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Markov Decision Process

* In an MDP, an agent interacts with the environment, by taking
actions that induce a change in the state of the environment.

* An important assumption in MDPs i1s that the agent knows the true
state of the world, e.g., trust.

* In reality, the true state of the world 1s not fully observable.



Markov Decision Process

* Example: inferring user intent in

robotic wheelchair applications
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Partially Observable Markov Decision Process

* The robot will maintain a belief state, which 1s a probability
distribution over states.

* The robot starts with an initial belief, it chooses an action, receives
an observation and computes a new belief based on that
observation

* For each state and action, the agent receives a reward

* As 1in the case of MDPs, the goal 1s to maximize the expected
accumulated reward that it will receive over ta time horizon



POMDP framework

A partially observable Markov decision process can be described as
a tuple <S,A, T, R, 2, O>, where

e S, A, T and R descibe an MDP
o (J1is a finite set of observations

 0: S x A — II(£2) is the observation function

The agent maintains a belief state b



Policy execution

* Given the current belief state b, execute the action a = 7w+ (b)
* Receive observation o

e Calculate belief b’ and set current belief to b’



Belief Update

b'(s') = P(s'|o, a,b)
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Beliet Update

b'(s') = P(s'|o, a,b)

P(o|s',a,b)P(s'|a,b
= (0ls', a,5)P(s'|a, b) (from Bayes’ rule)

P(o|a, b)
P(0|3,7 a, b) Zses P(Sl |a7 b7 S)P(S|a’ b) . . .
= Plola.b) (marginalization)
ola,
P(o|s',a) > . .s P(s'|a,s)P(s|b
= (@ )ZI:D(GS| (b)l JP(s10) (from conditional independence)
ola,

O ,7 ’ s T y Wy I b
— (5, 9,0) %(sra,bgs a, 8 )b(s) (by definition of T, O, b)




Policy execution

* Given the current belief state b, execute the action a = 7w+ (b)
* Receive observation o

e Calculate belief b’ and set current belief to b’



Meaning of a policy

* For one timestep, take an action

* For 2 timesteps, take one action, then the next action would
depend on the observation we receive

* A policy tree is a tree describing sequences of actions and
observations



Policy Tree



Optimal Policy

* To compute the optimal policy, we need a metric of how good a
given policy tree p i1s.

* The value of executing a policy tree p in state s 1s the immediate
reward by executing the action at the root node of the tree, plus the
expected value of the future.

Vo(s) = R(s,a(p)) +~ - (Ezxpected value of the future)



Optimal Policy



Value of executing a policy given a belief b
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L 1.0 0.0
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Example

* Everytime there 1s a crossing, the wheelchair wants to understand
whether the user wants to go.

* S: Left/ Right
* A: (ask, GL, GR)
e T: SxA->1I(S)

e Q: {ML, MR}

*O:SxA->Q
* If L and action 1s *“ask”, observe ML with prob 0.9
* equivalently for R ML MR

L 09 0.1
R 0.1 0.9
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Example

* Everytime there 1s a crossing, the wheelchair wants to understand
whether the user wants to go.

* S: Left/ Right
* A: (ask, GL, GR)
e T: SxA->IIS)
e Q: {ML, MR}
c O:SxA->Q

= 10
°R:S->R

)
)
L,GR) = —100
)
)

= 10
= —100
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Vi(b) = > b(s)V{(s)

sesS

— 3" b(s)R(s, a(p))

sesS
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Example

e Let’s start with 7' = 1, value of go-left (GL)

10

-100

A

V 17pl}(L)=R(L, GL) =10
V 1Mpl}(R)=R(R, GL) =-100
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Example

* Let’s start with 7' = 1, value of go-left (GL)

VMpl}(b) =R(R, GL) * b(L) + R(R, GL) *(1-b(L))
10 =b(L) *(R(L, GL) -R(R, GL)) + R(R, GL)
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* Let’s start with 7' = 1, value of go-left (GL)
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A

What is the dimensionality of the belief space?

1 bL)
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Example

e What about T =27

Vy(s) = —|—ZTSCL ZOS a(p), o) Vi

s’'eS 0, €S

* That’s a two-step policy. It depends on the action at the first time-
step, and the subtree on the second timestep. Now, how many
possible subtrees we have?



Example

VQp(S) — R(37 a(p)) + Z T(37 a(p), 5/) Z 0(8/7 a(p), O’i)vlp’Oi(S,)

s'eS 0, €0

@
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VQp(S) — R(37 a(p)) + Z T(37 a(p), 5/> Z 0(8/7 a(p), Oi)vlpjoq;(sl)

s'esS 0; €S
/GL(L) = R(L,GL) + T(L|L GL)* O(ML|L,GL) » VoM (L)
T(L|L,GL) * O(MR|L,GL) x V%M (L)
T(R|L,GL) «* O(ML|R,GL) = VML (R)
T(R|L,GL) * O(MR|R,GL) » VZ"ME(R)



Example

Vel(L) = R(L, GL) + T(L|L,GL)

( ) * O(
T(L|L,GL) * O(MR|L,GL) *
T(R|L,GL) + O(ML|R, GL) *
+ T(R|L, GL) + O(MR|R,GL) +
Vol (L) = 10 4+ 0.5 % 0.5 10

+ 0.5%0.5 %10

+ 0.5 % 0.5 % (—100)
+ 0.5 % 0.5 % (—100)
= —39



Example

VI (s) = R(s.a(p)) + 3 T(s.a(p

s'eS
VL (R) = R(R,GL) + T(L|R, GL)
+ T(LyR GL

)
)
)
)

*

S

T(R|R, GL
—I—T(R\R GL) %

ZOS a(p

0; €€
O(ML|L,GL) *
O(MR|L,GL)
O(ML|R,GL) *
O(MR|R,GL) x

\_/\—/

\/\_/
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Vy(s) = R(s,a(p)) + Z T (s,a(p

S/€S 0; EQ

Ve (R) = R(R,GL) + T(L|R, GL)

) * O(
+T(L|R,GL) * O(
+T(R|R, GL) % O(

+ T(R|R,GL) x O(
VEL(R) = —100 + 0.5 % 0.5 % 10

+ 0.5 %x0.5% 10

+ 0.5 % 0.5 % (—100)

+ 0.5 % 0.5 % (—100)
= —145

ZOS a(p

ML|L,GL)
MR|L,GL) *
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MR|R,GL) x
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VQp(S) — R(37 a(p)) + Z T(37 a(p), 5/) Z 0(8/7 a(p), O’i)vlp’Oi(S,)
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s’esS

V(L) = R(L, ask) + T(L|L, ask) x

~



Example

Vs (L) = R(L, ask) +T(L!L,ask) %
T(L|L,ask) x
T(R|L,ask) *

- T(R!L, ask) x

VisF(L) = =2+ 1% 0.9 % 10

0,
0,
0,
0,

+ 1% 0.1 % (—100)

= -3

(
(
(ML|R,ask
(

MUL|L, ask
MR|L, ask

MR|R, ask

\_/v
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