CSCI 545: Introduction to Robotics Fall 2019

Lecture 10: Simultaneous Localization and Mapping

Scribe: Edward Hu, Shijie Zhou, Christopher Imantaka, R. Michael Swan
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1 Mapping

1.1 Motivation

In the localization lecture, we’ve discussed localizing, or figuring out the robot’s pose in
the environment given a map. Now, we want to solve the complementary problem: how
can we acquire a map of the world from scratch? We can start with the simplest of maps,
an occupancy grid (Figure [2).

1.2 Formulation

In Figure [I| below we see the causal diagram for mapping in our system. The map is
built up based on observations and states z; and x; like so:

p(m|zi., x1:4) 1)

where m is the map. For the time being, we will assume that we know where we are and
that inputs do not provide further information. Therefore, inputs u; are not included in
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Figure 1: Figure 9.2 from TBF[1]. Graphical model of mapping with known poses. The
shaded variables (poses x and measurements z) are known. The goal of mapping is to
recover the map m.

the basic formulation. That said, what is m? There are infinitely many possible maps, so
how do we break it down? One approach is to use an occupancy grid which essentially
breaks down the map into an array of cells of some size such that:

m=)y_m; ()

Where each cell m; has a binary occupancy value, “1” for free and “0” for occupied.
Occupancy grids are usually used to map 2-D floorplans, though it can generalize to 3-D
at significant computational expense. Applying equation (2) to equation (1) to look at
some cell m; we get:

p(m;|z1, x1.4) 3)
This gives us our initial formulation. We still need to apply the log-odds representation
of occupancy to avoid numerical instability. That is:

p(mi |let/ xl:t)
— p(mi|za.4, x1:4)

by = log @

1.3 Algorithm

The occupancy grid algorithm is fairly simple to understand. Essentially we update the
map based on what we can currently see.
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(a)

(b)

Figure 2: Figure 9.1 from TBF[1]]. (a) Raw range data, position indexed by odometry. (b)
Occupancy grid map.
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1: Algorithm occupancy_grid_mapping({l;_1}, 2, 2¢):

2: for all cells m; do

3: if m; in perceptual field of z; then

4. ly i = li_1,; + inverse_sensor_model(m;. z, z;) — Iy
5: else

6: leg =1li—1

7: endif

8: endfor

O: return {l; ; }

Figure 3: Table 9.2 from TBF [1]. A simple inverse measurement model for robots
equipped with range finders. Here a is the thickness of obstacles, and B the width of a
sensor beam. The values locc and Ifree in lines 9 and 11 denote the amount of evidence
a reading carries for the two different cases

The constant [y is the prior of occupancy as represented by a log-odds ratio:

p(mi =1) p(mi 5)

Iy =1o =Jlog——~—— _
0T 8 i =0) ~ 1= p(my)

Note from the algorithm that we have something called the inverse sensor model. That
is:
inverse_sensor_model (m;, x;,z;) = p(m;|zs, x¢) (6)

which is a marginalized inverse measurement model that reasons from effects to causes.
It provides information about this world conditioned on a measurement caused by this
world.
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1.4 Derivation

Applying Bayes rule and then the Markov assumption to equation (6) (the inverse sensor
model) then provides the derivation:

p(milzyp, x1:4) = p(mi|z1e-1, X1:40-1, 21, X1 )
= np(zi|mi, 2101, X101, %) p(Mi] 2101, X1:6-1)
= np(ze|xe, mi)p(mi|za:-1, X1:0-1)

p(mi|ze, x¢)p(ze|xt)

Zy| X, My ) =
P( t’ t ) P(mi|xt)
m; |z, x0)p(zi|x
p(mi|z1, x14) = 12 ‘;(mt);?( ) - p(mi|x1i-1,21:4-1)

Note that we assume above that having just a state does not give us any info about the

map, while having an observation and a state does. Therefore p(m;|x;) simplifies to
p(m;) in the derivation above. We are able to simplify further using the ratio % as

seen below:

p(mi = 1z1, x14) _ p(mi =1ze,x) p(mi =0) p(mi = 1|z1:-1, X14-1)

p(m; =0|z¢, x14)  p(m; =0z, x;) p(m;=1)  p(m; =0z, x14-1)

Then taking the log odds of that which gives us I; = inverse_sensor_model + Iy + I;_1 (in
order) as seen here:

0)
1)

p(m; = 1|z14-1, X1:4-1)

p(mi = 1|z, x14) o p(m; = 1|z¢, x¢)
p(m; = 0|z¢, x1:4-1)

_ p(m;
p(m; = 0|z, x1.¢) p(m; = 0]z, x¢) ‘

p(m;

+log

+ log

log

2 Simultaneous Localization and Mapping

2.1 Motivation

How can a robot, when dropped into an unknown environment, both localize itself and
build a map at the same time? SLAM combines the concepts of localization and mapping
to jointly estimate both at the same time.
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2.2 Formulation

Figure 4: Graphical model of simultaneous Localization and Mapping. The thick vari-
ables (control u and measurements z) are known. The thin variables (poses x and map
m) are unknown. The goal of mapping is to recover the map m and the poses x.

In the figure below we see the case when both x and m are unknown however this
algorithm we are assuming that the correspondences are known. Here we can denote
the state vector which comprise robot pose and the map as y;. It is given by
T
p=I[Xs m
T
=[x y 6 my my S -+ mnx myy Sn|
x,,0 represent the robot’s coordinates at time ¢. Mix, My is the coordinates of the i-th
landmark with s; to be its signature, for i = 1,2,---, N. Since there are N landmarks,
the dimension of the state vector is 3 + 3N.
EKF SLAM calculates the online posterior
p(pe|z1t, 1) (7)

using the algorithm introduced in the next part, which is Figure [6|
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Figure 5: Figure 10.1 from TBF [1]. EKF applied to the online SLAM problem. The
robot’s path is a dotted line, and its estimations of its own position are shaded ellipses.
Eight distinguishable landmarks of unknown location are shown as small dots, and their
location estimations are shown as white ellipses. In (a)—(c) the robot’s positional uncer-
tainty is increasing, as is its uncertainty about the landmarks it encounters. In (d) the
robot senses the first landmark again, and the uncertainty of all landmarks decreases, as
does the uncertainty of its current pose.

Figure [5/is the figure we seen in class. It illustrates how EKF SLAM algorithm works
for an artificial example. The robot moves from the origin of its coordinate system. The
uncertainty of its pose increases as time goes, which is represented as the ellipses. And
the uncertainty of the landmarks also grows with time.

However, in the last figure (d), we can see that the uncertainty decrease a lot. This is
because the robot observes the landmark it saw in the very beginning of mapping, and
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whose location is relatively well known. This observation reduces the pose error of the
robot as well as other landmarks in the map.

This phenomenon arises from a correlation that is expressed in the co-variance matrix
of the Gaussian posterior. Since most of the uncertainty in earlier landmarks is causes
by the robot pose, and this very uncertainty persists over time, the location estimates
of those landmarks are correlated. When gaining information on the robot’s pose, this
information spreads to previously observed landmarks. This effect is probably the most
important characteristic of the SLAM posterior: Information that helps localize the robot
is propagated through map, and as a result improves the localization of other landmarks
in the map.

2.3 Algorithm

The EKF SLAM algorithm estimate the robot pose x; and the coordinates of all the land-
marks meets on the way robot moves. So it is necessary to have all the landmark coor-
dinates to be included in the estimate process. This is the main difference compare with
the EKF localization algorithm.
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1: Algorithm EKF_SLAM_known_correspondences(pit— 1. 3¢ 1, U, 2¢, Ct):
1 0 0 0.---0
0 1 0 0---0
Z P = 0 0 1 0---0
——
aN
—obsinpe 1,0 + ot sin(ue—1,0 +wet)
3 fir = pe—1 + FY orcospe_19 — ot cos(pi—1,6 +wiAl)
Lu'tAt
0 0 —:ﬁ—i cos 1,0 + i—i cos(py—1,0 + weAt)
4 Gy=1+FF 0 0 f:j—‘z sinpt_1.9 + %Sin(pt,1’9+w;At) Fy
0 0 0
5: Et_ = Gt 23_1 G? -+ Fg R3 Fg_-
a2 0 0
6: Qr = 0 cri 0
0 0 o2
7: for all observed features zi = (ri ¢i sH)T do
8: j= c%
9: if landmark j never seen before
Hj,z Mtz ¢ cos{nﬁ% + fie,0)
10: Biw | =| Aty |+ | vt sin(@;+fie6)
.E'j,s S; 0
11: endif
12: s=( 0= )= ( Hoa—fre
dy Hjy — Ht,y
13: qg=206T§
_ Va
14: 2= atan2(dy, dz) — fit,g
laj,s-
1 o0 0 0---0 O O O O---0
o 1 0 0---0 O O O 0---0
o o1 0---0 O O O O---0
15 Fo;=| 0 0 0 00 1 00 0--0
o o o 0---0 O 1 0 0---0
o o o 0---0 O O 1 0---0
——
3j—3 3N —3j
_ — V@ —@y 0 4+ Tr STy O
16: H;j=1 Sy ~8x —q 8y 46z 0 | Fi.j
0 0 0 0 0 q
17: K} =35 HT(H} £ HiT + Q)"
18: i :ﬁt—i—K;(z;—:‘g)
19: Y= — K H) %,
20: endfor
21: Bt = ,L_.‘.z
22: Y =3
23: return g, ¥t
9

Figure 6: Table 10.1 from [1]. The EKF algorithm for the SLAM problem (with known

correspondences).
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2.4 Derivation

The derivation of the EKF SLAM algorithm for the case of known correspondences is
similar to the EKF. The key difference is the augmented state vector, which now includes
the locations of all landmarks in addition to the robot pose.

The following initial mean and covariance express this belief:

=0 00 .. 0

28838
28838

0 0 O
0 0 O
0 0 O
00 00 00

3
3
3
3

The covariance matrix is the size of (3N + 3)x(3N + 3). It is composed of a small 3x3
matrix of zeros for the robot pose variables. All other covariances values are infinite.

In SLAM, this motion model is extended to the augmented state vector but because
the motion only affects the robot’s pose and all other landmarks remain where they are,
only the first three elements in the update are non-zero. This makes the equation more
compact:
—absinf + sinBsin (0 + wiAt)
Yi =Yy 1+ F %cos@ — %cos(f) + wiAt)

tht + ’)/tAt
Where
1 00 0 0
F,.=10 1 0 0 0
0 01 0 0
The full motion model with noise is then as follows:

—absing + Zrsin(6 + wiAt)
Y=Y, 1+ F | cosd — Zcos(0+wiAt) | + N(0, Ff RiFy)
tht + ’)/tAt

—%sin@ + %Sin()sin(G + wiAt)

Q(uy, yi—1) = Y1 + FxT Z}—’tcosf) — %cos(@ + wiAt)
wiAt + ’)’tAt

10
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Where F]RF, extends the covariance matrix to the dimension of the full state vector
squared.

As usual in EKF’s, the motion function g is approximated using a first degree Taylor
expansion. With this we have the Jacobian g;that characterizes the change of the robot
pose:
Gt = I+ F{gFx
Where
%cosyt,1,9 — Z)—ftcos(ptt,l,g + wiAt)
wsinpy1,9 — o -sin(ps-10 + wiAt)
00 0

00
gt = 00

Plugging these approximations into the standard EKF algorithm gives us Line 2
through 5 from figure 6.

The result of this update are the mean ji; and the covariance ¥; of the estimate at time t
after updating the filter with the control y;, but before integrating the measurement z;.

‘ \/(mj,x —x)2+ (mjy, —y)? oo 0 0
zy = atan2(m;, —y,mj, —x) — 6 +N(@O, 10 o5 0])
mjls O 0 Os

V(i = )2 + (g, — y)?

hy.,j) = atan2(m;, —y,m;, —x) — 6
m]‘,S
oo 0 0
Q=N@O [0 o5 0])
0 0 o

Where i is the index of an individual landmark observation in z;, and j = cf; is the index
of the observed landmark at time t.

H} = hjFy;

Here Hiis the derivative of h with respect to the full state vector y;. ! is the Jacobian of
the function h(y;, j) at fi;, calculated with respect to the state variables x; and ;.

The scalar q; = (m;, — firx)* + (mjy — firy)?, and as before, j = c; is the landmark that
corresponds to the measurement z,. The matrix F,; is the dimension (3N +3)x5. These
expressions make up for the gist of the kalman gain calculation in Line 8 through 17 in

11
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the EKF SLAM algorithm.

When a landmark is observed for the first time, its initial pose estimate in i leads
to a poor linearization. This is because with the default initialization in pg, the point
about which h is being linearized is (f1;+fljyf1js)" = (000)7, which is a poor estimator
of the equal landmark location. A better landmark estimate (f1; ﬁj,y,ﬁj,s)T with expected
position:

fljx it x ~ [cos(¢i + fire)
iy | = | fiey | +ri | sin(¢; + fire)
Hijs St 0

This initialization is only possible because the measurement function h is bijective.

12
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