBRf05EyJNy4jm600NqJP96sfif1wmVe96LKA9CRTief+SGDCofxsHAARUEKzbRBGFB9a4Qj5DOROn4skkIFzFOv09eJM3jUrlSqtyc5Kv1NI4MOAQ5UABlcAaq4BrYoAEwuAeP4Bm8GA/Gk/FqvM1bl4x05gD8gvH+Bc4Kl+A=</latexit>

P (State|Observation) =
P (Observation|State)P (State)

P (Observation)
<latexit sha1_base64="oM8KNXtT0V4OnVzaCxa1MwIlTK0="></latexit>



Posterior probability 

P (A|B) =
P (B|A)P (A)

P (B)
<latexit sha1_base64="Tq2nQQxJiBjk/A6kBM0ZO7D2xRQ=">AAACC3icbVDLSgMxFM34rPU16tJNaBHaTZla8bEQ2rpxOYJ9QFtKJs20oZnMkGSEMu3ejb/ixoUibv0Bd/6Nmekgaj1w4eSce8m9xwkYlcqyPo2l5ZXVtfXMRnZza3tn19zbb0o/FJg0sM980XaQJIxy0lBUMdIOBEGew0jLGV/FfuuOCEl9fqsmAel5aMipSzFSWuqbObtQm9aL8BJ2XYFwZBfq01oR2rBQK87iV3HWN/NWyUoAF0k5JXmQwu6bH92Bj0OPcIUZkrJTtgLVi5BQFDMyy3ZDSQKEx2hIOppy5BHZi5JbZvBIKwPo+kIXVzBRf05EyJNy4jm600NqJP96sfif1wmVe96LKA9CRTief+SGDCofxsHAARUEKzbRBGFB9a4Qj5DOROn4skkIFzFOv09eJM3jUrlSqtyc5Kv1NI4MOAQ5UABlcAaq4BrYoAEwuAeP4Bm8GA/Gk/FqvM1bl4x05gD8gvH+Bc4Kl+A=</latexit>

P (State|Observation) =
P (Observation|State)P (State)

P (Observation)
<latexit sha1_base64="oM8KNXtT0V4OnVzaCxa1MwIlTK0="></latexit>



Independent Events

• Knowing that B is true doesn’t give us any more 
information about A. 

P (A|B) = P (A)

P (B|A) = P (B)
<latexit sha1_base64="wBMiWle/PrctnUv5MUHfYtWyyzM=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAI7aakVrwshLZuXEawF2hCmUwn7dDJJMxMhJJ26cZXceNCEbc+gjvfxmkbRK0/DHz85xzOnN+LGJXKsj6NhcWl5ZXVzFp2fWNza9vc2W3IMBaY1HHIQtHykCSMclJXVDHSigRBgcdI0xtcTerNOyIkDfmtGkbEDVCPU59ipLTVMQ/sfHVUK8BLqKEAHQdm7XxtVJ05tULHzFlFayo4D6UUciCV3TE/nG6I44BwhRmSsl2yIuUmSCiKGRlnnViSCOEB6pG2Ro4CIt1kesgYHmmnC/1Q6McVnLo/JxIUSDkMPN0ZINWXf2sT879aO1b+uZtQHsWKcDxb5McMqhBOUoFdKghWbKgBYUH1XyHuI4Gw0tllpyFcTHT6ffI8NI6LpXKxfHOSq9TSODJgHxyCPCiBM1AB18AGdYDBPXgEz+DFeDCejFfjbda6YKQze+CXjPcvI82VGQ==</latexit>



Independent Events

• Are temperature and time of the day independent? 

• Are the state of the battery and the whether the motor is 
damaged or not independent? 



Conditional Independence

• A and B are conditionally independent given C, iff the 
probability of A given B and C is equal to the probability of 
A given C: 

P (A|B,C) = P (A|C)
<latexit sha1_base64="pLBghGw4FQhXemyH897hZ+rlsTo=">AAAB+nicbZDLSsNAFIYnXmu9pbp0M1iEFqQkVrwshNpuXFawF2hDmUwn7dDJJMxMlNL2Udy4UMStT+LOt3GSBlHrDwMf/zmHc+Z3Q0alsqxPY2l5ZXVtPbOR3dza3tk1c3tNGUQCkwYOWCDaLpKEUU4aiipG2qEgyHcZabmjWlxv3RMhacDv1Dgkjo8GnHoUI6WtnpmrF66n1eNaEV7BGGvFnpm3SlYiuAh2CnmQqt4zP7r9AEc+4QozJGXHtkLlTJBQFDMyy3YjSUKER2hAOho58ol0JsnpM3iknT70AqEfVzBxf05MkC/l2Hd1p4/UUP6txeZ/tU6kvAtnQnkYKcLxfJEXMagCGOcA+1QQrNhYA8KC6lshHiKBsNJpZZMQLmOdfX95EZonJbtcKt+e5ivVNI4MOACHoABscA4q4AbUQQNg8AAewTN4MabGk/FqvM1bl4x0Zh/8kvH+BYbVkbk=</latexit>



Conditional Independence

• A and B are conditionally independent given C, iff the 
probability of A given B and C is equal to the probability of 
A given C: 

P (A|B,C) = P (A|C)
<latexit sha1_base64="pLBghGw4FQhXemyH897hZ+rlsTo=">AAAB+nicbZDLSsNAFIYnXmu9pbp0M1iEFqQkVrwshNpuXFawF2hDmUwn7dDJJMxMlNL2Udy4UMStT+LOt3GSBlHrDwMf/zmHc+Z3Q0alsqxPY2l5ZXVtPbOR3dza3tk1c3tNGUQCkwYOWCDaLpKEUU4aiipG2qEgyHcZabmjWlxv3RMhacDv1Dgkjo8GnHoUI6WtnpmrF66n1eNaEV7BGGvFnpm3SlYiuAh2CnmQqt4zP7r9AEc+4QozJGXHtkLlTJBQFDMyy3YjSUKER2hAOho58ol0JsnpM3iknT70AqEfVzBxf05MkC/l2Hd1p4/UUP6txeZ/tU6kvAtnQnkYKcLxfJEXMagCGOcA+1QQrNhYA8KC6lshHiKBsNJpZZMQLmOdfX95EZonJbtcKt+e5ivVNI4MOACHoABscA4q4AbUQQNg8AAewTN4MabGk/FqvM1bl4x0Zh/8kvH+BYbVkbk=</latexit>



Conditional Independence: Example

• Random Variables:
• Low Battery (B)
• Light Off (L)
• No Motion (N)

• What is the relationship of low battery, light off and no 
motion? 



Conditional Independence: Example

• Random Variables:
• Low Battery (B)
• Light Off (L)
• No Motion (N)

• What is the relationship of low battery, light off and no 
motion? 

• Does seeing the robot with a light off tell us whether it is 
going to move? 



Conditional Independence: Example

• Random Variables:
• Low Battery (B)
• Light Off (L)
• No Motion (N)

• What is the relationship of low battery, light off and no 
motion? 

• Does seeing the robot with a light off tell us whether it is 
going to move? 

• What if we know that the battery is low? Does seeing a light 
off give us some additional information?



Incorporating Multiple Sources of 
Information

• Random Variables:
• Low Battery (B)
• Light Off (L)
• No Motion (N)

P (B|L,N) =
P (L,N |B)P (B)

P (L,N)
<latexit sha1_base64="P5NToMRx3T/RopzUD2/ESU/YXSo=">AAACD3icbVDLSgMxFM3UV62vUZdugkVpQcqMFR8LodSNC5ER7APaUjJppg3NZIYkI5Rp/8C Nv+LGhSJu3brzb0ynRdR6IHDuOfdyc48bMiqVZX0aqbn5hcWl9HJmZXVtfcPc3KrKIBKYVHDAAlF3kSSMclJRVDFSDwVBvstIze1fjP3aHRGSBvxWDULS8lGXU49ipLTUNvedXHl4dXCdh+ew6QmEYyeny2E5r438aFLlR20zaxWsBHCW2FOSBVM4bfOj2Qlw5BOuMENSNmwrVK0YCUUxI6NMM5IkRLiPuqShKUc+ka04uWcE97TSgV4g9OMKJurPiRj5Ug58V3f6SPXkX28s/uc1IuWdtmLKw0gRjieLvIhBFcBxOLBDBcGKDTRBWFD9V4h7SKeidISZJISzMY6/T54l1cOCXSwUb46ypfI0jjTYAbsgB2xwAkrgEjigAjC4B4/gGbwYD8aT8Wq8TVpTxnRmG/yC8f4FiOyZVw==</latexit>



Incorporating Multiple Sources of 
Information

• Random Variables:
• Low Battery (B)
• Light Off (L)
• No Motion (N)

P (B|L,N) =
P (L,N |B)P (B)

P (L,N)
<latexit sha1_base64="P5NToMRx3T/RopzUD2/ESU/YXSo=">AAACD3icbVDLSgMxFM3UV62vUZdugkVpQcqMFR8LodSNC5ER7APaUjJppg3NZIYkI5Rp/8C Nv+LGhSJu3brzb0ynRdR6IHDuOfdyc48bMiqVZX0aqbn5hcWl9HJmZXVtfcPc3KrKIBKYVHDAAlF3kSSMclJRVDFSDwVBvstIze1fjP3aHRGSBvxWDULS8lGXU49ipLTUNvedXHl4dXCdh+ew6QmEYyeny2E5r438aFLlR20zaxWsBHCW2FOSBVM4bfOj2Qlw5BOuMENSNmwrVK0YCUUxI6NMM5IkRLiPuqShKUc+ka04uWcE97TSgV4g9OMKJurPiRj5Ug58V3f6SPXkX28s/uc1IuWdtmLKw0gRjieLvIhBFcBxOLBDBcGKDTRBWFD9V4h7SKeidISZJISzMY6/T54l1cOCXSwUb46ypfI0jjTYAbsgB2xwAkrgEjigAjC4B4/gGbwYD8aT8Wq8TVpTxnRmG/yC8f4FiOyZVw==</latexit>

P (L,N |B) = P (L|B)P (N |B)
<latexit sha1_base64="whEoM8xFzHgg5GvTlGssjrPL0UE=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIlSQMmPFy0IodeNCZAR7gXYomTRtQzOZIckIZezGV3HjQhG3PoY738bMdBBvPwS+/OcckvN7IaNSWdaHkZuZnZtfyC8WlpZXVtfM9Y2GDCKBSR0HLBAtD0nCKCd1RRUjrVAQ5HuMNL3ReVJv3hIhacBv1Dgkro8GnPYpRkpbXXPLKV3uX93V9uAZ1KjBKSXXrlm0ylYq+BfsDIogk9M13zu9AEc+4QozJGXbtkLlxkgoihmZFDqRJCHCIzQgbY0c+US6cbrABO5qpwf7gdCHK5i63ydi5Es59j3d6SM1lL9riflfrR2p/okbUx5GinA8fagfMagCmKQBe1QQrNhYA8KC6r9CPEQCYaUzK6QhnCY6+lr5LzQOynalXLk+LFZrWRx5sA12QAnY4BhUwQVwQB1gMAEP4Ak8G/fGo/FivE5bc0Y2swl+yHj7BD93k8I=</latexit>



Incorporating Multiple Sources of 
Information

• Random Variables:
• Low Battery (B)
• Light Off (L)
• No Motion (N)

P (B|L,N) =
P (L,N |B)P (B)

P (L,N)
<latexit sha1_base64="P5NToMRx3T/RopzUD2/ESU/YXSo=">AAACD3icbVDLSgMxFM3UV62vUZdugkVpQcqMFR8LodSNC5ER7APaUjJppg3NZIYkI5Rp/8C Nv+LGhSJu3brzb0ynRdR6IHDuOfdyc48bMiqVZX0aqbn5hcWl9HJmZXVtfcPc3KrKIBKYVHDAAlF3kSSMclJRVDFSDwVBvstIze1fjP3aHRGSBvxWDULS8lGXU49ipLTUNvedXHl4dXCdh+ew6QmEYyeny2E5r438aFLlR20zaxWsBHCW2FOSBVM4bfOj2Qlw5BOuMENSNmwrVK0YCUUxI6NMM5IkRLiPuqShKUc+ka04uWcE97TSgV4g9OMKJurPiRj5Ug58V3f6SPXkX28s/uc1IuWdtmLKw0gRjieLvIhBFcBxOLBDBcGKDTRBWFD9V4h7SKeidISZJISzMY6/T54l1cOCXSwUb46ypfI0jjTYAbsgB2xwAkrgEjigAjC4B4/gGbwYD8aT8Wq8TVpTxnRmG/yC8f4FiOyZVw==</latexit>

P (B|L,N) =
P (L|B)P (N |B)P (B)

P (L,N)
<latexit sha1_base64="ckUpR+QY7tGKBeeHWwRdaNG83eE=">AAACE3icbVBLSwMxGMzWV62vqkcvwSK0ImVrxcdBKPXioZQV7APapWTTbBuafZBkhbLtf/DiX/HiQRGvXrz5b8xuF1HrQMIwMx/JN5bPqJC6/qmlFhaXllfSq5m19Y3Nrez2TlN4AcekgT3m8baFBGHUJQ1JJSNtnxPkWIy0rNFV5LfuCBfUc2/l2CemgwYutSlGUkm97KGRr05qR/UCvIRdmyMcGvnapFow8vX4rhamkaIC0142pxf1GHCelBKSAwmMXvaj2/dw4BBXYoaE6JR0X5oh4pJiRqaZbiCIj/AIDUhHURc5RJhhvNMUHiilD22Pq+NKGKs/J0LkCDF2LJV0kByKv14k/ud1AmmfmyF1/UASF88esgMGpQejgmCfcoIlGyuCMKfqrxAPkWpGqhozcQkXEU6/V54nzeNiqVws35zkKtWkjjTYA/sgD0rgDFTANTBAA2BwDx7BM3jRHrQn7VV7m0VTWjKzC35Be/8CHsSasg==</latexit>



Incorporating Multiple Sources of 
Information

• Random Variables:
• Low Battery (B)
• Light Off (L)
• No Motion (N)

P (L,N) = P (L|B)P (N |B)P (B) + P (L|�B)P (N |�B)P (�B)
<latexit sha1_base64="bfBmKeHXgrHMV0wBFuzALcG+Z9U=">AAACGHicbVDLSgMxFM3UV62vUZdugkVoUeuMFR8LodSNCykj2Ae0Q8mkaRuaeZBkhDL2M9z4K25cKOK2O//GzLSIWg/k5nDOvST3OAGjQhrGp5aam19YXEovZ1ZW19Y39M2tmvBDjkkV+8znDQcJwqhHqpJKRhoBJ8h1GKk7g6vYr98TLqjv3clhQGwX9TzapRhJJbX1Iyt3c1DJw0uoyEM5b+UqSS3n4X4iHU605FKlrWeNgpEAzhJzSrJgCqutj1sdH4cu8SRmSIimaQTSjhCXFDMyyrRCQQKEB6hHmop6yCXCjpLFRnBPKR3Y9bk6noSJ+nMiQq4QQ9dRnS6SffHXi8X/vGYou+d2RL0glMTDk4e6IYPSh3FKsEM5wZINFUGYU/VXiPuIIyxVlpkkhIsYp98rz5LaccEsFoq3J9lSeRpHGuyAXZADJjgDJXANLFAFGDyCZ/AK3rQn7UV71z4mrSltOrMNfkEbfwGTMZoE</latexit>



Continuous Random Variables

• Example: Position of the robot in the room

• A continuous random variable possesses a probability 
density function (PDF), which always integrates to 1: 

Z
p(x)dx = 1
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Normal Distribution

• Normal distributions play a major role in this lecture. We 
will abbreviate them as 

p(x) = (2⇡�2)�
1
2 e�

1
2

(x�µ)2

�2
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N(x;µ,�2)
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Linear Transformations

• if 𝑥 and 𝑦 are independent and 𝑥~𝒩 𝜇!, 𝑄! , 𝑦~𝒩 𝜇", 𝑄"  
with 𝑧 = 𝐴𝑥 + 𝐵𝑦 + c, with 𝑐 a constant, then: 
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• if 𝑥 and 𝑦 are independent and 𝑥~𝒩 𝜇!, 𝑄! , 𝑦~𝒩 𝜇", 𝑄"  
with 𝑧 = 𝐴𝑥 + 𝐵𝑦 + c, with 𝑐 a constant, then: 

• 𝑧 is also a normal random variable with 
   z~𝒩 𝐴𝜇! + 𝐵𝜇" + 𝑐, 𝐴#𝑄!𝐴 + 𝐵#𝑄"𝐵

• Example: Let 𝑥~𝒩 0,1	 and y~𝒩 0,4	 and 𝑧 = 𝑥 + 2𝑦 + 3 
then: 

     z~𝒩 3, 1 ∗ 1 ∗ 1 + 2 ∗ 4 ∗ 2 = 𝒩 3, 17



Probability Axioms for Continuous Variables

p(x) =
X

y

p(x|y)p(y)
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(discrete)

p(x) =

Z

y
p(x|y)p(y)dy
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Probability Axioms for Continuous Variables

(discrete)

(continuous)

p(x|y) = p(y|x)p(x)P
x0 p(y|x0)p(x0)
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p(x|y) = p(y|x)p(x)R
x0 p(y|x0)p(x0)dx0
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Probability Axioms for Continuous Variables

(discrete)

(continuous)

p(x|y) = p(y|x)p(x)P
x0 p(y|x0)p(x0)
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p(x|y) = ⌘p(y|x)p(x)
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Expectation of Random Variable

E[X] =
X

x

xp(x)
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(discrete)

E[X] =

Z

x
xp(x)dx
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(continuous)

E[aX + b] = aE[X] + b
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Example

• If you roll a 1 or 2, you lose $3.
• If you roll a 3 or 4, you win $2.
• If you roll a 5 or 6, you win $5.

• Expected Value = (Outcome 1 or 2) * (Probability of 1 or 2) + (Outcome 3 
or 4) * (Probability of 3 or 4) + (Outcome 5 or 6) * (Probability of 5 or 6)

• Expected Value = (-$3) * (1/3) + ($2) * (1/3) + ($5) * (1/3) Expected Value = 
(-$1) + ($2/3) + ($5/3) 

    Expected Value = $2/3



Example

• Let’s assume that the time the battery of a robot lasts 
follows a probability distribution with density function: f(x) 
= 0.02 x for 0 ≤ 𝑥 ≤ 50, 0 otherwise. What’s the expected 
battery life of the robot? 



Example

• Let’s assume that the time the battery of a robot lasts 
follows a probability distribution with density function: f(x) 
= 0.02 x for 0 ≤ 𝑥 ≤ 50, 0 otherwise. What’s the expected 
battery life of the robot? 

The expected value (mean) of a continuous random variable can be calcu-
lated using the formula:

E(X) =

Z 1

�1
x · f(x) dx

In this case, the probability density function is given by:

f(x) =

(
0.02x for 0  x  50

0 otherwise

So, we need to integrate x · f(x) over the interval 0  x  50:

E(X) =

Z 50

0
x · (0.02x) dx

E(X) = 0.02

Z 50

0
x2 dx

Using the power rule of integration, we find:

E(X) = 0.02 · x
3

3

����
50

0

E(X) =
0.02

3
· (503 � 03)

E(X) =
0.02

3
· 125000

E(X) = 833.33

So, the expected battery life of the gadget is approximately 833.33 hours.
Keep in mind that the expected value represents the average battery life you

can expect from the gadget according to the given probability distribution.
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Example

• Q: We Let X ~ uniform(0,1). Find E(X).
• A: X has range [0, 1] and density f(x) = 1. Therefore: 
        

E(X) =

Z 1

0
xdx =

x2

2

����
1

0

=
1

2



Example

• Q: We Let Z ~ N(0,1). Find E(Z).
• A: Z has range (-inf, inf) and density 

Therefore: 
        

�(z) =
1p
2⇡

e
�z2

2
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• Q: We Let Z ~ N(0,1). Find E(Z).
• A: Z has range (-inf, inf) and density 

Therefore: 
        

�(z) =
1p
2⇡

e
�z2

2

E(Z) =

Z 1

�1

1p
2⇡

ze�
z2

2 dz = � 1p
2⇡

ze�
z2

2

����
1

�1
= 0
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• Q: We Let Z ~ N(0,1). Find E(Z).
• A: Z has range (-inf, inf) and density 
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2
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����
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Random Vectors

• Normalization:

• Mean:  

• Covariance: 

Z 1

�1
· · ·

Z 1

�1
f(x)dx1dx2 . . . dxn = 1
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x̄ = E[x] =

Z 1

�1
· · ·

Z 1

�1
xf(x)dx1dx2 . . . dxn
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⌃ = [⌃ij ] = E[(x� x̄)(x� x̄)T ] =

Z 1

�1
· · ·

Z 1

�1
(x� x̄)(x� x̄)T f(x)dx1dx2 . . . dxn
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Example

• Covariance matrix of random vector: x = (x1, x2, x3)

C(x) = E $ bmatrix(x1 � µ1)2(x1 � µ1)(x1 � µ2)(x2 � µ1)(x3 � µ3)
(x2 � µ2)(x1 � µ1)(x2 � µ2)2(x2 � µ2)(x3 � µ3)
(x3 � µ3)(x1 � µ1)(x3 � µ3)(x2 � µ2)(x3 � µ3)2

C(x) = E

8
<

:

2

4
x1 � µ1

x2 � µ2

x3 � µ3

3

5 ⇥
x1 � µ1 x2 � µ2 x3 � µ3

⇤
9
=

;

C(x) = E

8
<

:

2

4
(x1 � µ1)2 (x1 � µ1)(x1 � µ2) (x2 � µ1)(x3 � µ3)

(x2 � µ2)(x1 � µ1) (x2 � µ2)2 (x2 � µ2)(x3 � µ3)
(x3 � µ3)(x1 � µ1) (x3 � µ3)(x2 � µ2) (x3 � µ3)2

3

5

9
=

;
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(x2 � µ2)(x1 � µ1) (x2 � µ2)2 (x2 � µ2)(x3 � µ3)
(x3 � µ3)(x1 � µ1) (x3 � µ3)(x2 � µ2) (x3 � µ3)2

3

5

9
=

;



Example

• Covariance matrix of random vector: x = (x1, x2, x3)

C(x) = E $ bmatrix(x1 � µ1)2(x1 � µ1)(x1 � µ2)(x2 � µ1)(x3 � µ3)
(x2 � µ2)(x1 � µ1)(x2 � µ2)2(x2 � µ2)(x3 � µ3)
(x3 � µ3)(x1 � µ1)(x3 � µ3)(x2 � µ2)(x3 � µ3)2

C(x) = E

8
<

:

2

4
x1 � µ1

x2 � µ2

x3 � µ3

3

5 ⇥
x1 � µ1 x2 � µ2 x3 � µ3

⇤
9
=

;

C(x) = E

8
<

:

2

4
(x1 � µ1)2 (x1 � µ1)(x1 � µ2) (x2 � µ1)(x3 � µ3)

(x2 � µ2)(x1 � µ1) (x2 � µ2)2 (x2 � µ2)(x3 � µ3)
(x3 � µ3)(x1 � µ1) (x3 � µ3)(x2 � µ2) (x3 � µ3)2

3

5

9
=

;

C(x) =

2

4
V (x1) Cov(x1, x2) Cov(x1, x3)

Cov(x1, x2) V (x2) Cov(x2, x3)
Cov(x1, x3) Cov(x2, x3) V (x3)

3

5



Stationarity

• Stationarity: Parameters, e.g., mean, covariance, are time-
shift invariant: 𝐸 𝑥 𝑡 = 𝜇 ∀𝑡

• Are the following processes z stationary: 
z  = 1 + 𝑤, 𝑤~𝒩 0,1	



Stationarity

• Stationarity: Parameters, e.g., mean, covariance, are time-
shift invariant: 𝐸 𝑥 𝑡 = 𝜇 ∀𝑡

• Are the following processes z stationary: 
z  = 1 + 𝑤, 𝑤~𝒩 0,1	

z  = 1 + 𝑤, 𝑤~𝒩 𝑡, 1	



Stationarity

• Stationarity: Parameters, e.g., mean, covariance, are time-
shift invariant: 𝐸 𝑥 𝑡 = 𝜇 ∀𝑡

• Are the following processes z stationary: 
z  = 1 + 𝑤, 𝑤~𝒩 0,1	

z  = 1 + 𝑤, 𝑤~𝒩 𝑡, 1	

z  = t + 𝑤, 𝑤~𝒩 0,1	



Markov Chains

• A set of trials with possible outcomes, 𝑒$, 𝑒%, …	 is called a 
Markov chain if the probabilities of sampled sequences are 
defined by: 
• 𝑃 {𝑒&$, … 𝑒&#} = 𝑃(𝑒&$) 𝑃(𝑒&%| 𝑒&$) … 	𝑃(𝑒&#| 𝑒&#'$)



Markov Chains

• A set of trials with possible outcomes, 𝑒$, 𝑒%, …	 is called a 
Markov chain if the probabilities of sampled sequences are 
defined by: 
• 𝑃 {𝑒&$, … 𝑒&#} = 𝑃(𝑒&$) 𝑃(𝑒&%| 𝑒&$) … 	𝑃(𝑒&#| 𝑒&#'$)

• The probabilities of transitioning from outcome 𝑒('$ to 𝑒( 
are defined with a transition matrix

T =

2

6664

p11 p12 ...
p21 p22 ...
...

p31 p32 ...

3

7775

<latexit sha1_base64="khRqWXi4bQWHXzw4/FJ/AuNTYik="></latexit>



Example

• Assume three possible system states, 𝑒$, 𝑒% and 𝑒):
• 𝑥! = Battery full
• 𝑥" = Battery low
• 𝑥# = Battery empty T =

2

4
a 1� a 0
0 b 1� b
0 0 1

3

5

<latexit sha1_base64="6nT75Bwz6y6ZHpIodIJzHM7wOv0="></latexit>



Example

• Assume three possible system states, 𝑒$, 𝑒% and 𝑒):
• 𝑥! = Battery full
• 𝑥" = Battery low
• 𝑥# = Battery empty

a
<latexit sha1_base64="oy8zr2EpT+Y05g+gMJ+O9x6a4iM=">AAAB+HicbVA9TwJBEJ3DL8Qv1NLmIjGxIndioiXRxhIS+UjgQvaWOdiwu3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PmjpOFcUGjXms2iHRyJnEhmGGYztRSETIsRWO7md+6wmVZrF8NOMEA0EGkkWMEmOlOukVS17Zm8NdJ35GSpCh1iv+dPsxTQVKQznRuuN7iQkmRBlGOU4L3VRjQuiIDLBjqSQCdTCZHzp1L6zSd6NY2ZLGnat/JyZEaD0Woe0UxAz1qjcT//M6qYlugwmTSWpQ0sWiKOWuid3Z126fKaSGjy0hVDF7q0uHRBFqbDZLW0IxLdhQ/NUI1knzquxXypX6dal6l8WThzM4h0vw4Qaq8AA1aAAFhBd4hTfn2Xl3PpzPRWvOyWZOYQnO1y/x2ZOQ</latexit>

1� a
<latexit sha1_base64="PunRcrTQLspLIpyJDyLnCO0Z5ns=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxkdwJiZZEG0uM8pHAhewte7Bhd++yu2dCTn6CrfZ2xtY/Y+svcYErBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1O/dYTVZpF8tGMY+oLPJAsZAQbKz14F7hXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/ZTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmBRuKtxzBKmlelr1KuXJfLdVusnjycAKncA4eXEEN7qAODSAwgBd4hTfn2Xl3PpzPeWvOyWaOYQHO1y/QuZQC</latexit>

b
<latexit sha1_base64="OQbjjG5urYti5AAkuIownKJTSTs=">AAAB+HicbVA9TwJBEJ3DL8Qv1NLmIjGxIndioiXRxhIS+UjgQvaWOdiwu3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PmjpOFcUGjXms2iHRyJnEhmGGYztRSETIsRWO7md+6wmVZrF8NOMEA0EGkkWMEmOletgrlryyN4e7TvyMlCBDrVf86fZjmgqUhnKidcf3EhNMiDKMcpwWuqnGhNARGWDHUkkE6mAyP3TqXlil70axsiWNO1f/TkyI0HosQtspiBnqVW8m/ud1UhPdBhMmk9SgpItFUcpdE7uzr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiWrCh+KsRrJPmVdmvlCv161L1LosnD2dwDpfgww1U4QFq0AAKCC/wCm/Os/PufDifi9ack82cwhKcr1/zbZOR</latexit>

1� b
<latexit sha1_base64="tMN4nO0F/y0HmwCiEZsgA6Fb39Q=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxkdwJiZZEG0uM8pHAhewte7Bhd++yu2dCTn6CrfZ2xtY/Y+svcYErBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1O/dYTVZpF8tGMY+oLPJAsZAQbKz14F0GvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns1Mn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+ymTcWKoJPNFYcKRidD0b9RnihLDx5Zgopi9FZEhVpgYm87ClkBMCjYUbzmCVdK8LHuVcuW+WqrdZPHk4QRO4Rw8uIIa3EEdGkBgAC/wCm/Os/PufDif89ack80cwwKcr1/STZQD</latexit>

T =

2

4
a 1� a 0
0 b 1� b
0 0 1

3

5

<latexit sha1_base64="6nT75Bwz6y6ZHpIodIJzHM7wOv0="></latexit>

1
<latexit sha1_base64="SQIXz4cfmkwD2PC1Jx8tfOMXeX8=">AAAB+HicbVA9TwJBEJ3DL8Qv1NLmIjGxIndioiXRxhIS+UjgQvaWOdiwu3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PmjpOFcUGjXms2iHRyJnEhmGGYztRSETIsRWO7md+6wmVZrF8NOMEA0EGkkWMEmOlut8rlryyN4e7TvyMlCBDrVf86fZjmgqUhnKidcf3EhNMiDKMcpwWuqnGhNARGWDHUkkE6mAyP3TqXlil70axsiWNO1f/TkyI0HosQtspiBnqVW8m/ud1UhPdBhMmk9SgpItFUcpdE7uzr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiWrCh+KsRrJPmVdmvlCv161L1LosnD2dwDpfgww1U4QFq0AAKCC/wCm/Os/PufDifi9ack82cwhKcr1+mGZNg</latexit>

x1
<latexit sha1_base64="CQiXFvXQdlu9iDX70ZDYVZHCOfo=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndCoiXRxhKjfCRwIXvLHmzY3bvs7hnJyU+w1d7O2PpnbP0lLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qkSrNIPphxTH2BB5KFjGBjpfunntcrltyyOwNaJV5GSpCh3iv+dPsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7NQJOrNKH4WRsiUNmql/J1IstB6LwHYKbIZ62ZuK/3mdxIRXfspknBgqyXxRmHBkIjT9G/WZosTwsSWYKGZvRWSIFSbGprOwJRCTgg3FW45glTQvyl6lXLmrlmrXWTx5OIFTOAcPLqEGt1CHBhAYwAu8wpvz7Lw7H87nvDXnZDPHsADn6xdEvJRL</latexit>

x2
<latexit sha1_base64="q375mKmSVT6/JW7zylEt4ivjUMM=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndgoiXRxhKjfCRwIXvLHmzY3bvs7hnJyU+w1d7O2PpnbP0lLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qkSrNIPphxTH2BB5KFjGBjpfunXqVXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/JTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmBRuKtxzBKmlWyl61XL27KNWus3jycAKncA4eXEINbqEODSAwgBd4hTfn2Xl3PpzPeWvOyWaOYQHO1y9GUJRM</latexit>

x3
<latexit sha1_base64="iQZKFY75T6W0iDRR5TI1gxyk4iY=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndCoiXRxhKjfCRwIXvLHmzY3bvs7hnJyU+w1d7O2PpnbP0lLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qkSrNIPphxTH2BB5KFjGBjpfunXqVXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/JTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmBRuKtxzBKmlelL1KuXJXLdWus3jycAKncA4eXEINbqEODSAwgBd4hTfn2Xl3PpzPeWvOyWaOYQHO1y9H5JRN</latexit>



Example

• What is the probability of the sequence (“battery full”, 
”battery low”, “battery low”) given that the robot starts 
with battery full? 

a
<latexit sha1_base64="oy8zr2EpT+Y05g+gMJ+O9x6a4iM=">AAAB+HicbVA9TwJBEJ3DL8Qv1NLmIjGxIndioiXRxhIS+UjgQvaWOdiwu3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PmjpOFcUGjXms2iHRyJnEhmGGYztRSETIsRWO7md+6wmVZrF8NOMEA0EGkkWMEmOlOukVS17Zm8NdJ35GSpCh1iv+dPsxTQVKQznRuuN7iQkmRBlGOU4L3VRjQuiIDLBjqSQCdTCZHzp1L6zSd6NY2ZLGnat/JyZEaD0Woe0UxAz1qjcT//M6qYlugwmTSWpQ0sWiKOWuid3Z126fKaSGjy0hVDF7q0uHRBFqbDZLW0IxLdhQ/NUI1knzquxXypX6dal6l8WThzM4h0vw4Qaq8AA1aAAFhBd4hTfn2Xl3PpzPRWvOyWZOYQnO1y/x2ZOQ</latexit>

1� a
<latexit sha1_base64="PunRcrTQLspLIpyJDyLnCO0Z5ns=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxkdwJiZZEG0uM8pHAhewte7Bhd++yu2dCTn6CrfZ2xtY/Y+svcYErBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1O/dYTVZpF8tGMY+oLPJAsZAQbKz14F7hXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/ZTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmBRuKtxzBKmlelr1KuXJfLdVusnjycAKncA4eXEEN7qAODSAwgBd4hTfn2Xl3PpzPeWvOyWaOYQHO1y/QuZQC</latexit>

b
<latexit sha1_base64="OQbjjG5urYti5AAkuIownKJTSTs=">AAAB+HicbVA9TwJBEJ3DL8Qv1NLmIjGxIndioiXRxhIS+UjgQvaWOdiwu3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PmjpOFcUGjXms2iHRyJnEhmGGYztRSETIsRWO7md+6wmVZrF8NOMEA0EGkkWMEmOletgrlryyN4e7TvyMlCBDrVf86fZjmgqUhnKidcf3EhNMiDKMcpwWuqnGhNARGWDHUkkE6mAyP3TqXlil70axsiWNO1f/TkyI0HosQtspiBnqVW8m/ud1UhPdBhMmk9SgpItFUcpdE7uzr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiWrCh+KsRrJPmVdmvlCv161L1LosnD2dwDpfgww1U4QFq0AAKCC/wCm/Os/PufDifi9ack82cwhKcr1/zbZOR</latexit>

1� b
<latexit sha1_base64="tMN4nO0F/y0HmwCiEZsgA6Fb39Q=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxkdwJiZZEG0uM8pHAhewte7Bhd++yu2dCTn6CrfZ2xtY/Y+svcYErBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1O/dYTVZpF8tGMY+oLPJAsZAQbKz14F0GvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns1Mn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+ymTcWKoJPNFYcKRidD0b9RnihLDx5Zgopi9FZEhVpgYm87ClkBMCjYUbzmCVdK8LHuVcuW+WqrdZPHk4QRO4Rw8uIIa3EEdGkBgAC/wCm/Os/PufDif89ack80cwwKcr1/STZQD</latexit>

1
<latexit sha1_base64="SQIXz4cfmkwD2PC1Jx8tfOMXeX8=">AAAB+HicbVA9TwJBEJ3DL8Qv1NLmIjGxIndioiXRxhIS+UjgQvaWOdiwu3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PmjpOFcUGjXms2iHRyJnEhmGGYztRSETIsRWO7md+6wmVZrF8NOMEA0EGkkWMEmOlut8rlryyN4e7TvyMlCBDrVf86fZjmgqUhnKidcf3EhNMiDKMcpwWuqnGhNARGWDHUkkE6mAyP3TqXlil70axsiWNO1f/TkyI0HosQtspiBnqVW8m/ud1UhPdBhMmk9SgpItFUcpdE7uzr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiWrCh+KsRrJPmVdmvlCv161L1LosnD2dwDpfgww1U4QFq0AAKCC/wCm/Os/PufDifi9ack82cwhKcr1+mGZNg</latexit>

x1
<latexit sha1_base64="CQiXFvXQdlu9iDX70ZDYVZHCOfo=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndCoiXRxhKjfCRwIXvLHmzY3bvs7hnJyU+w1d7O2PpnbP0lLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qkSrNIPphxTH2BB5KFjGBjpfunntcrltyyOwNaJV5GSpCh3iv+dPsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7NQJOrNKH4WRsiUNmql/J1IstB6LwHYKbIZ62ZuK/3mdxIRXfspknBgqyXxRmHBkIjT9G/WZosTwsSWYKGZvRWSIFSbGprOwJRCTgg3FW45glTQvyl6lXLmrlmrXWTx5OIFTOAcPLqEGt1CHBhAYwAu8wpvz7Lw7H87nvDXnZDPHsADn6xdEvJRL</latexit>

x2
<latexit sha1_base64="q375mKmSVT6/JW7zylEt4ivjUMM=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndgoiXRxhKjfCRwIXvLHmzY3bvs7hnJyU+w1d7O2PpnbP0lLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qkSrNIPphxTH2BB5KFjGBjpfunXqVXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/JTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmBRuKtxzBKmlWyl61XL27KNWus3jycAKncA4eXEINbqEODSAwgBd4hTfn2Xl3PpzPeWvOyWaOYQHO1y9GUJRM</latexit>

x3
<latexit sha1_base64="iQZKFY75T6W0iDRR5TI1gxyk4iY=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndCoiXRxhKjfCRwIXvLHmzY3bvs7hnJyU+w1d7O2PpnbP0lLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qkSrNIPphxTH2BB5KFjGBjpfunXqVXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/JTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmBRuKtxzBKmlelL1KuXJXLdWus3jycAKncA4eXEINbqEODSAwgBd4hTfn2Xl3PpzPeWvOyWaOYQHO1y9H5JRN</latexit>



Example

• What is the probability of the sequence {“battery full”, 
”battery low”, “battery low”} given that the robot starts 
with battery full? 

a
<latexit sha1_base64="oy8zr2EpT+Y05g+gMJ+O9x6a4iM=">AAAB+HicbVA9TwJBEJ3DL8Qv1NLmIjGxIndioiXRxhIS+UjgQvaWOdiwu3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PmjpOFcUGjXms2iHRyJnEhmGGYztRSETIsRWO7md+6wmVZrF8NOMEA0EGkkWMEmOlOukVS17Zm8NdJ35GSpCh1iv+dPsxTQVKQznRuuN7iQkmRBlGOU4L3VRjQuiIDLBjqSQCdTCZHzp1L6zSd6NY2ZLGnat/JyZEaD0Woe0UxAz1qjcT//M6qYlugwmTSWpQ0sWiKOWuid3Z126fKaSGjy0hVDF7q0uHRBFqbDZLW0IxLdhQ/NUI1knzquxXypX6dal6l8WThzM4h0vw4Qaq8AA1aAAFhBd4hTfn2Xl3PpzPRWvOyWZOYQnO1y/x2ZOQ</latexit>

1� a
<latexit sha1_base64="PunRcrTQLspLIpyJDyLnCO0Z5ns=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxkdwJiZZEG0uM8pHAhewte7Bhd++yu2dCTn6CrfZ2xtY/Y+svcYErBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1O/dYTVZpF8tGMY+oLPJAsZAQbKz14F7hXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/ZTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmBRuKtxzBKmlelr1KuXJfLdVusnjycAKncA4eXEEN7qAODSAwgBd4hTfn2Xl3PpzPeWvOyWaOYQHO1y/QuZQC</latexit>

b
<latexit sha1_base64="OQbjjG5urYti5AAkuIownKJTSTs=">AAAB+HicbVA9TwJBEJ3DL8Qv1NLmIjGxIndioiXRxhIS+UjgQvaWOdiwu3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PmjpOFcUGjXms2iHRyJnEhmGGYztRSETIsRWO7md+6wmVZrF8NOMEA0EGkkWMEmOletgrlryyN4e7TvyMlCBDrVf86fZjmgqUhnKidcf3EhNMiDKMcpwWuqnGhNARGWDHUkkE6mAyP3TqXlil70axsiWNO1f/TkyI0HosQtspiBnqVW8m/ud1UhPdBhMmk9SgpItFUcpdE7uzr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiWrCh+KsRrJPmVdmvlCv161L1LosnD2dwDpfgww1U4QFq0AAKCC/wCm/Os/PufDifi9ack82cwhKcr1/zbZOR</latexit>

1� b
<latexit sha1_base64="tMN4nO0F/y0HmwCiEZsgA6Fb39Q=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxkdwJiZZEG0uM8pHAhewte7Bhd++yu2dCTn6CrfZ2xtY/Y+svcYErBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1O/dYTVZpF8tGMY+oLPJAsZAQbKz14F0GvWHLL7gxolXgZKUGGeq/40+1HJBFUGsKx1h3PjY2fYmUY4XRS6CaaxpiM8IB2LJVYUO2ns1Mn6MwqfRRGypY0aKb+nUix0HosAtspsBnqZW8q/ud1EhNe+ymTcWKoJPNFYcKRidD0b9RnihLDx5Zgopi9FZEhVpgYm87ClkBMCjYUbzmCVdK8LHuVcuW+WqrdZPHk4QRO4Rw8uIIa3EEdGkBgAC/wCm/Os/PufDif89ack80cwwKcr1/STZQD</latexit>

1
<latexit sha1_base64="SQIXz4cfmkwD2PC1Jx8tfOMXeX8=">AAAB+HicbVA9TwJBEJ3DL8Qv1NLmIjGxIndioiXRxhIS+UjgQvaWOdiwu3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PmjpOFcUGjXms2iHRyJnEhmGGYztRSETIsRWO7md+6wmVZrF8NOMEA0EGkkWMEmOlut8rlryyN4e7TvyMlCBDrVf86fZjmgqUhnKidcf3EhNMiDKMcpwWuqnGhNARGWDHUkkE6mAyP3TqXlil70axsiWNO1f/TkyI0HosQtspiBnqVW8m/ud1UhPdBhMmk9SgpItFUcpdE7uzr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiWrCh+KsRrJPmVdmvlCv161L1LosnD2dwDpfgww1U4QFq0AAKCC/wCm/Os/PufDifi9ack82cwhKcr1+mGZNg</latexit>

x1
<latexit sha1_base64="CQiXFvXQdlu9iDX70ZDYVZHCOfo=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndCoiXRxhKjfCRwIXvLHmzY3bvs7hnJyU+w1d7O2PpnbP0lLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qkSrNIPphxTH2BB5KFjGBjpfunntcrltyyOwNaJV5GSpCh3iv+dPsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7NQJOrNKH4WRsiUNmql/J1IstB6LwHYKbIZ62ZuK/3mdxIRXfspknBgqyXxRmHBkIjT9G/WZosTwsSWYKGZvRWSIFSbGprOwJRCTgg3FW45glTQvyl6lXLmrlmrXWTx5OIFTOAcPLqEGt1CHBhAYwAu8wpvz7Lw7H87nvDXnZDPHsADn6xdEvJRL</latexit>

x2
<latexit sha1_base64="q375mKmSVT6/JW7zylEt4ivjUMM=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndgoiXRxhKjfCRwIXvLHmzY3bvs7hnJyU+w1d7O2PpnbP0lLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qkSrNIPphxTH2BB5KFjGBjpfunXqVXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/JTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmBRuKtxzBKmlWyl61XL27KNWus3jycAKncA4eXEINbqEODSAwgBd4hTfn2Xl3PpzPeWvOyWaOYQHO1y9GUJRM</latexit>

x3
<latexit sha1_base64="iQZKFY75T6W0iDRR5TI1gxyk4iY=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxIndCoiXRxhKjfCRwIXvLHmzY3bvs7hnJyU+w1d7O2PpnbP0lLnCFgC+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up33qkSrNIPphxTH2BB5KFjGBjpfunXqVXLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/JTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSyAmBRuKtxzBKmlelL1KuXJXLdWus3jycAKncA4eXEINbqEODSAwgBd4hTfn2Xl3PpzPeWvOyWaOYQHO1y9H5JRN</latexit>

P ({x1, x2, x2}) = P (x1)P (x2|x1)P (x2|x2)

= 1 ⇤ (1� a) ⇤ b
<latexit sha1_base64="BLy+tMjtF9IMhrX5WQD276WBQ20="></latexit>



Reasoning over uncertainty



State

• A state captures all the information that the robot needs o 
make decisions. It may change over time such as its 
location. 

• The are two types of interaction that the robot can have 
with the environment. 



Robot Interaction

• Robot is at a state xt 

• Takes a measurement zt

• Takes action ut

• Transitions to a new state xt+1



Actuation

(Markov assumption) 

p(xt|x1:t�1, z1:t�1, u1:t) = p(xt|xt�1, ut)
<latexit sha1_base64="fmg6SJsVqguzvGOp3K/P8ESvM5k=">AAACJHicbZBLSwMxFIUz9VXrq+rSTbAILWiZseIToejGZQX7gLYMmTRtQzMPkjvSOvbHuPGvuHHhAxdu/C1Op0OpjwOBj3NuSO6xPMEV6PqnlpiZnZtfSC6mlpZXVtfS6xsV5fqSsjJ1hStrFlFMcIeVgYNgNU8yYluCVa3e5Siv3jKpuOvcwMBjTZt0HN7mlEBomekzL9s3Ad/jvhkYp7BnDHfvJuRHNMzhczw1FkeQM9MZPa9Hwn/BiCGDYpXM9Fuj5VLfZg5QQZSqG7oHzYBI4FSwYarhK+YR2iMdVg/RITZTzSBacoh3QqeF264MjwM4cqdvBMRWamBb4aRNoKt+ZyPzv6zuQ/u4GXDH84E5dPxQ2xcYXDxqDLe4ZBTEIARCJQ//immXSEIh7DUVlXAy0uFk5b9Q2c8bhXzh+iBTvIjrSKIttI2yyEBHqIiuUAmVEUUP6Am9oFftUXvW3rWP8WhCi+9soh/Svr4BjIuibw==</latexit>



Sensing

• Camera images

• Range scan

• Tactile sensors

• Others?



Sensing

(Markov assumption) 

p(zt|x1:t, z1:t�1, u1:t) = p(zt|xt)
<latexit sha1_base64="6+vl6e45JNnffGpTDVrKaeVYihA=">AAACGnicbVDLSgMxFM3UV62vqks3wSK0UMuMFV8gFN24rGAf0JYhk6ZtaOZBckdsx/kON/6KGxeKuBM3/o3TafFVD4QczjmX5B7LE1yBrn9oiZnZufmF5GJqaXlldS29vlFVri8pq1BXuLJuEcUEd1gFOAhW9yQjtiVYzeqfj/zaNZOKu84VDDzWsknX4R1OCUSSmTa87NAEfItvzMA4gTA/jO9dI8z7YyWHT/F3CHJmOqMX9Bh4mhgTkkETlM30W7PtUt9mDlBBlGoYugetgEjgVLAw1fQV8wjtky5rRNQhNlOtIF4txDuR0sYdV0bHARyrPycCYis1sK0oaRPoqb/eSPzPa/jQOWoF3PF8YA4dP9TxBQYXj3rCbS4ZBTGICKGSR3/FtEckoRC1mYpLOB7h4GvlaVLdKxjFQvFyP1M6m9SRRFtoG2WRgQ5RCV2gMqogiu7QA3pCz9q99qi9aK/jaEKbzGyiX9DePwGuz57n</latexit>


